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Rock masses in underground engineering, such as mining and deep tunnelling engineering, are
often repeatedly loaded and unloaded. Here, a series of true triaxial multi-level single cyclic
loading tests (σ1 > σ2 > σ3) were carried out on intact and jointed marble
(50 × 50 × 100 mm3) to investigate the inﬂuence of the stress state and the absence or presence
of a joint on the progressive damage process. The test results show that rock damage is directional and anisotropic. The irreversible strains in the σ1 and σ3 directions change linearly with
cumulative damage, whereas the irreversible strains in the σ2 direction decrease nonlinearly. The
dissipated energy is appropriately linearly related to the equivalent irreversible strains. The
damage variables based on the irreversible strains and dissipated energy are closely correlated, as
determined by their similar ﬁtted parameters. The stress state (σ2 and σ3), the absence or presence of a joint and the brittleness play a vital role in the rock damage evolution. More speciﬁcally, the parameter a has a logarithmic relationship with σ3 and a linear relationship with σ2.
The relationship between the parameter a and the joint dip angle β can be ﬁtted by a Gaussian
distribution. In addition, the ﬁtted parameter a decreases with increasing brittleness.

1. Introduction
During the excavation of deeply buried constructions in civil and mining engineering, rock masses are usually subjected to cyclic
loading due to disturbances from repeated drilling, blasting and machinery transport. Rock failure under cyclic loading conditions is a
progressive fracturing process [1–4]. In addition, joints and pre-existing defects cause rock masses to deform nonlinearly [5–8].
Therefore, damage constitutive models for rock masses considering the nonlinear deformation, directional damage and joint properties are important for evaluating engineering stability.
A large number of researchers have put considerable eﬀort into studying the response of rock to cyclic uniaxial and triaxial
loading [9–11]. In most cases, micro-crack development processes (i.e. crack initiation, propagation and coalescence) are neglected.
Instead, rock masses are assumed to behave as a whole. Although this method cannot reveal the damage evolution of rock joints or
other ﬂaws, it can provide some fundamental reference for better understanding the strength, deformation and failure of rock masses
as a whole. In addition, the inﬂuence of the strain rate, conﬁning pressure, dynamic loading and temperature on the mechanical
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Nomenclature

directions, respectively
ep
equivalent irreversible strains
epc
critical equivalent irreversible strains
U
total inputted energy
Ue and Ud elastic energy and dissipated energy
Uc
critical strain energy
D1, D2, D3 and De damage variables
E and M Young’s modulus and post-peak modulus
BI
brittleness index
β
dip angle of the joint

σ1, σ2 and σ3 maximum, intermediate, and minimum principal stresses, respectively
ε1, ε2 and ε2 maximum, intermediate, and minimum principal strains, respectively
ε1irr , ε2irr and ε3irr cumulative irreversible strains in the maximum, intermediate, and minimum principal stress
directions, respectively
ε1cirr , ε2cirr and ε3cirr critical irreversible strains in the maximum, intermediate, and minimum principal stress

properties of rock have been extensively studied in recent years [12–16].
In underground tunnels, rock masses actually experience true triaxial cyclic loading conditions. Many research investigations
focus on the strength and failure modes in true triaxial monotonous loading tests [17–19]. However, few studies explore the inﬂuence
of the intermediate principal stress on the deformation and strain energy, which is closely associated with the rock damage process.
Here, a series of true triaxial cyclic loading tests were conducted on intact and jointed marble collected from the Chinese Jinping
underground laboratory project (CJPL-II) [20]. The purposes of this study are to investigate the damage evolution and its stress
dependency. Irreversible strains and dissipated energy are computed as damage variables to analyze the progressive failure of the
tested specimens. The physical meanings of the ﬁtted parameters in the damage evolution equations are also discussed.
2. True triaxial experimental tests
The tested intact and jointed marble were taken from two large blocks and cut into a rectangular prismatic shape with dimensions
of 50 × 50 × 100 mm3. Fig. 1 shows that the grain sizes of intact marble and the joint plane are 25–70 μm and 18–30 μm, respectively. X-ray diﬀraction (XRD) phase analysis is used to measure the mineral composition of the tested specimens. Intact marble
comprises 91.5% dolomite and 8.5% calcite, and jointed marble is made up of 72.3% dolomite and 27.7% calcite. Fig. 2 shows that
jointed marble contains a natural planar joint parallel to the σ2 direction. The dip angle of the joint β is deﬁned as the angle between
the joint plane and the σ1 loading plane.
The true triaxial tests in this study were conducted using Northeastern University’s true triaxial testing machine designed by Feng
et al. [17,21]. Five intact and six jointed marble specimens were tested under multi-level single cyclic loading conditions. The test
procedure comprises three steps. The ﬂuid pressure is ﬁrst applied to induce hydrostatic pressure (σ1 = σ2 = σ3) at a stress rate of
0.5 MPa/s until the predeﬁned σ3 is reached. Then, σ3 is kept constant, and the biaxial stresses (σ1 = σ2) are increased at a stress rate
of 0.5 MPa/s to the predetermined σ2. Finally, while keeping σ2 and σ3 invariant, multi-level single cyclic loading of σ1 is conducted at
a stress rate of ± 0.5 MPa/s to the residual state. To obtain the complete stress-strain curves, if the increase rate for ε3 in the loading
cycle reaches −5 × 10−6/s, the strain rate is held at this value. In addition, the increment of σ1 is 40 MPa in each cycle at the prepeak stage. At the post-peak stage, σ1 is unloaded once the stress-drop is relatively steady. Tables 1 and 2 show the predeﬁned stress
states for intact and jointed marble, respectively. A typical stress-strain curve of a rock specimen is presented in Fig. 3.
3. Interpretation of the test results
3.1. Irreversible strain characteristics
The cyclic true triaxial loading tests provide advantages for accurately obtaining the irreversible strains in the three principal

Calcite

Calcite

Dolomite
Dolomite

(a)

(b)

Fig. 1. Photomicrographs of thin sections showing representative microstructures of (a) intact marble and (b) the joint contained in jointed marble.
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Fig. 2. Typical images of (a) intact marble and (b) jointed marble.
Table 1
The predeﬁned stress states and material constants ﬁtted the relationships between damage variables and equivalent irreversible strains for intact
marble.
σ3 (MPa)

σ2 (MPa)

a

R2

b

b/(e − 1)

R2

c

R2

d

R2

2
10
30
30
30

60
60
60
120
150

3.47
1.17
0.25
0.39
0.51

0.97
0.99
0.99
0.99
0.99

4.64
2.32
0.46
0.73
1.20

2.70
1.35
0.27
0.43
0.70

0.94
0.98
0.99
0.98
0.93

3.01
1.22
0.25
0.39
0.55

0.99
0.99
0.99
0.99
0.99

3.40
1.20
0.27
0.42
0.57

0.98
0.99
0.99
0.99
0.99

Table 2
The predeﬁned dip angles and material constants ﬁtted the relationships between damage variables and equivalent irreversible strains for jointed
marble at σ3 = 30 MPa and σ2 = 60 MPa.
β (°)

a

R2

b

b/(e − 1)

R2

c

R2

d

R2

0
25
40
54
60
78

0.41
0.29
0.29
2.27
2.16
0.54

0.99
0.99
0.99
0.98
0.99
0.99

0.80
0.56
0.73
5.28
4.08
1.40

0.47
0.33
0.42
3.07
2.38
0.81

0.98
0.99
0.93
0.93
0.96
0.84

0.39
0.29
0.28
2.27
2.08
0.54

0.99
0.99
0.99
0.99
0.99
0.99

0.44
0.30
0.31
2.44
2.20
0.56

0.99
0.99
0.99
0.98
0.99
0.99

Fig. 3. Typical stress-strain curve in the true triaxial test under σ2 = 150 MPa and σ3 = 30 MPa.

stress directions. Here, the equivalent irreversible strains (ep) are computed as an internal variable to describe the progressive
damage process and are deﬁned by

ep =

i

∑0

(dε1irr )2 + (dε2irr )2 + (dε3irr )2

(1)

where i is the number of cycles; and dε1irr , dε2irr and dε3irr are the irreversible strain (ε1irr , ε2irr and ε3irr ) increments in each cycle in the
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three principal stress directions, respectively. Fig. 4 shows the variations in the irreversible strains for intact marble in the three
principal stress directions as ep changes. ε1irr increases monotonically and linearly with increasing ep. ε3irr has an opposite change trend
compared with that for ε1irr . In addition, the ε1irr or ε3irr vs. ep envelopes for all the tested intact marble specimens are nearly coincident
under diﬀerent stress conditions, indicating that the changes in ε1irr and ε3irr are independent of σ3 and σ2. With increasing ep, ε2irr
decreases linearly and then remains constant. The ultimate constant values of ε2irr increase with decreasing σ3 and increasing σ2.
The absolute values of ε1irr and ε3irr in Fig. 4 are quite high, that is, almost double that of ε2irr at the residual stage. This behaviour
shows that the rock damage is directional and that rock undergoes the smallest damage in the intermediate principal stress direction.
The directional damage process in the true triaxial tests is associated with the macroscale failure plane that is parallel to the intermediate principal stress direction.
Fig. 5 shows the variations in the irreversible strains for jointed marble at σ3 = 30 MPa and σ2 = 60 MPa in the three principal
stress directions with the change in ep. Generally, the relationships between ε1irr , ε2irr and ε3irr for jointed marble and ep are the same as
those for intact marble. In addition, the changes in ε1irr and ε3irr are not sensitive to the dip angle (β) of the joint whereas β has a
considerable eﬀect on the ultimate values of ε2irr .
3.2. Damage evolution based on irreversible strains
When rock damage occurs, irreversible strains are generated in the corresponding direction. Therefore, the normalized irreversible strains can be used to describe the damage evolution [2,3] and are deﬁned by
i

D1 =

∑ j = 1 (dε1irr )j
ε1irr
= n
cirr
ε1
∑k = 1 (dε1irr )k

D2 =

∑ j = 1 (dε2irr )j
ε2irr
=
n
ε2cirr
∑k = 1 (dε2irr )k

(2)

i

(3)

Fig. 4. Relationships between irreversible strains in three principal stress directions for intact marble and equivalent irreversible strains.
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Fig. 5. Relationships between irreversible strains in three principal stress directions for jointed marble with diﬀerent dip angles and equivalent
irreversible strains under σ2 = 60 MPa and σ3 = 30 MPa.
i

D3 =

∑ j = 1 (dε3irr )j
ε3irr
= n
cirr
ε3
∑k = 1 (dε3irr )k

(4)

where D1, D2, and D3 (0 ≤ D ≤ 1) are the damage variables in the maximum, intermediate, and minimum principal stress directions,
respectively; j and k are the number of cycles, and n is the total number of cycles from initial loading stage to residual stage; and ε1cirr ,
ε2cirr and ε3cirr are critical irreversible strains in the maximum, intermediate, and minimum principal stress directions, respectively.
Here, the rock specimens are assumed to undergo the absolute failure at the residual stage, namely, D = 1. Therefore, ε cirr is referred
to the cumulative irreversible strains from the ﬁrst cycle to the cycle corresponded to the residual stress.
As shown in Figs. 6 and 7, the variability in D1, D2, and D3 for intact marble is similar to that for jointed marble. D1 and D3 have a
linear relationship with ep, whereas the relationship between D2 and ep is approximately logarithmic. The D vs. ep curves pass
through the point (0, 0). Therefore, the relationships among D1, D2, D3 and ep can be written as follows:

D1 = aep

(5)

D2 = ln(1 + bep)

(6)

D3 = cep

(7)

where a, b and c are material constants whose ﬁtted results are presented in Tables 1 and 2. In addition, the Eqs. (5)–(7) have the
good ﬁtted results with R2 > 0.93 except for β = 78°. As the D vs. ep curves also pass through the point (epc, 1), these material
constants (a, b and c) have a close relationship with the parameter epc, which corresponds to critical equivalent irreversible strains at
the residual stage. Consequently, epc may also be deﬁned by

epc =

1
e−1
1
=
=
a
b
c

(8)

As shown in Tables 1 and 2, Eq. (8) is veriﬁed by the nearly equivalent values of a, b/(e − 1) and c.
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Fig. 6. Relationships between damage variables represented by irreversible strains for intact marble in three principal stress directions and
equivalent irreversible strains.

Due to the close relationship among the ﬁtted parameters (a, b, c and epc), the parameter a is used to illustrate the inﬂuence of σ3,
σ2 and β. In Fig. 8, the parameter a has a logarithmic relationship with σ3 and a linear relationship with σ2: a = A ln(σ3) + B and
a = Cσ2 + D. The relationship between the parameter a and the joint dip angle β can be ﬁtted by a Gaussian distribution (see Fig. 8c).

3.3. Strain energy characteristics
The deformation and failure of rock specimens are accompanied by energy conversion. The rock damage process is essentially
energy dissipation. The inputted energy (U) during the loading process is transformed to elastic energy (Ue), which is stored in rock,
and dissipated energy (Ud), which is released by the rock damage process. In the cyclic loading and unloading tests, the inputted
energy (U) is represented by the complete stress-strain curve and the strain axis in each cycle, and the dissipated energy (Ud) is
calculated by the loading curve, the corresponding unloading curve and the strain axis in each cycle. The elastic energy (Ue) in each
cycle is computed by the relationship (Ue = U − Ud).
Fig. 9 shows the changes in the elastic and dissipated energy for intact marble with increasing ep. Notably, the Ue vs. ep curves are
similar to the (σ1 − σ3) vs. ε1 curves (see Fig. 10a). Ue increases at the pre-peak stage to the maximum value at peak stress, and then
decreases at the post-peak stage. Ud has a nearly linear increase with increasing ep. Generally, Ue and Ud are aﬀected by σ3 and σ2, and
they increase with decreasing σ3 and increasing σ2. The variations in Ue and Ud for jointed marble (shown in Fig. 11) are similar to
those for intact marble. The joint dip angle β has a signiﬁcant impact on the stress-strain curves (see Fig. 10b) and the changes in Ue
and Ud, and their relationships are discussed and quantiﬁed below.

3.4. Damage evolution based on dissipated energy
A damage variable based on energy dissipation is adopted to describe the damage evolution, and is deﬁned by
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Fig. 7. Relationships between damage variables represented by irreversible strains for jointed marble in three principal stress directions and
equivalent irreversible strains under σ2 = 60 MPa and σ3 = 30 MPa.
i

∑ j = 1 (dUd )j
Ud
= n
Uc
∑k = 1 (dUd )k

De =

(9)

where De (0 ≤ De ≤ 1) is the damage variable based on dissipated energy; Uc is critical dissipated energy which corresponds to
cumulative dissipated energy at the residual stage. As shown in Fig. 12, the variabilities in De for intact and jointed marble have a
linear relationship with ep. As the De vs. ep curves pass through the point (0, 0), the relationship between De and ep can be deﬁned as
follows:

De = dep

(10)

where d is a material constant whose ﬁtted values are presented in Tables 1 (for intact marble) and 2 (for jointed marble). As the De
vs. ep curves also pass through the point (epc, 1), the parameter d can also be written by

epc =

1
d

(11)

4. Discussion
4.1. Correlation between damage variables based on irreversible strains and dissipated energy
Based on Eqs. (8) and (11), the damage variables based on irreversible strains (D1, D2, and D3) and dissipated energy (De) can be
described by the following relationship:

a=

b
1
=c=d=
e−1
epc

(12)

This behaviour is also veriﬁed by the similar values of these ﬁtted parameters in Tables 1 and 2. Eq. (12) provides fundamental
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Fig. 8. Inﬂuence of (a) the minimum principal stress, (b) the intermediate principal stress and (c) the dip angle of the joint on the ﬁtted parameter a.

Fig. 9. Relationships between strain energy for intact marble and equivalent irreversible strains. (a) Elastic energy and (b) Dissipated energy.

information for establishing the relationship between the irreversible strains and dissipated energy. Therefore, the inﬂuence of σ3, σ2
and β on the parameter a are also appropriate for the parameter d. In addition, the parameter a has intuitive physical meanings. First,
the parameter a can represent the ultimate equivalent irreversible strains, the ability to deform inelastically. Second, the parameter a
can reﬂect the damage rate. The larger the parameter a is, the higher the damage rate is. Finally, the parameter a can quantify the
inﬂuence of σ3, σ2 and β.
4.2. Relationships between ﬁtting parameters and brittleness
Brittleness is one of the most important mechanical rock properties, which is critical to estimating the hydraulic fracturing, the
risks of rock bursts and the stability of mining operations. The stress state (σ3 and σ2) and the joint contained in rock play a vital role
in determining its brittleness. In addition, brittleness is associated with the degree and intensity of rock failure. The parameter a in
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Fig. 10. Stress-strain curves for (a) intact marble and (b) jointed marble. (Here, the loading and unloading cycles are omitted.)

Fig. 11. Relationships between strain energy for jointed marble and equivalent irreversible strains under σ2 = 60 MPa and σ3 = 30 MPa. (a) Elastic
energy and (b) Dissipated energy.

Fig. 12. Relationships between damage variables represented by dissipated energy for (a) intact marble and (b) jointed marble and equivalent
irreversible strains.

this study has similar characteristics as those of brittleness. Here, a brittleness index (BI) based on the post-peak energy balance
proposed by Tarasov and Potvin [22] is used to establish the correlation between the parameter a and brittleness and is deﬁned by

BI =

M
M−E

(13)
232

Engineering Fracture Mechanics 215 (2019) 224–234

Y. Gao and X.-T. Feng

Fig. 13. Relationships between the ﬁtted parameter a and brittleness for (a) intact marble and (b) jointed marble.

where E is Young’s modulus, and M is the post-peak modulus. As shown in Fig. 13, a power function, which is a = p BI^q, can be used
to describe the relationship between the parameter a and brittleness index BI. As brittleness increases with decreasing BI, the smaller
the parameter a is, the more brittle the rock specimen is.
5. Conclusions
To investigate the inﬂuence of the stress state and the joint on the damage evolution, a series of true triaxial multi-level single
cyclic loading tests were conducted on intact and jointed marble under various conditions. Some signiﬁcant conclusions can be
drawn:
1. Rock damage processes can be quantiﬁed by irreversible strains and dissipated energy. The irreversible strains in the maximum
and minimum principal stress directions and dissipated energy are approximately linearly related to the equivalent irreversible
strains that represent the loading process. The irreversible strains in the intermediate principal stress direction decrease nonlinearly with cumulative rock damage.
2. Damage variables based on irreversible strains and dissipated energy are closely correlated. The ﬁtted parameters of diﬀerent
damage variables are essentially equal and have intuitive physical meanings. The ﬁtted parameters also have speciﬁc relationships
with the intermediate and minimum principal stresses and the joint dip angle.
3. The damage variables developed in this paper can be associated with brittleness. The brittleness increases with decreasing ﬁtted
parameters of the damage variables.
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