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Catastrophe Instability Mechanism of the Pillar-Roof System
in GypsumMines Due to the Influence of Relative Humidity
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Abstract: In this study, a simplified mechanical model is proposed based on the failure characteristics of a gypsum pillar–roof system
obtained through in situ investigation. Then, a cusp catastrophe model for the gypsum pillar–roof system is established based on the given
stress–strain relations of the gypsum rock. Using this model, the instability mechanism for the gypsum pillar–roof system is investigated. The
results of the analysis indicate that the stress–strain relation of gypsum rock derived from damage mechanics theory can accurately describe its
strain-softening behavior after the peak stress and that increases in the relative humidity around a pillar or both a pillar and the roof bed can
increase the stiffness ratio of the support system and consequently result in a more stable support system. However, if the relative humidity
around the roof bed increases, the stiffness ratio of the system decreases, increasing the possibility of catastrophic failure of the support system.
The case study revealed that the influence of the relative humidity on the support system is significant, higher relative humidity in the mine’s
atmosphere increases the probability of instability in the support system, and the influence of the relative humidity change around the pillar on
system stability is greater than that around the roof bed. DOI: 10.1061/(ASCE)GM.1943-5622.0001378. © 2019 American Society of Civil
Engineers.
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Introduction

Rock masses of the roof in gypsum mines are often weak mud-
stones, siltstones, or similar lithologies with extensive joints and
fractures that easily induce undesirable caving problems. Although
few fiber gypsum mines have adopted the long-wall fill stopping or
room-and-pillar fill stopping methods, the majority of mining engi-
neering projects are still undertaken using the room-and-pillar mining
method (Auvray et al. 2004, 2008; Wang et al. 2008a, b; Bertolini

et al. 2010; Castellanza et al. 2010; Cui et al. 2014). During ore
extraction, a certain thickness of gypsum rock above the mined-out
area should be set to increase the stability of the superincumbent
strata; under these conditions, the roof bed and pillars, both com-
posed of gypsum rock, act together as a support system for the
mined-out area. Largemasses of undealt mined-out areas have gradu-
ally accumulated as the mining depth increases, and the mined-out
areas have become considerably less stable. Collapses of the mined
void and cavings of the superincumbent strata occur frequently
(Yilmaz 2007; Wang et al. 2008a, b). Such collapses have become
the primary hazards of nonmetal mines in China and have resulted in
personal injury, road damage and building collapse; these collapses
can cause serious losses to the economy, to society and to the envi-
ronment (Table 1). Generally, these accidents depend on the mine
conditions, the extraction ratio, and the depth of the mine, among
other factors, but one of the unavoidable reasons for these accidents
is the softening effect of gypsum rock via the absorption of excess
water in the mine atmosphere (Yilmaz 2007; Wang et al. 2008a;
Yilmaz and Yuksek 2009), which greatly degrades the mechanical
properties of the pillar–roof support system. Therefore, to reduce the
risk of accidents, an analysis of the stability of the mined-out areas in
a gypsum mine must consider the behavior of gypsum rock as it
relates to changes in relative humidity.

As many researchers have noted, deformation failure of the
pillar–roof system in gypsum mines is a complex, nonlinear, irre-
versible evolutionary process. Under the influences of the stress
state and other environmental factors, deformation of the pillar–
roof system changes from the slow stable continuous stage to the
sudden unstable failure stage (Wang et al. 2008a, b; Bertolini et al.
2010; Castellanza et al. 2010). Catastrophe theory is a mathematical
technique that was developed principally by the French mathemati-
cian Thom (1972) to model natural phenomena, and the established
concept emphasizes the nonlinear, irreversible, and dynamic pro-
cess of the support system (Thom 1972; Henley 1976; Saunders
1980; Qin et al. 2001a, b, 2006). Many researchers have employed
catastrophe theory to study the stability of mined-out areas in coal
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and metal mines, and many useful results have been reported in
practical engineering projects (Hu et al. 2005; Wang et al. 2006;
Pan et al. 2009; Liu et al. 2013) that illustrate the effectiveness of
the stability analysis of mined-out areas using catastrophe theory. In
this study, a cusp catastrophe model for the gypsum pillar–roof sys-
tem is established based on the stress–strain relations of gypsum
rock in uniaxial compression tests at different relative humidities
and a simplified model of systemmechanics. The instability mecha-
nisms for the gypsum pillar–roof system under the effect of relative
humidity were investigated using the proposed model.

Stress–Strain Behavior of GypsumRock under
Different Relative Humidities

Stress–strain Relation

Fig. 1 presents the stress–strain curves of the gypsum rock speci-
mens under the natural condition or under wet conditions with rela-
tive humidities of 70, 85, and 100%. Clearly, the strain-softening
phenomenon of the gypsum rock specimen is easily detectable, and
its constitutive behavior exhibits strain softening. Many researchers
have suggested that damage mechanics theory can well describe the
inherent mechanism of this type of stress–strain relation (Wang
et al. 2006; Pan et al. 2009; Cheng et al. 2017; Wang et al. 2017).
Hence, the constitutive model of the gypsum rock under uniaxial
stress conditions can be expressed as

s ¼ E0ɛ 1� D ɛð Þ½ � (1)

where s , E0, and ɛ = stress, initial elastic modulus, and compressive
strain of the gypsum rock specimen, respectively; and D ɛð Þ = dam-
age parameter. Because the widely accepted strength distribution
identified with rock failure applications is the Weibull distribution
(Wang et al. 2006; Pan et al. 2009), the Weibull distribution law is
employed to describe the stress–strain relation of gypsum rock in
this study. That is

s ¼ E0ɛ exp � ɛ
ɛ0

� �m
" #

(2)

D ɛð Þ ¼ 1� exp � ɛ
ɛ0

� �m
" #

(3)

where ɛ0 = the average strain; and m = the shape parameter that
allows this function to consider a wide variety of shapes. A larger
index m indicates more homogeneous properties and brittleness of
the rock; thus, m can be referred to as a homogeneity index or brit-
tleness index (Tang 1997;Wang et al. 2006).

Relationship between Mechanical Parameters and
Relative Humidity

The mechanical parameters on gypsum rock specimens under dif-
ferent relative humidities are presented in Table 2. Compared with
the natural condition, the mechanical parameters of gypsum rock
specimens show significant softening characteristics, and the
strength and deformation parameters are greatly reduced. As the rel-
ative humidity in the mine atmosphere increases from the natural
condition to a relative humidity of 100%, the values of the elasticity
modulus and the unconfined compressive strength of the gypsum
rock decrease by 12.7 and 16.3%, respectively. The reason for these

decreases is that gypsum rock is subjected to dissolution and recrys-
tallization upon the absorption of water from the mine atmosphere,
thereby causing mineral loss and causing the rock structure to
become looser and more porous, and thus degrading its mechanical
parameters to some extent. The phenomenon by which the chemical
effect of absorption of water by gypsum rock results in partial loss
of its strength is known as the water-softening effect. The functional
form to describe the water-softening effect for different rocks can
be obtained by test data fitting.

Eq. (2) indicates that the expression of the constitutive relation
of gypsum rock includes three variables: the initial elastic modu-
lus E0; the average strain ɛ0; and the brittleness index m. These
three variables will change to some extent under different relative
humidities. However, as illustrated in Table 2, the average strain
ɛ0 remains nearly constant at 6.0� 10−3, the initial elastic modu-
lus E0 gradually decreases from 6.59 to 5.75MPa, and the brittle-
ness index m also gradually decreases from 1.62 to 0.90. Hence,
in this study, the influence of the relative humidity of the mine
atmosphere on the constitutive relation of gypsum rock is investi-
gated in terms of the initial elastic modulus E0 and brittleness
index m. Defining g01 wð Þ as the water-softening function of the
initial elastic modulus E0 and g02 wð Þ as the water-softening func-
tion of the brittleness index m, the constitutive relation of gypsum
rock can be rewritten

s 0 ¼ g01 wð ÞE0ɛ exp � ɛ
ɛ0

� �g02 wð Þm
" #

(4)

According to the values of the initial elastic modulus E0 and
the brittleness index m in Table 2, the water-softening functions
of the initial elastic modulus E0 and the brittleness index m for
different relative humidities are illustrated in Figs. 2(a) and 2(b).
Clearly, the water-softening functions of the initial elastic modu-
lus E0 and the brittleness index m can be expressed as power and
linear functions, respectively (R ¼ 0.9837 and 0.9402, respec-
tively), and g01 wð Þ and g02 wð Þ are both equal to 1 under natural
conditions.

CuspCatastrophe Model of the System Instability

Mechanical Model

According to in situ investigations of the mined-out area in many
gypsum mines, the distribution characteristics of such mines are
illustrated in Fig. 3. In Fig. 3, the size of a pillar is wp � lp, where
wp denotes its width perpendicular to the advance direction and lp
denotes its length parallel to the advance direction. The spacings
between adjacent pillars perpendicular to and along the advance
direction are (w0 þ wp) and (kþ k), respectively.

The stability analysis of the mined-out area is a complex three-
dimensional (3D) problem. For simplicity, many researchers have
assumed that the length of themined-out area is significantly greater
than its width and that the number of mined voids is infinite based
on the principle of physical independence of forces; in this manner,
the effect of the boundary and span (with the boundary defined as
the rock masses above the left and right corners of the mined-out
area) can be neglected. The pillars exert a set of uniform supporting
forces on the roof bed; as a result, the complex 3D problem of calcu-
lating the roof thickness can be simplified to an ideal elastic plane
problem. On this basis, in this study the uniform loadings on the
roof bed exerted by the pillars are regarded as an equivalent concen-
tration force acting on the center point; thus, a simplified

© ASCE 06019004-2 Int. J. Geomech.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Fig. 1. Experimental and theoretical curves of gypsum rock specimens under uniaxial compression: (a) natural specimen No. 1-1; (b) natural speci-
men No. 1-2; (c) specimen No. 2-1 with a relative humidity of 70%; (d) specimen No. 2-2 with a relative humidity of 70%; (e) specimen No. 3-1 with a
relative humidity of 85%; (f) specimen No. 3-2 with a relative humidity of 85%; (g) specimen No. 4-1 with a relative humidity of 100%; and
(h) specimen No. 4-2 with a relative humidity of 100%.

© ASCE 06019004-3 Int. J. Geomech.
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mechanical model of the gypsum pillar–roof system, as illustrated
in Fig. 4, is chosen from Profile I−I, which contains one unit of three
pillars. Here, the roof bed can be simplified to a beam with flexural
stiffness EI, and its self-weight and the load of the overburden strata
can be simplified to a uniform loading density q.

Generally, the instability of the mined-out area can be mainly
attributed to the instability of the pillars and the roof bed, particu-
larly the pillars’ instability. This conclusion can also be reached
based on the in situ investigation of many gypsum mines in
Hunan, Hebei, Guangxi, and Shandong Provinces in China as
well as in the case analyses of several major accidents. Moreover,
the results of numerical modeling also reveal that the main reason
for the collapse of the mined-out areas in gypsum mines is the pil-
lars’ instability. Generally, failure due to pillar instability can be
generally attributed to the unfavorable effects of frequent blast-
ing, loading, and unloading, water softening, or the decrease in
pillar size caused by human activities. Furthermore, because the
unfavorable effects on different pillars often vary widely, the col-
lapse of the mined-out area in a gypsum mine will generally begin
with the local destruction of the key pillar under the most severe
conditions, at which point pillar collapse transfers the load onto
the surrounding pillars. This process, in turn, may damage the
other pillars, thus inducing a “domino effect” (Hoek and Brown
1980). Finally, a large-area collapse of the roof bed occurs; in the
worst case, ground collapse may occur over the entire mined-out
area (Wang et al. 2008a, b). If it is assumed that the primary fail-
ure occurs in pillar B (Fig. 4) and the roof bed remains in the elas-
tic state during the pillar failure process, only releasing the energy
without failure, then the simplified analysis model can be estab-
lished as given in Fig. 5.

As a preliminary analysis, it is suggested that the constitutive
relation of the gypsum rock can approximately represent the consti-
tutive relation of the pillars. The load acting on the pillar is

F ¼ s 0A, and the pillar axial deformation is u ¼ ɛH, where A
denotes the cross sectional area of the pillar andH denotes the pillar
height. Thus, coupled with Eq. (4), the following equation can be
given:

F ¼ s 0A ¼ g01 wð ÞE0A
H

u exp � u
u0

� �g02 wð Þm
" #

¼ g01 wð Þλu exp � u
u0

� �g02 wð Þm
" #

(5)

where λ ¼ E0A=H denotes the initial stiffness of the pillar. Solving
F00 = 0 shows that the curve of Eq. (5) has one inflection point at u ¼
u1 ¼ u0 g0

2 wð Þmþ 1=g0
2 wð Þm� �1= g02 wð Þm½ �. Substituting u ¼ u1 ¼

u0 g0
2 wð Þmþ 1=g0

2 wð Þm� �1= g02 wð Þm½ � into F0 = 0, shows that the abso-
lute slope of the function in Eq. (5) is λ1 ¼ g0

1 wð Þλg0
2 wð Þm

exp � g0
2 wð Þmþ 1=g0

2 wð Þm� �� �
.

Equation for the Deflection Curve of the Roof Bed

Because it is extremely complex to obtain the supporting force
and bending moment at the ends of pillars A and C, Pan et al.
(2009) proposed using the displacement method of structural
mechanics to investigate the instability mechanism for a rock
beam–narrow coal pillar system in which the end of the rock
beam is fixed to the unmined coal seam; such a method is
employed in this study. Based on the assumed mechanical model
illustrated in Fig. 4, the deflection curve of the roof bed exhibits
a continuous half-wave shape between each of the two pillars
under the pillar support, and the rotation angle of the ends of

Table 2.Mechanical parameters of gypsum rock specimens under different relative humidities

Specimen condition
Unconfined compressive
strength [s c (MPa)]

Elastic modulus
[E (GPa)]

Initial elastic modulus
[E0 (GPa)]

Average strain
[ɛ0 (�10–3)] Brittleness indexm

Natural condition 17.14 6.59 7.19 5.9683 1.62
Relative humidity of 70% 16.27 6.26 6.88 6.0519 1.35
Relative humidity of 85% 15.12 6.00 6.58 6.0019 1.30
Relative humidity of 100% 14.35 5.75 6.53 5.9519 0.90

Table 1. Typical disasters at gypsum mines in China

Name of mine Date of accident Number of deaths Collapse area, economic loss

Pingyi GypsumMine in
Shangdong Province

December 25, 2015 19 miners buried underground Cracking and collapse in adjacent residential areas, roads,
and agricultural land and an induced earthquake (M = 4.0)

Guanyuan GypsumMine in
Jiangshu Province

April 15, 2012 10 miners trapped underground Ground subsidence for more than 7,000 m2, cracks in the
traffic lines near the mining area with a maximum opening
of 20 cm

Shangwangzhuang Gypsum
Mine in Hebei Province

November 6, 2005 37 lives lost, 32 miners injured 53,000-m2 collapse area, 480,000-m2 movement area, col-
lapse of 88 buildings, direct economic loss of 7.74 million
yuan

Tiande GypsumMine in Hunan
Province

August 19, 2006 9 lives lost Collapse area of approximately 18,000 m2

Henda GypsumMine in Guangxi
Province

May 18, 2001 29 lives lost Direct economic loss of 4.56 million yuan

Jinmen GypsumMine in Hubei
Province

Since 2005 No deaths 33 ground collapses, collapse area of 387,000 m2

© ASCE 06019004-4 Int. J. Geomech.
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pillars A and C should be equal to zero. Under the equivalent uni-
form load q, the pillar displacement at its upper end can be
assumed to be u, equal to the vertical deflection at the middle
point of the roof bed (Fig. 6). As a result, the momentMAB (coun-
terclockwise moments are positive) and shear force QAB at the
end A of the roof bed can be obtained as

MAB ¼ � ql2

12
� 6EI

l2
u

QAB ¼ ql
2
þ 12EI

l3
u

9>>>=
>>>;

(6)

Thus, the equation for the deflection curve of theAB part is given as

y ¼ qx4

24EI
� ql

2EI
þ 12

l3
u

� 	
x3

6
þ ql2

12EI
þ 6
l2
u

� 	
x2

2
(7)

Eq. (7) shows that the softening effect of the relative humidity
of the mine’s atmosphere on the roof bed is mainly due to
changes in the elastic modulus E. Therefore, to investigate the
catastrophic instability mechanism of the pillar–roof system in a
gypsum mine due to the softening effect of the relative humidity,
Eq. (7) for the deflection of AB can be rewritten as Eq. (8) by con-
sidering the water-softening function g03 wð Þ of the elastic modu-
lus E of the roof bed.

y ¼ qx4

24g03 wð ÞEI �
ql

2g03 wð ÞEI þ
12
l3

u
� 	

x3

6
þ ql2

12g03 wð ÞEI þ
6
l2
u

" #
x2

2

(8)

In Fig. 2(c), the water-softening function g03 wð Þ of the elastic
modulus E can be expressed as a linear function of the relative hu-
midity (R ¼ 0.9965).

Potential Function of the Support System

When the equilibrium position of the pillar–roof system experi-
ences a quasi-static displacement u, the roof bed releases energy
as each point in its flexural curve tends toward the static balance
position illustrated in Fig. 5, and the energy released is called the
elastic strain energy Ue. Additionally, the pillar generates a com-
pressive deformation energy Us because its upper end undergoes
a compressive displacement u. This is the dissipation energy that
can cause microfractures to extend and then connect in the pil-
lars. The two energy components Ue and Us are derived from the
energy work performed by the equivalent uniform load q.
Hence, the total potential function of the support system consists
of the elastic strain energy Ue in the roof bed, the compressive
deformation energy Us in the pillar and the work W performed
by the equivalent uniform load q; that is

P ¼ �W þ Ue þ Us (9)

Combined with Eq. (8), the workW performed by the equivalent
uniform load q is

W ¼ 2
ðl
0
qy xð Þdx ¼ qluþ q2l5

360g03 wð ÞEI (10)

The elastic strain energyUe of the roof bed is
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Fig. 2. Water-softening function by fitting laboratory test data (numbers
1, 2, 3, and 4 in x-coordinate refer to the natural condition and wet condi-
tions with relative humidities of 70, 85, and 100%, respectively): (a) initial
elasticmodulusE0; (b) brittleness indexm; and (c) elasticmodulusE.
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Ue ¼ g03 wð ÞEI
ðl
0
€y1 xð Þ½ �2dx ¼ 1

g03 wð ÞEI
ðl
0

(
q2x4

4
� q2l

2
þ 12g03 wð ÞEIq

l3
u

� 	
x3 þ q2l2

3
þ 18g03 wð ÞEIq

l2
uþ 144 g03 wð Þ� �2

E2I2

l6
u2

" #
x2

� q2l3

12
þ 8g03 wð ÞEIq

l
uþ 144 g03 wð Þ� �2

E2I2

l5
u2

" #
xþ q2l4

144
þ g03 wð ÞEIquþ 36 g03 wð Þ� �2

E2I2

l4
u2

" #)
dx ¼ q2l5

720g03 wð ÞEI þ
12g03 wð ÞEI

l3
u2 (11)

When this is combined with Eq. (5), the compressive deforma-
tion energyUs of the pillar is

Us ¼
ðu
0
F uð Þdu ¼

ðu
0
g01 wð Þλu exp � u

u0

� �g02 wð Þm
" #

du (12)

Substituting Eqs. (10)–(12) into Eq. (9), the total potential func-
tion of the support systemP can be obtained as

P ¼
ðu
0
g01 wð Þλu exp � u

u0

� �g02 wð Þm
" #

duþ 12g03 wð ÞEI
l3

u2 � qlu

� q2l5

720g03 wð ÞEI (13)

Cusp Catastrophe Model

Taking the compressive displacement u as the state variable, let
P0 ¼ 0; then, the equilibrium surface can be obtained based on the
cusp catastrophemodel

P0 ¼ g01 wð Þλu exp � u
u0

� �g02 wð Þm
" #

þ 24g03 wð ÞEI
l3

u� ql (14)

Eq. (14) is the equilibrium equation for the stability analysis of the
gypsum pillar–roof support system. As reported byQin et al. (2001a, b,

2006), the standard cusp catastrophe model of the equilibrium sur-
face does not include a u2 term [Eq. (25)]. Therefore, it is necessary
to identify the point at which the second derivative of P0 uð Þ is 0,
that is, the point at whichP000 uð Þ is 0. Then, the Taylor series at this
point, P0 uð Þ, does not include a u2 term. Therefore, to obtain the
standard cusp catastrophe model of the equilibrium surface,P

000
uð Þ

should be set to 0 (Qin et al. 2001b, 2006; Wang et al. 2006), that is

P000 ¼ � g02 wð Þm
u0

g01 wð Þλ exp � u
u0

� �g02 wð Þm
" #

u
u0

� � g02 wð Þm�1½ �

� g02 wð Þmþ 1� g02 wð Þm u
u0

� �g02 wð Þm
" #

¼ 0 (15)

FromEq. (15), the following is valid at the cusp:

u ¼ u1 ¼ u0
g02 wð Þmþ 1
g02 wð Þm

" #1= g02 wð Þm½ �
(16)

The point is called the cusp in catastrophe theory. Deriving
the third-order Taylor series of Eq. (14) at the cusp u1
and then, substituting Eq. (16) into Eq. (14) and simplifying
yields

wp

lp+ lo

w0+ wp lp

Roadway 

w0

lo 

Fig. 3. Investigation of the distribution characteristics of the mined-out area in a gypsummine.
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 q

 F  F  F 

 L  L

  M M 

  Q Q 

B  C  A 

Fig. 4. Gypsum pillar–roof system under forces.

 A 
maxv C

O

 L  L

M M 

  Q Q 

 q 

Fig. 5. Gypsum pillar–roof systemwithout the support of pillar B.

L L

A B B C

MAB
MCB

QAB

Q CB

MBA MBC

  u

QBA QBC

q q 

Fig. 6. Moment and shear force at the end of the pillar.
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u� u1
u1

� �3

þ 6

g02 wð Þmþ 1
� �2 24g03 wð ÞEI=L3

λg01 wð Þg02 wð Þm exp � g02 wð Þmþ 1
g02 wð Þm

" #� 1

8>><
>>:

9>>=
>>;

u� u1
u1

� �

þ 6

g02 wð Þm g02 wð Þmþ 1
� �2 1þ 24g03 wð ÞEI=L3

λg01 wð Þexp � g02 wð Þmþ 1
g02 wð Þm

" #� qL

λu1g01 wð Þexp � g02 wð Þmþ 1
g02 wð Þm

" #
8>><
>>:

9>>=
>>;

¼ 0 (17)

To transform Eq. (17) into the standard form of cusp catastrophe,
let

x ¼ u� u1
u1

� �
(18)

a ¼ 6

g02 wð Þmþ 1
� �2 h � 1ð Þ (19)

b ¼ 6

g02 wð Þm g02 wð Þmþ 1
� �2 1þ g02 wð Þmh � j

� �
(20)

h ¼ h2

h1
¼ 24g03 wð ÞEI=L3

g0
1
wð Þλg02 wð Þm exp � g02 wð Þmþ 1

g02 wð Þm

" # (21)

j ¼ qL

λu1g01 wð Þexp � g02 wð Þmþ 1
g02 wð Þm

" # (22)

h2 ¼
24g03 wð ÞEI

L3
(23)

h1 ¼ g0
1
wð Þg02 wð ÞE0A

H
m exp � g02 wð Þmþ 1

g02 wð Þm

" #
(24)

where h denotes the ratio of the flexural stiffness h2 of the roof bed
(also known as the local mine stiffness) to the absolute slope h1 of
the force-deformation curve for the gypsum pillar (hereafter
referred to as the stiffness ratio).

Substituting Eqs. (18)–(24) into Eq. (17), the standard cusp ca-
tastrophe model of the equilibrium surface can be obtained as

x3 þ axþ b ¼ 0 (25)

where x denotes its canonical state variable and a; b denote its ca-
nonical control parameters.

The standard cusp catastrophe model has the folded surface
shape (as presented in Fig. 7), where the axes of the 3D space are
the state variable x (vertical) and the control parameters a and b
(horizontal). The projection of the fold point in the control plane is
defined as the bifurcation set (Fig. 7). As reported by Thom (1972),
the function of the bifurcation set can be expressed as

D ¼ 4a3 þ 27b2 ¼ 0 (26)

Substituting Eqs. (19) and (20) into Eq. (26) yields

D ¼ 4b 3 h � 1ð Þ3 þ 27
b 2

g02 wð Þm� �2 1þ g02 wð Þmh � j
� �2 ¼ 0

(27)

where b ¼ 6= g02 wð Þmþ 1
� �2

Catastrophe Mechanisms under the Influence of
Relative Humidity

Necessary Condition for Catastrophe

Eq. (27) illustrates that the condition ofD ¼ 0 may be satisfied, that
is, a catastrophic jump likely occurs, only when h � 1. Thus, in
terms of h � 1, the necessary condition leading to catastrophe is

h ¼ h2

h1
¼ 24g03 wð ÞEI=L3

g0
1
wð Þλg02 wð Þm exp � g02 wð Þmþ 1

g02 wð Þm

" # � 1 (28)

Clearly, a smaller stiffness ratio h of the support system results in
a more unstable system. As reported by Hoek and Brown (1980), this
is because if the pillar is in a region of low local mine stiffness, as in
this case, catastrophic failure of the pillar occurs when, or shortly af-
ter, peak strength Fmax is reached because the energy released by the
mine is greater than the energy required to deform the pillar and
excess energy is available to crash the pillar. However, if the pillar is
in a region of high local mine stiffness, the roof is unable to supply
the force necessary to deform the pillar beyond A and the situation is
stable. In this case, controlled failure of the pillar (as opposed to vio-
lent catastrophic collapse) may occur. Therefore, the catastrophic
analysis method based on the catastrophe model can significantly
improve the traditional criterion for evaluating mine structure stabil-
ity, and the traditional criterion considers only the peak strength of
the gypsum rock at which the catastrophic failure occurs. However,
the catastrophic failure of the pillar–roof system based on the catas-
trophe model depends on the relationship between the stiffness of the
gypsum and the surrounding rock, which is reasonable.

Whether the stiffness ratio h decreases depends mainly on the
change in the mechanical parameters of gypsum rock (i.e., the elas-
tic modulus E, the initial elastic modulus E0, and the brittleness
index m) due to the relative humidity in the mine atmosphere
through its physical and chemical action.
(1) When the relative humidity in the mine atmosphere increases

around the pillars, the water-softening function g01 wð Þ of the
initial elasticity modulus E0 and the water-softening function
g02 wð Þ of the brittleness index m both decrease. These
decreases will lead to a larger stiffness ratio h of the support
system and, consequently, a more stable support system,
implying that an increase in the relative humidity around the

© ASCE 06019004-8 Int. J. Geomech.
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pillars can reduce the potential for catastrophic accidents in
the support system.

(2) When the relative humidity in the mine atmosphere increases
around the roof bed, the water-softening function g03 wð Þ of the
elasticity modulus E decreases. Thus, the stiffness ratio h of
the support system decreases, thereby increasing the probabil-
ity that the support system undergoes a catastrophic event.

(3) When the relative humidity in the mine atmosphere increases
around both the pillars and the roof bed, that is, the water con-
tent of the pillar is equal to that of the roof bed. Through the
analysis of the test data, the water-softening function g03 wð Þ is
found to be approximately identical to the water-softening
function g01 wð Þ; as a result, Eq. (28) can be rewritten

h ¼ 24EI=L3

λg02 wð Þm exp � g02 wð Þmþ 1
g02 wð Þm

" # � 1 (29)

In this case, the relative humidity in the mine atmosphere mainly
influences the brittleness index m, and m gradually decreases. Such
changes will result in a larger stiffness ratio h and thus in a more
stable support system.

Stable and Unstable Regions in the Control Plane

As presented in Fig. 8, the control plane (a, b) can be divided into
nine subsets: the shaded Regions III, IV, andOG “inside” the curve,
the Regions I, II, and V “outside” the curve, the two branches OB1

andOB2 of the curve, and the originO. When the control parameter
(a, b) moves along different paths in the control plane, the stable
state of the pillar–roof system lying in each region can be discussed
as follows:
(1) When the control parameter (a, b) moves along path B� B0 in

Fig. 7 and lies in Region I, as illustrated in Fig. 8, where D> 0

and a> 0, the system here is far from the critical state (bifur-
cation set), that is, the system is extremely stable.

(2) When the control parameter (a, b) is at the origin point o,
where a ¼ 0 and b ¼ 0, this situation corresponds to the mini-
mum relative humidity around the pillars and roof bed, leading
to instability of the system and representing a particular point
of instability (Qin et al. 2001a).

(3) When the control parameter (a, b) along path A� A0 moves to
Region II, where D> 0, b> 0 and a< 0, Eq. (25) has only one
real root; this situation corresponds to a minimum of the

B1
B2

 D 0

D 0

D 0
Control surface 

Equilibrium surface 

 b

ax

Catastrophe 

Path A

Path B

A

A'

B'

B

Bifurcation set D = 0

Fig. 7. Equilibrium surface of the cusp catastrophe model.

A

 A

O

B2 

b 

G

B1

a

C

C

Fig. 8. Demarcation of the regions in the control plane by the bifurca-
tion set.
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potential energy illustrated in Fig. 9(a) (Poston and Stewart
1978; Qin et al. 2001a). At this moment, the “dynamic effect”
of the entire catastrophe system is a single valley and a smooth
curve, and the state of the system will soon reach the valley
bottom.

(4) When the relative humidity in the mine atmosphere gradually
weakens the gypsum rock, the control parameter (a, b) can
pass through the right branch OB1 of the bifurcation set [Fig. 9
(b)] into Region III [Fig. 9(c)], where D< 0, b> 0, a< 0 and
Eq. (25) has three distinct real roots. This corresponds to two
minima on either side of a maximum of the potential energy.
The small ball located at the first valley [Fig. 9(c)] cannot shift
to the second valley because it is separated from the second
valley by the peak and the first valley is far lower than the
peak (Qin et al. 2001a). Thus, the relative humidity change
around the pillars and roof bed does not cause instability in the
gypsum pillar–roof support system.

(5) With further increases in the relative humidity of the mine
atmosphere around the pillar and roof bed, the control parame-
ter (a, b) enters Region IV [Fig. 9(e)] through OG [Fig. 9(d)],
where D< 0, b< 0 and a< 0. At this moment, the second val-
ley gradually deepens and then becomes deeper than the first
valley. When the control parameter (a, b) approaches the edge
of the fold, a slight change in the parameters can cause the
small ball located at the first valley [Fig. 9(e)] to cross the
peak and shift to the second valley. In other words, the pertur-
bations can lead to a certain degree of instability of the support
system.

(6) With considerable further increase in the relative humidity of
the mine atmosphere, the control parameter (a, b) reaches the
left branch OB2 of the bifurcation set. Eq. (25) has one pair of
duplicate real roots and a real root corresponding to an inflec-
tion point in the energy curve and a minimum of the energy
[Fig. 9(f)]. Because the first valley is eliminated at the inflec-
tion point, the equilibrium of the system breaks down and sud-
denly moves to the new minimum (Qin et al. 2001a). Thus, the
support system has been broken down in Region V [Fig. 9(g)].
It should be note that the support system passes through the
bifurcation set; in addition to evolution path A� A0, other

evolution paths, such as C � C0, illustrated in Fig. 8, may
occur. At this moment, the algebraic value of control parame-
ters (a, b) gradually increases, that is, the control parameters
(a, b) gradually converge to the values at the axis.
Based on this analysis, the state of the system can be subjected to

a catastrophe only when the support system passes through the left
branch of the bifurcation set, that is, when the sufficient and neces-
sary condition leading to instability of the support system is

27

g02 wð Þm� �2 1þ g02 wð Þmh � j
� �2 þ 24

g02 wð Þmþ 1
� �2 h � 1ð Þ3 � 0

1þ g02 wð Þmh � j < 0

h � 1

9>>>>>=
>>>>>;

(30)

Eq. (30) shows that catastrophic instability of the support system
is related not only to the geometric and mechanical parameters (i.e.,
I, L, A, H, E, E0, and m) but also to the equivalent uniform load q.
Hence, catastrophic instability of the support system is the compre-
hensive result both of its internal properties and of the external fac-
tors, and the influence of the relative humidity on the support sys-
tem mainly involves a change in the mechanical parameters,
including E, E0, and m. Fig. 10 summarizes the method that was
used in this study to investigate the catastrophic instability mecha-
nism of the pillar–roof system in a gypsum mine due to the soften-
ing effect of relative humidity.

Case Study

The Jinghua Gypsum Mine considered in this case study is located
in Jingmen City, Hubei Province, China. The thickness (89m) of
the overburden strata in this mine ranges from approximately 40 to
113m. To improve the analysis of the catastrophic process, a thick-
ness of 89m was employed, and the other geometric design and
physical parameters of the gypsum mine are shown in Table 3.
Through in situ monitoring, the relative humidity of the mined-out
area of this gypsum mine was known to be relatively constant at

The first valley
The second valley

The second valley

  Peak

 The first valley

Jump

Small ball

(a)

(e) (f) (g)

(b) (c) (d)

Fig. 9. Variation in the potential energy of the system as the relative humidity increases around the pillar and roof bed. (Modified from Qin et al.
2001a.) The curve and small ball represent the potential energy and the support system of the pillar–roof bed, respectively. The valley represents the
local energy minimum, whereas the peak represents the local energy maximum. (a) [ Region II; (b) [ the right branchOB1 of the bifurcation set; (c) [
Region III; (d) [OG; (e) [Region IV; (f) [ the left branch OB2 of the bifurcation set; and (g) [V in Fig. 9.
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approximately 85%, and the natural and the extreme conditions
(i.e., the pillars and roof bed both in the relative humidity of 100%)
were taken into consideration in investigating the influence of rela-
tive humidity on the stability of the support system. (Hereafter,
these conditions are referred to as the first, second, and third condi-
tions in order of the magnitude of their relative humidities).

The magnitudes of the three expressions for the sufficient and
necessary condition [i.e., Eq. (30)] under the aforementioned three
conditions when the pillar spacing varies from 10.0 to 12.0m (inter-
val of 0.1m) and the roof bed thickness varies from 1.5 to 3.5m
(interval of 0.1m) are given in Tables 4 and 5.

The control parameter b for the sufficient and necessary condi-
tion [i.e., the second expression of Eq. (30)] revealed that the rela-
tive humidity mainly degrades the elastic modulus E, the initial
elastic modulus E0, and the brittleness index m to affect the control
parameter b. Therefore, based on this analysis, the second term of
control parameter b

24g03 wð ÞEI=L3

λg01 wð Þexp � g02 wð Þmþ 1
g02 wð Þm

" #

typically increases with increasing relative humidity, and the third
term of the control parameter b

qL

λu1g01 wð Þexp � g02 wð Þmþ 1
g02 wð Þm

" #

may increase or decrease. Under the condition that the third term
increases, whether the control parameter b increases mainly
depends on the degrees to which the second and third terms
increase. For example, under the first and second conditions, the
extent of the increase of the third term is greater than that of the sec-
ond term; thus, the control parameter b decreases, as illustrated in
Tables 4 and 5. At this moment, the evolution path that the control
parameters a; b of the support system take through the bifurcation
set can be expressed in A� A0 with increasing environmental

humidity in the mined-out area. When the relative humidity in the
mine atmosphere further weakens the support system, that is, the
second condition changes to the third condition, the second term
increases, whereas the third term decreases. As a result, the control
parameter b of the third condition is greater than that of the second
condition, as illustrated in Tables 4 and 5. In this case, the control pa-
rameter b remains greater than that of the first condition before the
pillar spacing L reaches 11.6m, and it becomes greater than that of
the first condition when the roof bed thickness d exceeds 2.3m.
Moreover, the evolutionary path that the control parameters a; b of
the support system take through the bifurcation set can be expressed
in C � C0 with increasing environmental humidity in the mined-out
area.

Based on the analysis of the control parameters a; b and discrim-
inant D on each region of the control plane, the subdivided regions
and the stability state of the support system under the aforemen-
tioned three conditions with variations in the pillar spacing and roof
bed thickness are listed in Tables 4 and 5.

Tables 4 and 5 illustrate that under the given variation range of
pillar spacing, the support system evidently remains in the stable
state in the first condition. In the second condition, the support sys-
tem begins to enter the unstable state when the pillar spacing is
11.3m. In the third condition, the support system begins to enter the
unstable state when the pillar spacing is 11.1m. Under the given
range of variation of the roof bed thickness, the support system
remains in the stable state in the first condition. In the second condi-
tion, the support system is unstable when the roof bed thickness
varies from 1.5 to 2.0m. In the third condition, the support system

Failure mode of the mined-out 

areas of the gypsum mine 

Stress–strain behavior of gypsum rock under 

the softening effect of relative humidity

Catastrophe theory
Catastrophe mechanism of the pillar-roof system due 

to the relative humidity

Establishment of a simplified 

mechanical model 

Necessary condition for 

catastrophe 

Cusp catastrophe model of

the pillar-roof system 

Necessary and sufficient 

conditions for catastrophe 

Stable and unstable regions 

in the control plane 

Investigation of the reason for the disaster in the 

case study and other gypsum mines in China 

Equation for the deflection 

of the roof bed 

Potential function of the 

pillar-roof system 

Fig. 10. Flowchart summarizing the method described in this study.

Table 3. The design geometric parameters of the mined-out area in the
Jinmen GypsumMine

Parameter Value

Spacing [L� T (m)] 11� 11
Thickness of roof bed [d (m)] 2.5
Pillar height [H (m)] 7
Cross sectional area of the pillar [A (m2)] 4� 4
Density of overburden strata [r (kg/m3)] 2,400
Density of gypsum rock [r 0 (kg/m

3)] 2,316
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is unstable when the roof bed thickness varies from 1.5 to 2.4m.
Hence, the influence of the relative humidity on the support system
is significant, that is, as the relative humidity in the mine atmos-
phere further increases, there is a greater probability of instability of
the support system.

To investigate the degree of influence of the relative humidity
change around the roof bed and pillars on the system stability, the
relative humidity around the pillars or roof bed is changed based
on the first condition, that is, the relative humidity around the roof
bed changes from the natural condition to a relative humidity of

Table 6. Magnitudes of the necessary condition h , control parameter b, and discriminant D when the pillar spacing varies from 10.0 to 12.0 m (fourth and
fifth conditions)

Pillar spacing
[L (m)]

Fourth condition Fifth condition

Necessary
condition (h )

Control
parameter (b)

Discriminant
(D) Stable state

Necessary
condition (h )

Control
parameter (b)

Discriminant
(D) Stable state

10 0.1365 −0.0968 −2.1601 Region IV
(stable state)

0.5063 0.0589 −0.6846 Region IV
(stable state)10.1 0.1325 −0.1165 −2.1484 0.4914 0.0315 −0.8416

10.2 0.1286 −0.1359 −2.1284 0.4771 0.0046 −0.9499
10.3 0.1249 −0.1551 −2.1006 0.4633 −0.0217 −1.0119
10.4 0.1213 −0.1740 −2.0650 0.4501 −0.0476 −1.0300
10.5 0.1179 −0.1928 −2.0220 0.4374 −0.0730 −1.0064
10.6 0.1146 −0.2113 −1.9719 0.4251 −0.0980 −0.9429
10.7 0.1114 −0.2296 −1.9148 0.4133 −0.1226 −0.8415
10.8 0.1083 −0.2477 −1.8509 0.4019 −0.1468 −0.7037
10.9 0.1054 −0.2657 −1.7805 0.3910 −0.1707 −0.5311
11 0.1025 −0.2835 −1.7036 0.3804 −0.1941 −0.3252
11.1 0.0998 −0.3011 −1.6206 0.3702 −0.2173 −0.0872
11.2 0.0971 −0.3185 −1.5315 0.3604 −0.2401 0.1817 Region V

(unstable state)11.3 0.0946 −0.3358 −1.4365 0.3509 −0.2626 0.4802
11.4 0.0921 −0.3530 −1.3357 0.3417 −0.2848 0.8074
11.5 0.0897 −0.3700 −1.2292 0.3329 −0.3067 1.1622
11.6 0.0874 −0.3869 −1.1172 0.3244 −0.3284 1.5438
11.7 0.0852 −0.4037 −0.9997 0.3161 −0.3498 1.9513
11.8 0.0831 −0.4203 −0.8770 0.3081 −0.3709 2.3839
11.9 0.0810 −0.4369 −0.7490 0.3004 −0.3918 2.8409
12 0.0790 −0.4533 −0.6158 0.2930 −0.4125 3.3216

Table 7. Magnitudes of the necessary condition h , control parameter b, and discriminant D when the roof bed thickness varies from 1.5 to 3.5 m (fourth
and fifth conditions)

Thickness
of roof bed
[d (m)]

Fourth condition Fifth condition

Necessary
condition

(h )

Control
parameter

(b)
Discriminant

(D) Stable state

Necessary
condition

(h )

Control
parameter

(b)
Discriminant

(D) Stable state

1.5 0.0221 −0.3981 −1.6400 Region IV
(stable state)

0.0822 −0.4463 1.4996 Region V (unstable state)
1.6 0.0269 −0.3920 −1.6426 0.0997 −0.4321 1.3738
1.7 0.0322 −0.3849 −1.6467 0.1196 −0.4159 1.2282
1.8 0.0383 −0.3767 −1.6524 0.1420 −0.3974 1.0634
1.9 0.0450 −0.3673 −1.6593 0.1670 −0.3765 0.8814
2 0.0525 −0.3567 −1.6671 0.1948 −0.3531 0.6846
2.1 0.0608 −0.3449 −1.6756 0.2255 −0.3271 0.4771
2.2 0.0699 −0.3317 −1.6841 0.2592 −0.2983 0.2640
2.3 0.0798 −0.3171 −1.6921 0.2962 −0.2667 0.0526
2.4 0.0907 −0.3010 −1.6989 0.3365 −0.2320 −0.1477 Region IV (stable state)
2.5 0.1025 −0.2835 −1.7036 0.3804 −0.1941 −0.3252
2.6 0.1153 −0.2643 −1.7052 0.4279 −0.1530 −0.4645
2.7 0.1292 −0.2435 −1.7024 0.4792 −0.1085 −0.5470
2.8 0.1441 −0.2209 −1.6939 0.5344 −0.0604 −0.5494
2.9 0.1601 −0.1966 −1.6779 0.5937 −0.0086 −0.4433
3 0.1772 −0.1704 −1.6525 0.6573 0.0470 −0.1940 Region III (stable state)
3.1 0.1955 −0.1424 −1.6158 0.7253 0.1065 0.2402 Region II (stable state)
3.2 0.2150 −0.1123 −1.5651 0.7977 0.1701 0.9096
3.3 0.2358 −0.0802 −1.4977 0.8749 0.2379 1.8739
3.4 0.2579 −0.0460 −1.4105 0.9568 0.3101 3.2043
3.5 0.2814 −0.0097 −1.2999 1.0438 0.3867 4.9849 Region I (stable state)
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100% (hereafter referred to as the fourth condition), and the rela-
tive humidity around the pillars changes from the natural condi-
tion to a relative humidity of 100% (hereafter referred to as the
fifth condition). For these two conditions, the results are provided
in Tables 6 and 7.

Tables 6 and 7 illustrate that small changes in the necessary con-
dition h , control parameter b, and discriminant D occur when the
relative humidity around the roof bed changes from the natural con-
dition to a relative humidity of 100% (i.e., the first condition to the
fourth condition) and the subdivided regions and the stability state
of the support system are the same as in the first condition with the
variation of the pillar spacing and roof bed thickness. Large changes
in the necessary condition h , control parameter b, and discriminant
D occur when the relative humidity around the pillars changes from
the natural condition to a relative humidity of 100% (i.e., the first
condition to the fifth condition). Meanwhile, the subdivided regions
and the stability state of the support system will differ greatly from
the first condition. Hence, the effect of the relative humidity change
around the pillar on system instability is greater than that around the
roof bed.

Conclusions

The following conclusions can be obtained from the analysis of the
instability mechanism for the pillar–roof system in gypsum mines
using the catastrophe model that considers the influence of relative
humidity.
• The stress–strain relation of gypsum rock derived from dam-

age mechanics theory can accurately describe its strain-
softening property after peak stress, and the average strain ɛ0
remains nearly unchanged. However, the initial elastic modu-
lus E0 and brittleness index m gradually decrease with an
increase in the relative humidity in the mine atmosphere; thus,
the constitutive relationship of the gypsum rock is improved in
these two respects.

• The catastrophic failure of the support system depends upon
the relationship between the stiffness of the gypsum and that
of the surrounding rock. Increases in the relative humidity
around a pillar or around both a pillar and the roof bed will
lead to a larger stiffness ratio of the support system and thus a
more stable support system. However, as the relative humidity
around the roof bed increases, the stiffness ratio of the system
decreases, making it more likely that the support system will
undergo a catastrophic event.

• Catastrophic instability of the support system is the compre-
hensive result of both its internal properties and external fac-
tors, and the influence of the relative humidity on the support
system is mainly a change in its mechanical parameters. This
case study shows that the influence of relative humidity on the
support system is significant, that is, the probability that insta-
bility of the support system occurs increases as the relative hu-
midity in the mine atmosphere continues to increase, and the
influence of the relative humidity change around the pillar on
system stability is greater than that around the roof bed.

• The catastrophic instability method based on the catastrophe
model described in this study is applicable to the gypsum pillar–
roof system, and it can significantly improve the traditional cri-
terion for evaluating the mine structure stability. The traditional
criterion considers only the peak strength of the gypsum rock at
which the catastrophic failure occurs.
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