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Time-domain analyses have been widely used to investigate the seismic responses of tunnels. However, the
earthquake-input mechanism which signiﬁcantly inﬂuences the results, is not clearly understood, and most
extant studies focused on vertically propagating waves. In this study, a series of numerical calculations were
conducted to evaluate the performance of several earthquake-input methods for three typical models. The results
demonstrate that the combinations of the model base and the input motion should correctly consider the interaction between the two sides of the boundary. Generally, the incident motion at the inner side of the boundary
should be used with an elastic base, whereas the within motion at the boundary can be used with a rigid base.
However, the rigid base is appropriate only for cases with a large impedance contrast between the two sides of
the boundary and cases without outgoing waves at the boundary. Then, an earthquake-input method for the
time-domain analysis of tunnels in layered ground subjected to obliquely incident P- and SV-waves was proposed. In this method, the pure incident motion at the model base is applied with an elastic base, whereas the
within motions at the left boundary are applied with a rigid base. In addition, the right boundary is characterized
by absorbing-elements. The closed-form solutions of the applied motions at the boundaries were presented. The
proposed earthquake-input method was veriﬁed by comparing with closed-form solutions for two speciﬁc
problems.

1. Introduction
A large number of tunnels have been constructed worldwide in the
past few decades, and tunnels play a critical role in transportation and
utility networks. Although tunnels are less vulnerable to earthquakes
than above-ground structures, numerous tunnels have been severely
damaged in recent major earthquakes [1–4]. Moreover, even a low level
of damage to tunnels is likely to aﬀect the serviceability of a wide
network. Therefore, it is crucial to investigate the seismic response of
tunnels for ensuring tunnel safety during earthquakes.
Seismic analyses of tunnels can be conducted in frequency-domain
or time-domain. Generally, the frequency-domain approach can solve
only the problems with simple boundary conditions. In contrast, the
time-domain approach can oﬀer more general solution for problems
involving complex boundary conditions. Therefore, in the past few
decades, numerous studies have been conducted to examine the
earthquake response of tunnels using numerical methods in time-domain [5–10]. However, the earthquake-input mechanism for time-

domain analysis of tunnels, which can signiﬁcantly inﬂuence the results, is not clearly understood. Generally, two issues related to the
earthquake-input mechanism are encountered. The ﬁrst issue concerns
the determination of input motions, and the second concerns the model
base condition. With regard to the ﬁrst issue, two types of ground
motions (within and outcrop) are generally mentioned. The ‘within’
motion refers to the motion occurring at depth within a site proﬁle, and
it is the superposition of the upward and downward propagating waves.
The outcrop motion is the motion that would occur at a free surface at
that location. Most of the available ground motions were recorded on
the ground surface; negligible amount of data was recorded below the
ground level [11]. However, when conducting a numerical simulation,
the incident motion is generally applied at the model base. The actual
motion occurring at the model base cannot be the identical to that recorded at the ground surface. Therefore, the appropriate input motion
at the model base is generally determined by a deconvolution analysis
of the recorded motion [12]. Numerous studies have been conducted to
investigate the deconvolution analysis of vertically propagating waves
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in frequency-domain [12–14] and time-domain [15,16]. In order to
consider the obliquely propagating SV- and P-waves, Liu and Wang
[17] developed a 1D ﬁnite element (FE) method in the time-domain to
calculate free-ﬁeld motions in an elastic, layered half-space. Subsequently, Zhao et al. [18] improved this method by modifying the artiﬁcial boundary condition. However, this method can be used only when
the motions at the left boundary of the model are known. Therefore, it
cannot be used directly for the seismic response analysis of tunnels in
time-domain. With regard to the second issue, two bases are generally
used. One is the rigid base with inﬁnite impedance [3,7,8]. The seismic
excitation is applied as an acceleration time-history along the bottom
mesh boundary, and all the outgoing waves are completely reﬂected
back to the model by the rigid base. The other is the elastic base with
realistic impedance [9,10,17]. It is generally attached with an absorbing-boundary, and the outgoing waves can be absorbed at the
elastic base. The ﬁrst issue is closely related to the second, and the base
condition must be compatible with the input motion. Generally, the
elastic base should be used with the outcrop motion, whereas the rigid
base should be used when the within-motion is applied [19,20].
Most of the available methods for determining the incident motion
and specifying the base condition are limited to the vertically propagating waves in an elastic half-space, and only a few studies have been
conducted to investigate the seismic response of layered grounds subjected to obliquely propagating waves [21–23]. However, the seismic
waves are likely to propagate obliquely, particularly in near-fault regions. In addition, the incident angle can remarkably inﬂuence the
seismic response of tunnels [10,23–26]. Therefore, diﬀerent incident
angles may be considered for seismic analyses of tunnels located in
near-fault regions. When considering obliquely propagating SV- and Pwaves in layered ground, mode conversion between P-waves and Swaves occurs, and the incident motions at the boundaries are asynchronous. The earthquake-input mechanism for vertically propagating
waves cannot be used for obliquely incident waves.
The main objective of this study is to propose an earthquake-input
method for time-domain analyses of tunnels in layered grounds subjected to obliquely incident P- and SV-waves. In order to achieve this
goal, the interactions between the input motion and the base type were
ﬁrst studied to obtain the appropriate combinations of the input motion
and base condition for three typical models. Subsequently, the closedform solutions of the input motions at diﬀerent boundaries were determined and the base conditions were speciﬁed. At last, the proposed
earthquake-input method was validated by several examples for various
conditions.
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Fig. 1. Sketches of three typical numerical models.

bottom boundary, three typical numerical models are generally encountered in practice. Because design earthquake ground motions are
generally provided as rock outcrop motions, the soil–bedrock surface is
generally used as the bottom boundary (Model 2). If the soil layers are
comparatively thin, the numerical model may include the soil layers
and a thin elastic bedrock layer (Model 1). If the bedrock is located at a
considerable depth from the ground surface, the model base may be
located on the elastic soil rather than the bedrock (Model 3).
2.2. Input motion and base condition
As shown in Fig. 2, when vertically propagating waves are considered, two types of ground motions are generally applied for timedomain analyses. One is the bedrock outcrop motion (uA ), which is two
times as large as the incident (upward propagating) motion (ui ) in the
bedrock. The other is the within motion at the top of the bedrock (uB )
which is the superposition of the upward (ui ) and downward (ur ) propagating motions. It is unclear whether a bedrock outcrop motion or a
within motion should be speciﬁed at the model base. It is also unclear
whether an elastic base or a rigid base should be used.
Hence, in order to clarify these issues and establish guidelines for
time-domain analysis of tunnels, a single soil layer overlying the bedrock was considered. The ﬁnite element (FE) models in a plane-stain
state are shown in Fig. 3, where H is the thickness of the soil layer; ρs
and Vs are the density and shear wave velocity of the soil, respectively;
ρr and Vs, r are the density and shear wave velocity of the bedrock, respectively. Both the soil and bedrock were meshed with 4-node bilinear
plane strain elements, and the maximum size of the elements was set
equal to 2.0 m. Both the soil and rock were assumed to be linear-elastic
materials with the mechanical properties shown in Table 1. The impedance contrast between the bedrock and the soil, (ρr Vs, r )/(ρs Vs ) , was
equal to 10. The displacement impulse shown in Fig. 4 was used to form
the incident SV-wave. The motion was speciﬁed for a bedrock outcrop
motion and propagated vertically.
A frequency-domain calculation was performed with the SHAKE
[32] to provide a closed-form solution. The solution is exact because the
materials are linear elastic. The ﬁnite element (FE) code ABAQUS [33]
was used to undertake the plane-strain analyses in time-domain for the

2. Speciﬁcations of input motion and model base
In this section, a series of numerical analyses were conducted to
investigate the interaction between the input motion and the model
base. Although several studies have been conducted to deal with this
issue, more general conditions were considered in this study. The appropriate combinations of the input motion and base condition were
proposed for three typical models in practice, and the eﬀects of the
impedance contrast and the damping were investigated as well.
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2.1. Three typical numerical models
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Bedrock outcrop
motion, 2ui

A plane-strain seismic analysis of a tunnel in time-domain is generally undertaken for a cross-section [10,27]. As shown in Fig. 1, the
ground surface is used as the upper boundary. The lateral boundary
conditions should reproduce the free-ﬁeld response [3], and they can
prevent the reﬂections of outgoing waves back into the model. Therefore, the artiﬁcial boundary conditions (ABCs) such as the free-ﬁeld
boundary [28], viscous boundary [29], viscous-spring boundary
[30,31] are generally used at the lateral boundaries to absorb the
outgoing waves. However, if there are negligible outgoing waves at the
lateral boundaries, the artiﬁcial boundary is optical. With regard to the
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Fig. 2. Ground motions resulting from vertically propagating waves.
375

Engineering Structures 181 (2019) 374–386

W. Zhao et al.

Ground surface

Ground surface

Ground surface

H = 100 m

y
x

SV

SV

SV
Model 1
50 m

Model 2
50 m

Model 3
50 m

Soil
ȡs ,Vs
Rock
ȡr ,Vs,r
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2.3. Results and discussion

Table 1
Mechanical properties of soil and bedrock.

Soil
Bedrock

Density, ρ
kg/m3

Shear-wave velocity, cs
m/s

2000
2000

100
1000

2.3.1. Results for Model 1
The results for Model 1 are shown in Fig. 5. It is evident that the
displacement on the ground surface in Cases 1 and 3 are consistent with
the closed-form solution. The surface motion is underestimated in Case
4, whereas it is overestimated in Case 2. This can be explained by the
fact that the downward propagating waves are completely reﬂected
back to the FE model at the rigid base, which cannot satisfy the
boundary condition for a wave incident on the boundary. In contrast,
by using an elastic base, the downward propagating waves are absorbed, which can exactly satisfy the boundary condition. Therefore,
the elastic base can correctly consider the interaction between two sides
of the model base, whereas the rigid base cannot. As the bedrock layer
is very thin, the incident and within motions at the base of Model 1 are
identical to those at the top of the bedrock (Point B). The bedrock
outcrop motion recorded at the ground surface does not consider the
interaction between the two sides of the model base, whereas the within
motion recorded at the model base considers the interaction. Therefore,
the deviations in Cases 2 and 4 are because the combinations of the base
condition and the input motion cannot correctly consider the interaction between the two sides of the model base.
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Fig. 4. Input motion.

(1) Inﬂuence of impedance contrast

three FE models shown in Fig. 3. During the analyses, the input motion
shown in Fig. 4 was applied on the model base, and it propagated
vertically. The vertical displacement was constrained to reproduce the
free-ﬁeld response at lateral boundaries. Six combinations of the input
motion and the base condition were considered.
Case 1: Within motion (ui + ur ) and rigid base;
Case 2: Outcrop motion (2ui ) and rigid base;
Case 3: Outcrop motion (2ui ) and elastic motion;
Case 4: Within motion (ui + ur ) and elastic base;
Case 5: Incident motion in soil (2ui, s ) and elastic base;
Case 6: Within motion in soil (ui, s + ur , s ) and rigid base.

Fig. 6 shows that when the impedance contrast between the bedrock
and soil increases from 10 to 100, the numerical results in Cases 2 and 4
for Model 1 could match the closed-form solution. This can be explained by the fact that when the impedance contrast attains 100, the
upward propagating waves in the bedrock are almost completely reﬂected at the soil–bedrock interface. As a result, the within motion is
almost identical to the outcrop motion. Therefore, the combinations of
the ground motion and the base condition in Cases 2 and 4 are suitable
only when the underlying medium is bedrock, and the impedance
contrast between the soil and bedrock is large enough.
(2) Inﬂuence of damping
The main disadvantage of a rigid base is that outgoing waves are
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Fig. 5. Displacement histories on ground surface for Model 1. (a) in Case 1; (b) in Case 2; (c) in Case 3; (d) in Case 4.
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Displacement (m)

is considered as the largest frequency of interest. According to Idriss
and Seed [34], the ﬁrst fundamental frequency of the site is
fs = Vs /(4H ) = 0.25 Hz. Therefore, two control angular frequencies
were considered: ω1 = 2πf1 = 1.57 Hz and ω2 = 2πf2 = 6.28 Hz. The
closed-form solutions were from frequency-domain calculations by the
SHAKE [32].
Fig. 7 shows that owing to the damping in the soil, the deviation
between the numerical result of Case 2 for Model 1 and the closed-form
solution decreases. When a damping ratio of 15% is assumed, the result
in Case 2 almost matches with the closed-form solution. This can be
explained by the fact that the downward propagating waves in soil
attenuate rapidly owing to the damping in the soil. For a damping ratio
of 15%, the downward propagating waves decay to almost zero at the
soil–bedrock interface, and they are not reﬂected back into the soil. As a
result, the result in Case 2 is consistent with the closed-form solution.
Fig. 7 also shows that in spite of the damping in soil, the result in Case 4
for Model 1 cannot match the closed-form solution. This is mainly
owing to the fact that the damping in the soil exerts negligible eﬀect on
the within motion at the model base.
The results for Model 1 indicate that when the outcrop motion is
available, an elastic base should be used. Alternatively, if a rigid base is
used, the within motion at the model base should be applied. The accuracies of the approximations in Cases 2 and 4 depend on the impedance contrast between the soil and the bedrock. If the impedance
contrast is adequately large, the results in the two cases can match the
closed-form solution. In addition, the energy dissipation within the
model can inﬂuence the accuracy of the approximation in Case 2. When
the damping within the model is adequately high, the result is almost
consistent with the closed-form solution.

Closed-form
Outcrop motion, rigid base
Within motion, elastic base

0.2
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-0.2
-0.3

Impedance contrast =100
0

5

Time (s)
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Fig. 6. Displacement histories on ground surface in Cases 2 and 4 for Model 1.

reﬂected back into the model rather than radiating out through the
base. However, these reﬂections do not readily occur in nonlinear
analyses, as they can be masked by the high damping in nonlinear soil.
Therefore, an analysis was undertaken to investigate the eﬀect of the
damping in soil. The dissipative capacity of the soil was introduced in
the analysis by frequency-dependent viscous damping of the full
Rayleigh formulation. The damping matrix is a linear combination of
the mass and stiﬀness matrices:

C = αR M + βR K

(1)

where C is the Rayleigh damping matrix; M and K are mass and stiﬀness
matrices, respectively; and αR and βR are the Rayleigh coeﬃcients.
The two Rayleigh coeﬃcients are deﬁned as:

αR =
βR =

2ξωi ωj

2.3.2. Results for Models 2 and 3
As shown in Fig. 8, the numerical result in Case 3 for Model 2
cannot match the exact solution, while the results in Cases 1 and 5 are
consistent with the closed-form solution. For Model 2, the incident
motion in the soil is diﬀerent from the outcrop motion. The results
indicate that the elastic base should be used with the incident motion at
the inner side of the boundary.
For Model 3, it is evident from Fig. 9 that only the result in Case 5 is

ωj + ωi
2ξ
ωj + ωi

(2)

where ξ is the damping ratio; and ωi and ωj are two control angular
frequencies.
The ﬁrst frequency is generally selected as the ﬁrst natural frequency of the soil layer excited by the input motion, whereas the second
377
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For Model 1: when the outcrop motion is available, an elastic base
should be used. If a rigid base is used, the within motion at the
model base should be ﬁrst calculated and then applied.
For Model 2: when the outcrop motion is available, a convolution
analysis should ﬁrst be conducted to calculate the within motion at
the model base and the incident motion at the inner side of the
model base. Then, the within motion is applied on the model base
with a rigid base. Alternatively, the incident motion is applied on
the model base with an elastic base.
For Model 3: when the outcrop motion is available, a convolution
analysis should ﬁrst be conducted to calculate the incident motion at
the model base, and then the incident motion is applied with an
elastic base.

0.1

-0.2

10

consistent with the closed-form solution. This is mainly owing to the
fact that the model base is located in the soil rather than the bedrock.
Both the outcrop and within motions are diﬀerent from those at the
model base. As a result, the results in Cases 1 and 3 cannot match the
closed-form solution. Moreover, there is an evident deviation between
the result in Case 6 and the closed-form solution. This is mainly owing
to the fact that reﬂections of waves occur at the bottom boundary;
however, they do not exist in reality. Therefore, if both incident and
outgoing waves are present at the boundary, the rigid base is only appropriate for cases with a large impedance contrast between the two
sides of the model base.
The appropriate combinations of the input motion and the base
condition for the three typical models can be summarized as follows:

Closed-form
Within motion, rigid base
Outcrop motion, elastic base

0.2

(b)

Time (s)

Fig. 9. Displacement histories on ground surface for Model 3. (a) in Cases 1 and
3; (b) in Cases 5 and 6.

Fig. 7. Displacement histories on ground surface for Model 1. (a) with damping
ratio of 5%; (b) with damping ratio of 15%.

0.3

5

0.2

-0.2

0

0

0.4

Closed-form
Outcrop motion, rigid base
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Three typical models were assumed to be elastic in this study. This is
mainly because this assumption can simplify the problem and provide
closed-form solutions to validate the numerical results. The main objective of this chapter is to determine the appropriate combinations of
the input motion and the model base rather than the actual site response. Therefore, the assumption does not aﬀect the conclusions on

Fig. 8. Displacement histories on ground surface for Model 2. (a) in Cases 1 and
3; (b) in Case 5.
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the appropriate combinations of the input motion and the model base.
When considering the soil inelasticity, it may be diﬃcult to determine
the input motions, particularly for Model 3. Additionally, the soil inelasticity can bring energy dissipation. Therefore, the deviation between the numerical result in Case 2 and the closed-form solution may
decrease.
3. Earthquake-input method for time-domain analysis of tunnels
in layered ground subjected to obliquely propagating P- and SVwaves
For the non-normal incidence, the situation becomes signiﬁcantly
more complicated than that for vertically propagating waves in layered
ground. When an obliquely incident wave encounters a boundary between two diﬀerent layers, mode conversion between P-waves and Swaves occurs. In addition, the motions at the boundaries are incoherent. Therefore, the earthquake-input method for vertically propagating waves cannot be directly used to address this problem, and a
new earthquake-input method should be developed. In this section, the
solutions of the input motions at diﬀerent boundaries for obliquely
incident waves in a layered ground were determined, and the base types
were speciﬁed as well. They are new contributions to the time-domain
analyses of tunnels in layered grounds excited by obliquely incident Pand SV-waves.

Fig. 11. Equivalent node forces applied on bottom boundary.

rigid base. In addition, the incident waves include four types of waves
(upward propagating P- and SV-waves and downward propagating Pand SV-waves), and it is highly challenging to separate four pure incident waves and calculate the corresponding equivalent node forces at
the left boundary. Therefore, within motions at the left boundary can be
applied with a rigid base to account for the interaction between the two
sides of the left boundary. There are no incident waves at the right
boundary, and all the waves are outgoing. In order to account for the
interaction between the two sides of the right boundary, the right
boundary may be attached to viscous elements to absorb the outgoing
waves. In this study, the bottom and lateral sides were characterized by
the viscous boundaries proposed by Lysmer and Kuhlmeyer [29] with
parameters a = 1.0 and b = 0.25.

3.1. Problem description
As shown in Fig. 10, a tunnel is embedded in a layered ground, and
an obliquely propagating SV-wave is incident to the layered ground at
an angle β . The total ground motions at the bottom or lateral boundaries are the sum of the free-ﬁeld motion and scattered motion:

3.2. Bottom boundary

(3)

u = u f + us

where u is the total ground motion; u f is the free-ﬁeld motion; and us is
the scattered motion.
As shown in Fig. 10, the free-ﬁeld motion is generally caused by four
types of waves (upward propagating P- and SV-waves and downward
propagating P- and SV-waves). When these waves encounter the tunnel,
the scattered waves arise. However, because the dimension of a tunnel
is generally small compared with the wave length of interest, the
ground motions at the boundaries are almost similar to the free-ﬁeld
motions, particularly when the damping in the ground is considered.
There are both incident and outgoing waves at the bottom
boundary, and the elastic base is appropriate for all the three typical
models. Therefore, the incident motion may be applied on the bottom
boundary with an elastic base. For the left boundary, as there are only
incident waves, reﬂections of waves do not occur even while using a

As shown in Fig. 11, using an elastic base, the incident motion is
converted into equivalent node forces and applied on the bottom
boundary. As the bottom boundary is attached to viscous elements to
absorb outgoing waves, the equivalent node force applied to the bottom
boundary is the sum of the shear force owing to the incident wave
propagation and the damping force of the viscous element. It can be
expressed as follows:

fi = f iw + fid

(i = x , z )

(4)

where f iw is the equivalent force caused by the incident wave propagation; fid is the damping force of the viscous element.
For an elastic ground, the stresses caused by the wave propagation
σij and the particle velocity u̇ are related by [35]:

σij = ρe cu̇

ground surface
SV1

P1

where ρe is the density of the elastic ground; c is the wave velocity.
The damping force of the viscous element f d and the particle velocity u̇ are related by:

Layer 1
Layer 2

SV3

Tunnel

f d = ηu̇

SV

6

where η is the damping coeﬃcient of viscous element.
As the bottom boundary is generally located in bedrock or elastic
soil, the equivalent forces applied to the node, M (x, y), at the bottom
boundary can be expressed as follows:

Layer 3

P3

(5)

fx = f xw + f xd =

Layer N

fz =

bedrock

f zw

+

f zd

=

L1 + L2
ρcs u̇ (t ,
2
L1 + L2
ρcs u̇ (t ,
2

x , z ) cos(2β ) + ηT u̇ (t , x , z ) cos(β )
x , z ) sin(2β ) + ηN u̇ (t , x , z ) sin(β )

(7)

where ρ is the density of the underlying medium; cs is the SV-wave
velocity of the underlying medium; u̇ (t , x , y ) is the particle velocity at
the node M (x, y); ηT and ηN are the tangential and normal damping
coeﬃcients of viscous element, respectively; L1 and L2 are the

SV
Fig. 10. Ideal model of layered ground subjected to oblique incident SV-wave.
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dimensions of elements attached to the node M.
The obliquely incident SV-wave ﬁrst arrives at the origin O (0, 0),
and propagates with a velocity of cx = cs /sin(β ) along the bottom
boundary. If the displacement history at the origin is u 0 (t ) = u (t , 0, 0) ,
the equivalent forces applied to the node, M (x, y), can be expressed as
follows:
L1 + L2
ρcs u 0 (t
2
L1 + L2
ρcs u 0 (t
2

fx (t , x , 0) =
fz (t , x , 0) =

(8)

L1 + L2 G
ρc u (t
2
λ + 2G p 0

fz (t , x , 0) =

L1 + L2 2G cos2 (α ) + λ
ρcp u 0 (t
2
λ + 2G

∇2 ψ =

1 ∂2ψ
cs2 ∂t 2

ψi = Eis exp[j (ωt − ksxi x + kszi z )] + Fis exp[j (ωt − ksxi x − kszi z )]

EiP

− x / cx ) + ηN u 0 (t − x / cx ) cos(α )
(9)

where cp is the P-wave velocity of the underlying medium; λ and G are
the Lame constants of the underlying medium; cx = cp/sin(α ) is the
horizontal apparent wave velocity of the underlying medium.
3.3. Left boundary

sin(αi )

The within motions at the left boundary can be calculated in frequency-domain or time-domain. Generally, the frequency-domain approach can provide solutions with higher accuracy and less complex
implementation. Therefore, the within motions at the left boundary
were calculated in frequency-domain in this study.
Unlike the bottom boundary, the left boundary may pass through
nonlinear soil layers, and the soil is likely to exhibit signiﬁcant nonlinear behaviors when subjected to earthquakes. Therefore, the closedform solutions of within motions at the left boundary were ﬁrst presented for an elastic layered ground; then, a new equivalent linear
approach in frequency-domain was proposed to calculate the within
motions at the left boundary of a nonlinear layered ground.
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According to the governing equations of the elasticity theory [35],
the stresses in the ith layer in terms of potentials are
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where

−jk x
−jkszi
jkszi
⎤
⎡ −jk x
⎥
⎢ jk i
i
−
−
−
jk
jk
jk
x
x
pz
pz
⎥
Qi = ⎢
⎢
2Gkszi+ 1 k x −2Gkszi+ 1 k x ⎥
Pi
Pi
⎥
⎢
i
i
⎥
⎢ 2Gi kpz
k x −2Gi kpz
kx
ηi
ηi
⎦
⎣
i 2
2
Pi = −λi (k x ) − (λi + 2Gi )(kpz )

hi

i

(14)

Substituting Eq. (11) into Eq. (14) yields

xi

oi
i

, G2 ,

= kx

i
i ′
[ui w i σxx
] = Qi E i
σxz

1 , G1 , 1 ,

z1

=

csi

ksxi

where k x is the wave number in the x-direction.
The displacements at the middle of the ith layer in the x- and zdirections can be derived from the two potentials by the following
equation [35]:

3.3.1. Elastic layered ground
The ideal model of an elastic layered ground is shown in Fig. 12.
Here, λi and Gi are the Lame constants; ξi is the damping ratio; ρi is the
density; and hi is the thickness.
The wave equation in terms of the potentials in an isotropic,
homogeneous, and elastic medium is [35]:

1

sin(βi )

=

cpi

Properties

(11)

FiP

where
and
are the coeﬃcients of potential functions for the
upward and downward propagating P-waves, respectively; EiS and FiS
are the coeﬃcients of potential functions for the upward and downward
propagating SV-waves, respectively; ω is the angular frequency;
i
i
kpx
= ωsin(αi )/ cpi and kpz
= ωcos(αi )/ cpi are the wave numbers of the Pwave in the x- and z-directions, respectively; ksxi = ωsin(βi )/ csi and
kszi = ωcos(βi )/ csi are the wave numbers of the SV-wave in the x- and zdirections, respectively; αi and βi are the incident angles of P- and SVwaves, respectively; cpi and csi are the velocities of P- and SV-waves,
respectively.
According to Snell’s law, the relationship between the wave velocity
and the incident angle is:

− x / cx ) sin(2α ) + ηT u 0 (t − x / cx ) sin(α )

Layer
Coorinate
ground surface o1 x1

(10)

i
i
i
i
φi = Eip exp[j (ωt − kpx
x + kpz
z )] + Fip exp[j (ωt − kpx
x − kpz
z )]

where cx is the horizontal apparent wave velocity of the underlying
medium.
Similarly, if a P-wave is obliquely incident on the bottom boundary
at an angle α, the equivalent forces applied to the node, M (x, y), at the
bottom boundary are

fx (t , x , 0) =

1 ∂2φ
cp2 ∂t 2

where φ is a scalar potential (compression potential) for P-waves; ψ is a
vector potential (shear potential) for SV-waves; ∇2 is the Laplacian.
The potential functions in the ith layer that satisfy the wave equation can be expressed as follows:

− x / cx ) cos(2β ) + ηT u 0 (t − x / cx ) cos(β )
− x / cx ) sin(2β ) + ηN u 0 (t − x / cx ) sin(β )

∇2 φ =

ηi = Gi [(kszi )2 − (k x )2]
Ei = [ Eip Fip Eis Fis ]′

hN

(16)

where Ei is the amplitude matrix of potentials in the ith layer; Qi is the
coeﬃcient matrix for the ith layer.
The displacements and stresses are assumed to be continuous at the
interface between the ith layer and (i + 1)th layer, and the boundary
conditions can be expressed as

bedrock
SV ȕ
Fig. 12. Layout of layered ground subjected to obliquely incident SV-wave.
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ui (x i = 0, z i = hi ) = ui + 1 (x i + 1 = 0, z i + 1 = 0)
w i (x i = 0, z i = hi ) = w i + 1 (x i + 1 = 0, z i + 1 = 0)

used to account for certain types of soil nonlinearities; this is extensively described in the geotechnical earthquake engineering literature. Therefore, this approach was used to consider the nonlinear behaviors of the soil proﬁle in this study.
When subjected to obliquely propagating SV- and P-waves, both
normal and shear strains are generated in soil, and the soil-strain matrix
in the x–z coordinate system is

i
i+1 i+1
(x i = 0, z i = hi ) = σzz
(x
σzz
= 0, z i + 1 = 0)
i
i+1 i+1
(x i = 0, z i = hi ) = σxz
(x
σxz
= 0, z i + 1 = 0)

(17)

Substituting Eq. (17) into Eq. (15), the recurrence relation of the
amplitude matrix is

Ei + 1 = inv(Qi + 1 ) Qi di Ei = TE
i i

εxx εxz
ε = ⎡ε ε ⎤
⎣ zx zz ⎦

(18)
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⎢
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⎢
⎥
0
0
exp(jkszi hi )
0
⎢
⎥
i
⎢
0
0
0
exp(−jksz hi ) ⎥
⎣
⎦

(23)

The soil–strain matrix is transformed to the principal strain space,
and the maximum shear strain and volumetric strain at one point in the
soil are:

γmax = ε1 − ε3
ε v = ε1 + ε3

(19)

(24)

where

where inv() refers to the matrix inverse; Ti is the transfer matrix of
potentials between the ith layer and (i + 1)th layer.
From Eq. (18), the amplitude matrix for the Nth layer can be
computed from the amplitude matrix for the ﬁrst layer:

ε1 =

εxx + εzz
2

ε3 =

εxx + εzz
2

+
−

2
(εxx − εzz )2 + 4εxz

2
2
(εxx − εzz )2 + 4εxz

(25)

2

N −1
i=1

where γmax is the maximum shear strain; ε v is the volumetric strain; ε1 is
the maximum principle strain; ε3 is the minimum principle strain.
The bulk modulus, K = λ + 2G /3, is closely related to the volumetric strain, and the shear modulus is closely related to the maximum
shear strain (also called the deviatoric strain). In order to simplify this
problem, it is assumed that the equivalent bulk modulus depends on the
volumetric strain, and the equivalent shear modulus depends on the
maximum shear strain. The equivalent damping ratio depends upon the
volumetric strain and upon the shear strain.

(20)

where K1, N is the transfer matrix of the amplitude between the ﬁrst
layer and Nth layer.
Generally, two problems are encountered in practice. One is the
forward problem: the target motion is recorded at the rock outcrop. The
other is the backward problem: the target motion is recorded at the
surface of the soil proﬁle. The initial conditions in the two problems
should be speciﬁed to calculate the incident motion at the bottom
boundary and the within motions at the left boundary.
For the forward problem, the amplitudes of potentials in the bedrock layer can be calculated using Fourier transform. In addition, the
stresses on the ground surface are zero. Therefore, the initial conditions
can be expressed as

K = K (ε v )
G = G (γmax )
ξ = ξ (ε v, γmax )

These relations can be determined by laboratory tests. As shown in
Fig. 13, the equivalent linear mechanical parameters (K, G) are considered as the secant values, and they depends on the volumetric and
maximum shear strains, respectively. The equivalent linear damping
ratio (ξ) produces an energy loss in a single cycle equal to the hysteresis
stress–strain loop of the irreversible soil behavior. For equivalent linear
approach, the bulk modulus, shear modulus, and damping ratio should
be determined by iterations so that they become consistent with the
level of strain induced in each layer.
The iteration procedure for equivalent linear approach in each layer
is as follows:

1
σzz
= P1 (Ep1 + Fp1) + 2G1 ksz1 k x (Es1 − Fs1) = 0
1
1
σxz
= 2G1 kpz
k x (Ep1 − Fp1) + G1 [(ksz1 )2 − (k x )2](Es1 + Fs1) = 0

uN + 1 = −jk x (EpN + 1 + FpN + 1) − jkszi (EsN + 1 − FsN + 1 )
N +1
w N + 1 = jkpz
(EpN + 1 − FpN + 1) − jk x (EsN + 1 + FsN + 1)

(21)

For the backward problem, the amplitudes of potentials in the ﬁrst
layer can be calculated using Fourier transform. In addition, the stresses
on the ground surface are zero. Therefore, the initial conditions can be
expressed as
1
σzz
= P1 (Ep1 + Fp1) + 2G1 ksz1 k x (Es1 − Fs1) = 0

(1) Initialize the values of bulk modulus, shear modulus, and damping
ratio.
(2) Calculate the amplitudes of the potentials using Eqs. (21), (22), and
(20).
(3) Compute the ground response and obtain the maximum volumetric

1
1
σxz
= 2G1 kpz
k x (Ep1 − Fp1) + G1 [(ksz1 )2 − (k x )2](Es1 + Fs1) = 0

u1 = −jk x (Ep1 + Fp1) − jkszi (Es1 − Fs1 )
1
w1 = jkpz
(Ep1 − Fp1) − jk x (Es1 + Fs1)

(26)

(22)

The motions can be calculated as follows: ﬁrst, the amplitude matrix
of potentials in the ﬁrst layer, E1, can be determined by Eq. (21) or Eq.
(22). Then, the amplitude matrices in all the layers can be obtained
using Eq. (20). Finally, the within motions at the left boundary can be
calculated from Eq. (15).
For an obliquely incident SV-wave, there is a critical incident angle,
βc = arcsin(cs / cp) , beyond which surface waves are generated. To simplify this problem, only the incident angles smaller than the critical
angle are considered in this study. In addition, although the above
equations are deduced for an obliquely incident SV-wave, they are also
applicable for an obliquely incident P-wave.

(a)

Gmax,
Kmax

G,K

v,

max

K, G or ȟ

∏ TE
i 1 = K1, N . E1

Stress

EN =

(b)
ȟ

K, G
v,

max

Fig. 13. Equivalent–linear model. (a) Hysteresis stress–strain curve; (b)
Variations of secant modulus and damping ratio with shear strain.

3.3.2. Nonlinear layered ground
In frequency domain, the equivalent linear approach is generally
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P
(a)
50 m Layer 1

100 m Layer 2
z
x
400 m
30°

D = 1.5 m
D

(b)

Fig. 14. Ground motions resulting from obliquely propagating plane body
waves.

and shear strains in each layer.
(4) Determine the eﬀective volumetric and shear strains according to
the maximum values.
(5) Calculate the new equivalent bulk modulus, shear modulus and
damping ratio corresponding to the eﬀective volumetric and shear
strains.
(6) Repeat steps (2) to (5) until the diﬀerences between the computed
values of bulk modulus, shear modulus and damping ratio in two
successive iterations fall below certain predetermined values in all
the layers.

20 m

z
x
40 m

Į P-wave

D = 20 m
D

3.4. Determination of input ground motions for typical cases

(c)

50 m Layer 1

Most of earthquake recording stations are located on a free surface
or rock outcrop. Therefore, the speciﬁed ground motion of a site of
interest is generally the free surface motion or bedrock outcrop motion.
50 m Layer 2
z
x

3.4.1. Rock outcrop motion
As shown in Fig. 14, if the target ground motion (u A , w A) is recorded
at the bedrock outcropping (Point A) beneath the site of interest, only
an incident P- or SV-wave in the bedrock is considered. The pure incident motion at Point A can be calculated by the stress and displacement conditions in Eq. (22). As the soil deposits do not inﬂuence the
upward propagating motion in the bedrock, the incident motion in the
bedrock of interest (Point B) is identical to the incident motion at the
bedrock outcrop (Point A).

200 m
Į or ȕ

Fig. 15. Finite element meshes for (a) the ﬁrst example; (b) the second example; (c) the third example.

likely to exhibit signiﬁcant nonlinear behavior during earthquakes. The
deconvolution procedure is not unique, namely there exist several
models that explain the free surface motion equally well [36]. However,
this approach is accepted owing to the lack of a practical method for
obtaining the incident and within motions in nonlinear ground.

For Model 1 in Fig. 1, the rock outcrop motion can be applied directly at the bottom boundary with an elastic base, and the within
motions at the left boundary can be obtained by a convolution
analysis.
For Model 2 in Fig. 1, because the incident motion at the model base
diﬀers from the rock outcrop motion, a convolution analysis should
be conducted to calculate the incident motion at the upper side of
the model base and the within motions at the left boundary.
For Model 3 in Fig. 1, the incident motion consists of upward propagating P- and SV-waves at the model base (e.g. Point C), and it can
diﬀer signiﬁcantly from the incident motion in the bedrock (Point
B), depending on the impedance contrast between the soil and
bedrock. Therefore, a conventional site response analysis should be
performed to predict the incident motion at the bottom boundary
(Point C) and the within motions at the left boundary.

4. Validation of proposed earthquake-input method
4.1. Numerical examples
In order to validate the proposed earthquake-input method, three
examples (shown in Fig. 15) were considered.
In the ﬁrst example, an elastic two-layered ground was considered
to validate free-ﬁeld motions obtained by the proposed earthquakeinput method. The mechanical parameters of the soil layers are shown
in Table 2. Two waves with an incident angle of 30° were used as the
input motions at the model base. One is the displacement impulse
Table 2
Mechanical properties of soil layers.

3.4.2. Free surface motion
If the free surface motion at the site of interest (uD , w D ) is speciﬁed,
and only an incident P- or SV-wave in the bedrock is considered, a
deconvolution analysis should be undertaken to determine the incident
motion at the model base and within motions at the left boundary for
the three typical models in Fig. 1. This is because the free surface
motion depends on the subsurface conditions of the site and the soil is

Soil layer 1
Soil layer 2

382

Density, ρ
kg/m3

Lame constant, λ
GPa

Shear modulus, G
GPa

1000
1000

0.25
1.5

0.25
1.5
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Acceleration (m/s2)

3

Table 4
Mechanical properties of soil layers and tunnel linings.

Acceleration

2
1

Layer 1
Layer 2
Initial lining
Final lining

0
-1

Density, ρ
kg/m3

Lame constant, λ
GPa

Shear modulus, G
GPa

Thickness
m

2200
2500
2500
2500

0.86
3.46
7.08
7.78

0.37
2.31
10.63
11.67

50
50
0.25
0.50

-2
-3

0

5

10

15

20

25

is to highlight the advantage of the proposed earthquake-input method
by comparing with the conventional approach.
The FE code ABAQUS [33] was used to conduct the above timedomain analyses. The incident motion was applied on the bottom
boundary with an elastic base, while the within motions at the left
boundary were calculated by the proposed method in this study and
then applied with a rigid base. Both the bottom and right boundaries
were attached to viscous elements to absorb outgoing waves.

30

Time (s)
Fig. 16. Ground motion recorded in the Imperial Valley-06 earthquake (1979).

shown in Fig. 4. The other is the real ground motion (Fig. 16) recorded
in the Imperial Valley-06 earthquake (1979).
The FE mesh in a plane-stain state is shown in Fig. 15(a). The soil
was meshed with 4-node bilinear plane strain elements, and the maximum size of the elements was set equal to 10.0 m. Because there were
no tunnels in the layered ground, the closed-form solutions for this
problem can be determined by Eqs. (15)–(21) in frequency-domain. The
materials are elastic, and the solutions in frequency-domain have
nothing to do with the earthquake-input mechanism. Therefore, after
considering the wave travel time, the solutions in frequency-domain for
this problem are exact.
In the second example, a tunnel embedded in an elastic half-space
was considered to validate the seismic response of tunnels subjected to
obliquely incident waves. A harmonic P-wave of frequency 300 Hz was
used as the incident motion at the model base. Both the ground and
tunnel lining were assumed to be linear-elastic, and no slipping was
allowed between the rock and lining. The mechanical parameters of the
ground and tunnel lining are shown in Table 3.
The FE mesh in a plane-stain state for the second example is shown
in Fig. 15(b). The ground was meshed with 4-node bilinear plane strain
elements, while the tunnel was simulated with 3-node linear plane
strain elements. The maximum size of the elements was set equal to
0.4 m, while the mesh was generally ﬁner near the tunnel (0.15 m). The
corresponding closed-form solution for this problem was proposed by
Lin et al. [37].
In the third example, a horseshoe-shaped tunnel located in a twolayer ground was considered to highlight the advantages of the proposed method. Both the ground and tunnel linings were assumed to be
linear-elastic, and no slipping was allowed between the rock and lining.
The ground motion shown in Fig. 16 was used as the input motion. The
mechanical parameters of the ground and tunnel linings are shown in
Table 4.
The FE mesh in a plane-stain state for this example is shown in
Fig. 15(c). The soil was meshed with 4-node bilinear plane strain elements. The initial lining of the tunnel was simulated with 3-node linear
plane strain elements, and the ﬁnal lining of the tunnel was meshed
with beam elements. The maximum size of the elements was set equal
to 5.0 m, while the mesh was generally ﬁner near the tunnel (0.67 m).
Because the frequency-domain approaches can solve only the problems
with simple boundary conditions, there are no closed-form solutions in
frequency-domain for this problem. The main objective of this example

4.2. Results and discussions
Fig. 17 shows that for the ﬁrst example, the displacements at Point P
on the ground surface (Fig. 15) for two ground motions are remarkably
consistent with the close-form solutions; this demonstrates that the
proposed earthquake-input method is capable of predicting the seismic
site response of a layered ground subjected to obliquely propagating Pand SV-waves.
As shown in Fig. 18 for the second example, the normalized displacements along the inner surface of the tunnel for diﬀerent incident
angles are consistent with the close-form solutions proposed by Lin
et al. [37]; this indicates that the proposed earthquake-input method
can be applied to predict the seismic response of tunnels excited by Pand SV-waves with diﬀerent incident angles. Therefore, the conventional earthquake-input method that considers only the vertically propagating waves can be regarded as a special case of the proposed
method. The main reason for using the harmonic (steady-state) wave is
to obtain a closed-form solution for the second example. Solutions to
seismic (transient) wave problems in elastic materials can be obtained
by superimposing steady-state solutions using the Fourier transform
[38]. Therefore, despite using a harmonic wave in this example, the
proposed earthquake-input method is also applicable for real earthquake ground motions as long as the layered ground is assumed to be
linear elastic or equivalent linear elastic.
The results for the third example are shown in Figs. 19 and 20. It can
be seen that the incident angle of the ground motion has a signiﬁcant
eﬀect on the internal forces of the tunnel lining for both incident P- and
SV-waves. For the same input motion, as the incident angle increases,
the maximum thrust and bending moment increase signiﬁcantly. The
results indicate that the internal forces in the tunnel lining may be
signiﬁcantly underestimated by the conventional earthquake-input
method that considers only the vertically propagating waves. Therefore, the proposed earthquake-input method may be an eﬀective tool
for the seismic design of tunnels in near-fault regions where the seismic
waves are likely to propagate obliquely.
To summarize, the results in the three examples indicate that the
proposed earthquake-input method can be used to predict the seismic
response of tunnels in layered ground subjected to obliquely incident
SV- and P-waves. The conventional earthquake-input method is just a
special case of the proposed method, and the proposed method can
obtain a more accurate estimation of the seismic response of tunnels in
layered grounds excited by obliquely incident SV- and P-waves.

Table 3
Mechanical properties of ground and tunnel lining.
Density, ρ
kg/m3

Soil
Tunnel lining

1000
1500

Lame
constant, λ
GPa

Shear
modulus, G
GPa

1.0
3.0

1.0
3.0

Radius
m

Thickness
m

5. Conclusion
1.0

A series of numerical calculations were conducted to investigate the
interaction between the model base and the input motion, and the

0.15
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Fig. 17. Displacements on ground surface excited by (a) obliquely incident impulse as SV-wave; (b) obliquely incident impulse as P-wave; (c) obliquely incident
ground motion as SV-wave; (d) obliquely incident ground motion as P-wave.
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(a)

performance of several earthquake-input methods on three numerical
models encountered in practice was evaluated. On the basis of the
numerical results, an earthquake-input method for time-domain analysis of tunnels in layered ground subjected to obliquely incident P- and
SV-waves was proposed. The main conclusions can be summarized as
follows:

90o
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o

(1) The combinations of the base condition and the input motion
should correctly consider the interaction between the two sides
across the model base. The accuracies of the combinations are inﬂuenced by the impedance contrast across the boundary and the
energy dissipation within the model.
(2) The incident motion at the inner side of the boundary should be
used with an elastic base, whereas the within motion at the
boundary can be used with a rigid base. However, the rigid base is
appropriate only for cases with a large impedance contrast between
the two sides of the boundary and cases without outgoing waves at
the boundary.
(3) An earthquake-input method for time-domain analysis of tunnels in
layered ground subjected to obliquely incident P- and SV-waves was
proposed. In order to accurately consider the interaction between
the two sides of the boundary, the pure incident motion at the
model base is applied with an elastic base, whereas the within
motions at the left boundary are applied with a rigid base. The right
boundary is characterized by absorbing-elements to absorb outgoing waves. The closed-form solutions of the applied forces at the
bottom boundary and input motions at the left boundary were
presented. In addition, the equivalent linear approach was used to
account for certain types of soil nonlinearities.
(4) The proposed method was validated using three examples. The
numerical results are remarkably consistent with the corresponding
close-form solutions. The conventional earthquake-input is just a
special case of the proposed method, and the proposed method can
obtain a more accurate estimation of the seismic response of tunnels
in layered grounds excited by obliquely incident SV- and P-waves.
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Fig. 18. Displacement amplitudes along tunnel wall in x- and z-directions for
(a) 0° of incidence; (b) 30° of incidence.
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Fig. 19. The maximum internal forces in tunnel lining excited by incident P-waves with diﬀerent incident angles. (a) thrust forces; (b) bending moments.
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Fig. 20. The maximum internal forces in tunnel lining excited by incident SV-waves with diﬀerent incident angles. (a) thrust forces; (b) bending moments.

The proposed earthquake-input method should be an eﬀective tool
for the seismic design of tunnels in near-fault regions where the seismic
waves are likely to propagate obliquely.
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