Computers and Geotechnics 106 (2019) 42–51

Contents lists available at ScienceDirect

Computers and Geotechnics
journal homepage: www.elsevier.com/locate/compgeo

Technical Communication

Development of an explicit smoothed particle ﬁnite element method for
geotechnical applications

T

⁎

Wei-Hai Yuana,b, Bin Wanga, , Wei Zhangc, Quan Jianga, Xia-Ting Fenga
a

State Key Laboratory of Geomechanics and Geotechnical Engineering, Institute of Rock and Soil Mechanics, Chinese Academy of Sciences, Wuhan 430071, China
College of Mechanics and Materials, Hohai University., Nanjing 210098, China
c
College of Water Conservancy and Civil Engineering, South China Agricultural University, Guangzhou 510642, China
b

A R T I C LE I N FO

A B S T R A C T

Keywords:
Column collapse
Explicit time integration
Footing penetration
Large deformation
Particle ﬁnite element method
Strain smoothing

By using an explicit time integration scheme and the strain smoothing nodal integration technique, a node-based
explicit smoothed particle ﬁnite element method (eSPFEM) is presented in this paper. Compared to the original
particle ﬁnite element method (PFEM), important features of the proposed method include (1) an explicit time
integration algorithm to solve the dynamic problem, (2) a strain smoothing technique to avoid volumetric
locking eﬀects that are characteristic of low-order elements when the medium is incompressible and (3) the use
of a nodal integration technique to bypass the transfer of frequent state variable between Gauss points and node
points.

1. Introduction
Particle ﬁnite element method (PFEM) has been proven as a promising tool in solving large deformation problems [1]. It was originally
proposed with the aim of solving problems of ﬂuid mechanics, while
more recently, many eﬀorts have been made to further extend the
method to analyse problems in geotechnical applications, including the
contact interaction during ground excavation process [2,3], granular
material ﬂow problems [4–6], landslides and landslide-generated
waves [7,8] and insertion problems in soil [9,10].
PFEM is based on a Lagrangian description for modelling the motion
of a continuum body, mainly characterised by the frequent remeshing
and the use of low-order triangular elements. In PFEM, a set of nodes or
particles is used to represent the continuum body, and the computational mesh is built by connecting these points by the Delaunay triangulation technique. An alpha shape method is used to deﬁne the
boundaries of the computational domain. The mesh is then used to
solve the governing equations, and excessive mesh distortion is avoided
by frequently remeshing, and the state variables are remapped from the
old mesh to the new mesh. However, two main problems are inherent in
the approach, which limits its general applicability if without special
treatment: (1) volumetric locking due to the use of low-order elements
and (2) mapping-induced errors due to the frequent information (e.g.,
state variables) transfer from an old mesh to a new mesh. Centring
around the two problems, many eﬀorts have been made. Monforte et al.

⁎

[10] used two diﬀerent mixed formulations in the original PFEM to
avoid volumetric locking. Although the locking eﬀects are temporarily
improved, the mixed stabilised formulation introduces an additional
degree of freedom per node, which results in an increase in the computational cost. Carbonell et al. [2] transferred only the incremental
part of the state variables back to the nodes to minimise the errors due
to the information transfer. However, small time steps may thereby be
needed to make sure that the ﬁnal results are not aﬀected by the accumulated errors.
On the basis of the time integration scheme incorporated, many
numerical methods can be divided into implicit and explicit versions
[11]. Most of the PFEMs have been formulated thus far within an implicit framework, while only few studies have been conducted in an
explicit way. Cremonesi et al. [12] and Meduri et al. [13] applied the
explicit PFEM for the simulation of ﬂuid structure interaction (FSI)
problems, in which it is suggested that for problems involving fast
dynamics and a high degree of nonlinearity, the explicit PFEM may be
an eﬃcient choice.
By using an explicit time integration scheme and the strain
smoothing nodal integration technique, this paper presents a nodebased explicit smoothed particle ﬁnite element method (eSPFEM).
Compared to the implicit SPFEM [14], two important features have to
be emphasised: (1) a more concise formulation (without the need to
form the stiﬀness matrix) enables the method to solve a large-scale
problem with a relatively higher stability while potentially with a less
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computational cost and (2) a more straight-forward implementation
procedure allows the method to be more easily adapted from an existing FEM code and allows for wider applications of the approach
because of the inertial terms included. Moreover, because of the incorporation of the strain smoothing technique, the challenges encountered in the original PFEM as mentioned above can be addressed.
The weak form of eSPFEM is integrated at the nodes instead of the gauss
points, and thereby, all information can be calculated and stored at the
nodes directly. The errors introduced by the frequent information
transfer between gauss points and nodes in the original PFEM are
avoided. The low-order triangle elements can be used without suﬀering
from volumetric locking.
This paper is organised as follows: ﬁrst, a theoretical formulation of
eSPFEM is introduced, which is followed by an examination of a continuum bar vibration benchmark problem; second, two geotechnical
applications are presented to highlight the performance of the proposed
approach; ﬁnally, the conclusions and remarks are given.
2. Theoretical formulations
2.1. Momentum balance equation

Fig. 1. Three-noded elements and the smoothing domains associated with
nodes (after Liu et al. [16]).

The mathematical form of the linear momentum conservation of a
continuum can be written as

ρa = ∇ · σ + ρ b

∼
The sub-item b can be calculated according to Zhang et al. [14]

(1)

1
∼ k
bIh (x ) = k
A

where ρ is the material density, a is the acceleration, σ is the Cauchy
stress tensor, and b is the speciﬁc body force density. By considering the
principle of virtual displacement, followed by the use of the divergence
theorem, the equilibrium equation expressed in the weak form is given
by

∫V δ u·ρadV = ∫S δ u·τs dS − ∫V δ u: σdV + ∫S δ u·ρ bds

(2)

(5)

Ωk ,

1
∼
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3

(6)

Nek

is the number of elements around particle k , j is the element
where
numbering, Aej and Bj represent the area and strain gradient matrix of
the jth triangular element around particle k , respectively, and Ak is
calculated by

To solve Eq. (2), it must be spatially discretised. Similar to PFEM,
the problem domain is ﬁrst discretised into a cloud of particles within
eSPFEM; second, a combination of Delaunay triangulation and an alpha
shape technique is used to generate the ﬁnite element mesh [5]. While
in eSPFEM, an additional node-based strain smoothing technique
[15,16] is introduced. As illustrated in Fig. 1, the problem domain Ω is
divided into Nn strain smoothing cells associated with particle k , where
N
Ω = ∑k =n 1 Ωk and Ωi ∩ Ω j = ϕ, i ≠ j , in which ϕ represents the empty
set. Each smoothing cell associated with particle k is created by connecting sequentially the mid-edge point to the central points of the
surrounding triangular elements of particle k . As a result, each triangular element is divided into three four-sided subdomains. Therefore,
by summing over all the subdomains, the strain tensor ∼
εk associated
with particle k , which is also assumed to the smoothed strain on the cell
Ωk , can be obtained as
∼
∼
εk = ∑ BI (x k ) dI
k
(3)
I∉N

Ak =

∫Ω

k

dΩ =

1
3

Nek

∑ Aej
(7)

j=1

To summarise, by incorporating the strain smoothing technique, the
weak form of the linear momentum equation, Eq. (2), can be written in
the following matrix form, where comparatively larger integration
areas and smoothed strain matrix are embedded,
(8)

Ma = F ext −Fint
ext

int

where F and F are the external and internal forces, respectively, M
is the consistent mass matrix, while in practice, the lumped one is
normally used for simplicity, and the mass of node k can be calculated
using

mk =

∫Ω

k

ρdΩ = ρAk

(9)

and the internal force F

where I is the node numbering, x is the coordinate, N k is the number of
nodes that are directly connected to particle k , uI is the nodal dis∼
placement, and B is the smoothed strain matrix, as shown by

0
∼ k
bIy (x ) ]
∼ k
bIx (x )

nhk (x ) NI (x )dΓ (h = x , y )

= ∫Ωk dΩ is the area of the cell
where
is the outward
normal vector on the boundary Γk and NI (x ) is the shape function.
Note that because of the use of the smoothed strain, the area integration of the cell Ωk becomes line integrations along the boundary Γk
(see Eq. (5)), which highlights one other advantage of eSPFEM. For
triangular elements, as the element strain is constant, the smoothed
strain matrix can be assembled simply as follows:

2.2. Spatial discretisations

∼ k
bIx (x )
0
∼ k
bIy (x )

k

Ak

where u is the test function, which is assumed to satisfy δu = 0 , where
the displacement boundary conditions are prescribed, V represents the
conﬁguration domain, S represents the boundary and τs is the prescribed traction.

∼
BI (xk ) = [

∫Γ

Nn

Fint =

int

N

is assembled as

k

∫Ω BTσdΩ = ∑ ∑ ∼BI (x k ) σkAk

(10)

k=1 I=1

Ωk

where σk is the stress on the cell
associated with the particle k.
Note that the node-based integration is used, i.e. the equilibrium of
the continuum medium is achieved at the strain smoothing cells

(4)
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height is h = 1. The left end (x = 0) of the bar is ﬁxed, and the other
end (x = L) is free. The top and bottom sides of the bar are prescribed
with roller boundaries so that only horizontal displacement is allowed.
The analytical solution of this problem is given by [18,19]

associated with particles, with all the ﬁeld variables being calculated
directly on the particles. Thereby, the gauss integration and stress recovery in the original PFEM are unnecessary.
2.3. Time discretisations

v (x , t ) = v0 cos(ω1 t ) sin (β1 x )

For the time integration, let the time step be Δt and the discrete time
be t n = n·Δt , with n = 1, 2, 3 …. The explicit time integration scheme is
used mainly for two reasons: (1) easy to implement and (2) can avoid
massive computation loads when dealing with large-scale problems.
With the central diﬀerence method considered, the accelerations can
then be yielded as [17]

an =

1 n + 1/2
(v
− v n − 1/2), an = M−1f n
Δt

for velocities and

u (x , t ) =

The velocity and displacement can be obtained from the following
set of relations:
(12)

un + 1 = un + Δt v n + 1/2

(13)

l min
c

(15b)

v (x , 0) = v0 sin(β1 x )

(16a)

u (x , 0) = 0

(16b)

Fig. 4 shows the output of the velocity and displacement, as well as
the comparisons to the analytical solution. No perceptible diﬀerences
can be found, which thereby initially demonstrates the capability of the
method in simulating the dynamic structure behaviours.

Note that M is a diagonal matrix. Because no stiﬀness of the complete element assemblage needs to be calculated, the solution can
thereby be found on element levels very eﬃciently. However, in using
the central diﬀerence method, an important consideration is that the
time step size is required to be smaller than a critical value to ensure the
stability of codes, with the value given by

Δtcr = α

v0
sin(ω1 t ) sin (β1 x )
ω1

for displacements, where v0 is the amplitude of the initial velocity. The
eigenvalue is β1 = π /2L , and the frequency of oscillation related to the
eigenvalue is ω1 = β1 c , where c = E / ρ is the elastic wave speed. The
initial velocity and displacements are given by

(11)

v n + 1/2 = v n − 1/2 + Δt M−1f n

(15a)

3.2. Penetration of rigid footing in Tresca soil
This numerical example considers a rough rigid strip footing penetrating in an elastic-perfectly plastic soil, which is assumed to be
weightless. The footing is gradually pushed into the soil by prescribing
an incremental vertical displacement as boundary condition. The simulation is performed with a penetration speed of 0.01 m/s, which is
reached within the ﬁrst 10 s of the simulation after ramping up from
zero. The footing penetration depth is 5.0 m, which is numerically
implemented within 505 s in this simulation. The soil behaviour is
modelled using elastic-perfectly plastic Tresca material. The material
parameters are as follows: Young’s modulus is E = 100 kPa, Poisson’s
ratio is 0.495 and undrained shear strength cu = 1 kPa. Although the
exact solution for this problem is not available, several numerical solutions can be found in the literature. Indeed, this problem is a good
benchmark example for a comparison with other numerical approaches.
The simulated strip foundation B is assumed to be 2 m wide, while the
rest of the dimension information of the analysed domain is illustrated
in Fig. 5. Because of symmetry, only the right half of the problem
geometry is considered, with the boundary conditions properly applied
along the symmetry plane. To investigate the inﬂuence of particle
densities, the problem domain is discretised into 1649, 3263, 5969 and
11,752 particles. To guarantee both the numerical accuracy and computational eﬃciency, a non-uniform initial particle distribution is assumed. A very ﬁne mesh discretisation is used near the soil-foundation
interface, and a coarser mesh discretisation is used away from the
footing base. The initial particle positions and corresponding mesh
(with 11,752 particles) are also given in Fig. 5.
The results of the analysis with diﬀerent initial particle densities, in
terms of a normalised vertical reaction forces versus penetration depth
plot, are shown in Fig. 6. Note that a simple moving average is applied
to the raw data of the numerical results to remove oscillations in the
plot. Fig. 6 demonstrates that as the number of particles increases, the
results from the eSPFEM converge gradually. The ﬁgure also shows that
some sudden decreases occur in the resistance force, which are related
to the errors introduced during the remeshing procedures, and this may
change the element topology relationships, thus changing the elements
connected to the particle, as well as the area of the strain smoothing
cells. This would also introduce errors to the equilibrium of the domain.
The normalised vertical reaction forces at the footing base as a
function of the normalised penetration depth obtained from the explicit
SPFEM, as well as the results obtained from the incremental limit
analysis method proposed by da Silva et al. [20], are shown in Fig. 7. It

(14)

where Δtcr is the critical time step size, lmin is the characteristic length of
the element, and for the triangular element adopted in this paper, it is
the minimum altitude of the triangular element, c is the speed of wave
propagation, and α is a reduction factor. Because the characteristic
length of the element changes during the simulation, an adaptive time
step scheme is used.
2.4. Computational cycle of eSPFEM
A typical computational cycle of eSPFEM is provided in Fig. 2,
where a similar but simpler computational procedure is shown, due to
the omitting of the frequent information transfer between the particles
and Gauss points. It can be simply written as
(1) discretise the domain into a set of nodes/particles;
(2) build the computational mesh using the Delaunay triangulation
technique;
(3) deﬁne the domain boundary using an alpha shape method;
(4) solve the governing equations by the standard FEM;
(5) update the value of nodes and prepare to move to the next computational cycle.
Note that the proposed eSPFEM approach can be easily implemented into an existing standard FEM code. The only diﬀerence is to
change the Gaussian point-based integration to the node-based integration; while the other procedures follow closely the standard PFEM
procedure, thereby allowing for an easy conversion.
3. Numerical examples
3.1. Axial vibration of a continuum bar
The vibration of a continuum bar is taken as a benchmark example
here as an initial validation of the proposed eSPFEM. The geometry and
mesh of the bar are shown in Fig. 3, and the plane strain analysis is
assumed. The material parameters are assigned as follows: the Young’s
Modulus is E = 100, the density is ρ = 1, the length is L = 10, and the
44
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Fig. 2. A typical computational cycle of eSPFEM (the grey arrow indicates that the particles after deformation will be left, while the deformed mesh will be discarded,
thus leading to a new cloud of particles).

without the use of mixed stabilised formulations or high-order elements
to overcome volumetric locking. It would seem that for this type of
problem, eSPFEM oﬀers an advantage compared to the original PFEM:
without suﬀering from volumetric locking when directly using loworder triangular elements.
The performance of the proposed eSPFEM is evaluated by comparing the computational time with the implicit SPFEM. Using an Intel
Xeon E5-1620 processor, the analysis takes approximately 36 h to
execute on a single core with 11,752 particles applied. With the same
particle density, 50,000 incremental steps are used for the implicit
quasi-static SPFEM analysis, and it takes roughly 117 h.
Some additional insights into the performance of the eSPFEM can be
obtained by analysing the development of the displacement ﬁeld during
the penetration process. For the analysis with 11,752 particles, the
failure mechanism during the penetration process is shown in Fig. 8. As
the footing penetrates into the soil, the material mass lying above the
footing base gradually increases. Because soil is relatively soft, the
deformation at the beginning of the penetration is mainly dominated by
elastic loading, and the displacement is concentrated in a small region
of soil beneath the footing, which are moving downwards mainly at a
simulation time of 55 s (see Fig. 8a). As the footing continues to penetrate into the soil, the soils are seen to spread laterally, and at a

is shown that all results lie between the analytical solution obtained by
Prandtl [23] ((π + 2) cu = 5.14cu ) and the limit load by Meyerhof [24]
((2π + 2) cu = 8.28cu ) based on the method of characteristics. The curve
from eSPFEM has not yet reached the limit load value of 8.28cu by
Meyerhof [24] due to the insuﬃcient penetration depth. As the footing
penetrates deeper into the soil, the material mass lying above the current footing continues to increase, which thereby causes a continuous
increase in the reaction load beyond the current point, ending up
around the Meyerhof solution. However, it may then involve a very
deep penetration, as exempliﬁed as around 13B in Vavourakis’s case
[25]. Therefore, because of the initial footing geometry setting and for
saving the computational cost, the incremental limit analysis method
proposed by da Silva [20] is commonly used to track and validate the
intermediate stages and the penetration processes. da Silva et al. [20]
analysed the problem of footing penetration by assuming a rigid-perfectly plastic material, and their result is considered as the benchmark
solution. The eSPFEM solutions are consistent with the benchmark solution as well as the implicit SPFEM solution [14]. It is clearly seen that
the result obtained by the eSPFEM is closer to the benchmark solution
than that obtained by the PFEM [9], material point method (MPM) [21]
and arbitrary Lagrangian-Eulerian (ALE) method [22]. Note that the
eSPFEM solution is obtained by using three-node triangular elements,

Fig. 3. Geometry and mesh for the axial vibration of a continuum bar problem.
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Fig. 4. Numerical and analytical results of the continuum bar vibration problem: (a) displacement of the right edge and (b) velocity of the right edge.

Fig. 7. Comparisons with other numerical methods.

simulation time of 155 s (see Fig. 8b), the classical bearing capacity
failure mechanism extending up to the free surface [23] can be seen
clearly. When the footing is penetrated deeper into soil, a more clear
failure zone extending up to the free surface can be observed (see
Fig. 8c). However, at a simulation time of 505 s, when the penetration
depth equals to 5.0 m, the failure mechanism is seen to be shifted to a
local failure that occurs at the side walls of the trench generated by the
footing, which is similar to the deep bearing capacity mechanism
[24,25].
Fig. 9 shows contours of the accumulated plastic strain

Fig. 5. Geometry and mesh of the footing problem.

2

εqp = 3 ε p : εp , as well as the shear stress τ xy , where ε p is the plastic
strain tensor. Fig. 9a shows that a wedge-shaped zone develops below
the footing; in this zone, elastic behaviour is dominant, and there is a
transition zone below and on the side of the footing, where a signiﬁcant
plastic strain develops. Fig. 9b shows that below the footing corner,
there is a region of high shear stress concentration with a maximum
value equal to the cohesion of the soil, because a weightless and frictionless soil is assumed. A wing-shaped shear stress bulb develops next
to the footing corner and spreads out upwards into the soil, and the
shear stress region shows a minimum value of −1.0 kPa.
As mentioned above, an adaptive time step scheme is used during
the analysis, with the critical time step being governed by the mesh
size. The remeshing of the domain is processed to improve the mesh
quality when needed, and this is performed according to a criterion
related to element distortion (i.e. the ratio between the minimum altitude and the maximum side length of the triangular element).

Fig. 6. Normalized reaction force-displacement curves from footing penetration
analysis on Tresca soil with diﬀerent particle densities.
46
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Fig. 8. Contours of displacement magnitude at various simulation times: (a) 55, (b) 155, (c) 255 and (d) 505 s.

region of the domain. By doing so, good mesh quality and reasonable
time step increment can be maintained.
The characteristic length of the ﬁnest meshes is approximately
0.016 m, and the sound wave speed is approximately 7.07 m/s.
Considering a reduction factor of 0.4, the initial time step size is given

Moreover, the Laplacian Smoothing technique is applied locally to
avoid particle concentration and improve the mesh quality, in case of
an excessive reduction of time step size. If the distance between two
particles is smaller than a certain value, e.g. 0.2·h (h is the characteristic
distance), the Laplacian Smoothing technique is applied locally in this

Fig. 9. Contour of accumulated plastic strains (a) and shear stress (b) at a penetration depth of 2.5 m.
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thereby, no numerical damping is used.
The inﬂuence of particle densities is investigated ﬁrst, with the
number of particles being 2735, 4849, 10,570 and 19079, respectively.
The ﬁnal surface conﬁgurations and failure lines obtained by eSPFEM
are compared with the experimental results, as shown in Fig. 12. It can
be seen that all numerical results with varying particle densities show a
similar response, and a good agreement can be found between numerical and experimental results. However, changing particle densities
can aﬀect the position of the slope toe. More particles are applied, and
longer run-out distances are shown. It is also found that when 10,570
particles are used, the numerical results converge, i.e. a further increase
in the particle density cannot improve the numerical results. Therefore,
for comparing with other numerical solutions, 10,570 particles are
used.
Fig. 13 shows the ﬁnal conﬁgurations and failure lines of the same
case conducted by Solowski and Sloan [21] using the MPM method and
by Bui et al. using the SPH method. As indicated in Fig. 13, the three
numerical methods predict a similar response, and an excellent agreement can be found between numerical and experimental results. In
comparison, eSPFEM shows better performances, especially in predicting the failure lines, with few diﬀerences can be seen from the experimental data. While in simulating the ﬁnal conﬁgurations, a longer
run-out distance is shown by using the MPM method and a shorter
distance is shown by eSPFEM, possibly because the mesh may need to
remain reasonably optimal to keep the computational accuracy, which
can be found in Fig. 14. It is also worth noting that although the same
material parameters are employed in the SPH analysis, Bui et al. used
the Drucker-Prager constitutive model [26]; this leads to a slightly
diﬀerent failure response, especially for low friction angles. Taken together, eSPFEM generally works well for large-deformation geotechnical problems.

Fig. 10. Changes in time step size with simulation time.

as 0.009 s. A plot of the used time step during the whole analysis is
shown in Fig. 10. The ﬁgure shows that the time step size decreases
quite rapidly at the beginning of the analysis because of the decrease in
mesh quality. The time step size is recovered after each remeshing, due
to the improvement in mesh quality during the remeshing procedure.

3.3. Collapse of aluminium bar column
To further demonstrate the capabilities of the proposed method in
solving large deformation geotechnical problems, an aluminium bar
collapse experiment conducted by Bui et al. [26] is analysed, and the
results are compared with the experimental data and other numerical
solutions (i.e. MPM and smoothed particle hydrodynamics (SPH)). The
details of the experimental setup are given in [26], as shown in Fig. 11.
The experiment is performed inside a rectangular area
(200 mm × 100 mm) with two ﬂat solid walls on both sides. The collapse is initiated by quickly removing the right supporting wall. A twodimensional plain strain condition is assumed. The material behaviour
of aluminium bars is simulated using the Mohr-Coulomb model, and the
material parameters are obtained by a series of direct shear tests and
considered as follows [26]: shear modulus G = 0.7 MPa, Poisson’s ratio
v = 0.3, density ρ = 2.650 × 103 kg/m3, cohesion c = 0 kPa and fric19.8 ∘. A zero dilation angle is assumed, and the
tion angle φ =
non-associated ﬂow rule is adopted. The analysis is conducted in two
stages: ﬁrst, the roller support is assumed on both sides of the column,
and the bottom boundary is fully ﬁxed, which renders the specimen
initial stresses generated due to gravity; second, the right side wall is
assumed to be removed instantaneously once the experiment starts, to
allow the column to collapse from that side. Furthermore, the loss of
energy during rolling of the aluminium bar is assumed to be small, and

3.4. Collapse of two-dimensional columns
Collapse of granular column problem plays an important role in
many geotechnical engineering applications such as landslides, avalanches and debris ﬂows. To further validate the proposed approach,
the collapses of two-dimensional column problem are analysed in this
section. Lube et al. [27] studied the collapse of a vertical stack of
granular materials with diﬀerent friction angles. The experimental
setup is shown in Fig. 15a: a two-dimensional column of granular
material of initial width d0 and height h0 is allowed to collapse by
quickly lifting the right supporting wall. A rough sketch of the ﬁnal
deposit beneath is shown in Fig. 15b with ﬁnal run-out distance d∞ and
height h∞. A range of cohesionless granular materials such as rice, sand
and sugar with diﬀerent initial widths d0 is tested.
The experiments involve unidirectional collapsing of granular
column in a rectangular channel of 20 cm width. Diﬀerent initial widths
d0 for the granular columns are tested, whereas the one that has an
initial width of 4.5 cm is modelled. For coarse sand, the Mohr–Coulomb

Fig. 11. Experimental setup by Bui et al. [26].
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Fig. 12. Final surface conﬁgurations and failure lines obtained by SPFEM with various particle densities (failure lines are indicated by inner lines).

Fig. 13. Final surface conﬁgurations and failure lines, compared with the experimental results and SPH and MPM solutions.

Fig. 14. Final column conﬁguration.

Fig. 15. Initial setup (a) and ﬁnal deposit (b) of Lube’s experiments [27].

relationship of the run-out distance d∞ and height h∞ to the aspect ratio
was founded by Lube et al. [27]:

failure criterion is employed, and the following material parameters are
used [27]: density ρ = 2.6 g/cm3, cohesion c = 0 kPa, friction angle
φ = 31° and dilation angle ψ = 0°. Note that as reported by Sołowski
and Sloan [21], the elastic parameters are found to be unimportant for
this kind of analysis; therefore, the same elastic parameters as used in
the previous section are used.
On the basis of massive experimental data, Lube et al. [27] correlated the normalised run-out distance and ﬁnal height to the initial
aspect ratio of the column. The aspect ratio is deﬁned as the ratio of the
initial height of the column to its width. The following power-law

a, a ⩽ 1.15
h∞
=⎧ 2
⎨
d0
⎩ a 5 , a > 1.15

(17)

a < 1.8
⎧1.6a,
d∞ − d 0
= transition region, 1.8⩽a⩽2.8
⎨
d0
2
a > 2.8
⎩ 2.2a 3 ,

(18)

where a = h0/d0 is the initial aspect ratio.
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Fig. 16. Normalized ﬁnal height and width of granular columns as function of aspect ratio.

Fig. 17. Final deposit proﬁles normalized to initial width for various aspect ratios.

The numerical and experimental ﬁndings indicated that the aspect
ratio is the key factor linking the ﬁnal height and run-out distance to
the initial geometry. Thus, a wide range of aspect ratios (i.e. a = 0.5,
0.7, 1.0, 1.5, 2.0, 3.0, 5.0, 7.0, 9.0 and 10.0) is analysed in this section.
Fig. 16 shows the comparison between the numerical solutions by the
developed eSPFEM and the experimental results of Lube et al., as for the
normalised ﬁnal run-out distance and height of the deposits. The solid
lines correspond to Eqs. (17) and (18), whereas the numerical results
are represented by red square dots. It can be seen that a good agreement
can be found between the numerical results and the experimental ﬁts of
Lube et al., in terms of ﬁnal run-out distance and height. It is also noted
that for columns with an initial aspect ratio of a > 1.0, the normalised
height obtained by eSPFEM is less than that of the experimental ﬁt
curve of Eq. (17), and the diﬀerence between the experimental ﬁts and
numerical simulations increases with the increase in initial aspect ratio.
On the other hand, the numerical simulation overpredicts the ﬁnal runout distance when the initial aspect ratio a is > 6.0. In general, the
eSPFEM approach overestimates the ﬁnal run-out distance and underestimates the ﬁnal height. A similar conclusion was obtained with
PFEM by Zhang et al. [4], who expected a higher ﬁnal run-out distance
and lower ﬁnal height with a large aspect ratio. As discussed by Sołowski and Sloan [21], the overestimation of the run-out distance is
mainly due to the lack of energy dispassion when a high aspect ratio
column is considered. Moreover, because of the simplicity of the MohrCoulomb model, the rate dependence of the friction angle on the shear
strain rate during column spreading cannot be considered, and this may
also result in deviations between experimental and numerical results.
Therefore, by employing more advanced constitutive model and taking
numerical damping into consideration, the numerical results can be
further improved.
The normalised ﬁnal proﬁles of columns with diﬀerent aspect ratios
are shown in Fig. 17. As can be seen from the ﬁgure, when the aspect
ratio is less than 1.0, the columns collapse only partially, and as the

aspect ratio increases, the columns collapse more completely and
spread much more widely. Overall, the simulated ﬁnal deposit surfaces
agree well with those observed in the experiments [27].

4. Conclusions
An explicit smoothed particle ﬁnite element method for large deformation geotechnical problems is presented. The method is formulated by using an explicit time integration scheme combined with
the strain smoothing technique in the original PFEM. The explicit time
integration scheme is employed, which allows for a wider applicability
of the approach. The integration is calculated directly on the nodes
instead of the gauss points, so that the computational errors due to the
information transfer are avoided. Furthermore, comparatively larger
integration areas are used for integration points, and volumetric locking
problems normally seen in using low-order elements can be solved. The
performance of the proposed approach is veriﬁed by using several numerical examples, with the results compared to both analytical solutions and experimental results, showing a good agreement, which
highlights that eSPFEM is a promising numerical method for analysing
large-deformation geotechnical problems.

Acknowledgments
The authors wish to acknowledge the Funds for State Key Research
Development Program of China (Grant No. 2016YFC0600707), the CAS
Pioneer Hundred Talents Program, the Fundamental Research Funds for
the Central Universities (Grant No. 2018B02414), and the open research fund of State Key Laboratory of Geomechanics and Geotechnical
Engineering, Institute of Rock and Soil Mechanics, Chinese Academy of
Science (Grant No. Z016004) for their ﬁnancial supports of the authors.
50

Computers and Geotechnics 106 (2019) 42–51

W.-H. Yuan et al.

ﬂuid-structure interaction problems. Int J Numer Meth Eng 2018;113(1):43–64.
[14] Zhang W, Yuan W, Dai B. Smoothed particle ﬁnite-element method for large-deformation problems in geomechanics. Int J Geomech 2018;18(4):04018010.
[15] Chen JS, Wu CT, Yoon S, You Y. A stabilized conforming nodal integration for
Galerkin mesh-free methods. Int J Numer Meth Eng 2001;50(2):435–66.
[16] Liu GR, Nguyen-Thoi T, Nguyen-Xuan H, Lam KY. A node-based smoothed ﬁnite
element method (NS-FEM) for upper bound solutions to solid mechanics problems.
Comput Struct 2009;87(1–2):14–26.
[17] Belytschko T, Liu WK, Moran B, Elkhodary K. Nonlinear ﬁnite elements for continua
and structures. 2nd updated and extended. 2nd ed. Chichester: John Wiley & Sons
Ltd; 2013.
[18] Buzzi O, Pedroso DM, Giacomini A. Caveats on the implementation of the generalized material point method. Comput Model Eng Sci 2008;1:1–21.
[19] Bardenhagen SG. Energy conservation error in the material point method for solid
mechanics. J Comput Phys 2002;180(1):383–403.
[20] Silva MVD, Krabbenhoft K, Lyamin AV, Sloan SW. Rigid-plastic large-deformation
analysis of geotechnical penetration problems. Proceedings of 13th IACMAG conference. 2011. p. 42–7.
[21] Sołowski WT, Sloan SW. Evaluation of material point method for use in geotechnics.
Int J Numer Anal Meth Geomech 2015;39(7):685–701.
[22] Kardani M, Nazem M, Carter JP, Abbo AJ. Eﬃciency of high-order elements in
large-deformation problems of geomechanics. Int J Geomech
2015;15(6):04014101.
[23] Prandtl L. Hauptaufsätze: Über die Eindringungsfestigkeit (Härte) plastischer
Baustoﬀe und die Festigkeit von Schneiden. ZAMM J Appl Math Mech/Z Angew
Math Mech 1921;1(1):15–20.
[24] Meyerhof GG. The ultimate bearing capacity of foundations. Geotechnique
1951;4(4):301–32.
[25] Vavourakis V, Loukidis D, Charmpis DC, Papanastasiou P. A robust ﬁnite element
approach for large deformation elastoplastic plane-strain problems. Finite Elem
Anal Des 2013;77(4):1–15.
[26] Bui HH, Fukagawa R, Sako K, Ohno S. Lagrangian meshfree particles method (SPH)
for large deformation and failure ﬂows of geomaterial using elastic-plastic soil
constitutive model. Int J Numer Anal Meth Geomech 2008;32(12):1537–70.
[27] Lube G, Huppert HE, Sparks RSJ, Freundt A. Collapses of two-dimensional granular
columns. Phys Rev E: Stat Nonlinear Soft Matter Phys 2005;72(1):041301.

References
[1] Oñate E, Idelsohn SR, Del Pin F, Aubry R. The particle ﬁnite element method: an
overview. Int J Comput Methods 2004;1(2):267–307.
[2] Carbonell JM, Oñate E, Suárez B. Modeling of ground excavation with the particle
ﬁnite-element method. J Eng Mech 2010;136(4):455–63.
[3] Carbonell JM, Oñate E, Suárez B. Modelling of tunnelling processes and rock cutting
tool wear with the particle ﬁnite element method. Comput Mech
2013;52(3):607–29.
[4] Zhang X, Krabbenhoft K, Pedroso DM, Lyamin AV, Sheng D, da Silva MV, et al.
Particle ﬁnite element analysis of large deformation and granular ﬂow problems.
Comput Geotech 2013;54:133–42.
[5] Zhang X, Krabbenhoft K, Sheng D. Particle ﬁnite element analysis of the granular
column collapse problem. Granular Matter 2014;16(4):609–19.
[6] Dávalos C, Cante J, Hernández JA, Oliver J. On the numerical modeling of granular
material ﬂows via the Particle Finite Element Method (PFEM). Int J Solids Struct
2015;71:99–125.
[7] Zhang X, Krabbenhoft K, Sheng D, Li W. Numerical simulation of a ﬂow-like
landslide using the particle ﬁnite element method. Comput Mech
2015;55(1):167–77.
[8] Salazar F, Irazábal J, Larese A, Oñate E. Numerical modelling of landslide-generated
waves with the particle ﬁnite element method (PFEM) and a non-Newtonian ﬂow
model. Int J Numer Anal Meth Geomech 2016;40(6):809–26.
[9] Monforte L, Arroyo M, Carbonell JM, Gens A. Numerical simulation of undrained
insertion problems in geotechnical engineering with the Particle Finite Element
Method (PFEM). Comput Geotech 2017;82:144–56.
[10] Monforte L, Carbonell JM, Arroyo M, Gens A. Performance of mixed formulations
for the particle ﬁnite element method in soil mechanics problems. Comput Particle
Mech 2016:1–16.
[11] Wang B, Vardon PJ, Hicks MA. Investigation of retrogressive and progressive slope
failure mechanisms using the material point method. Comput Geotech
2016;78:88–98.
[12] Cremonesi M, Meduri S, Perego U, Frangi A. An explicit Lagrangian ﬁnite element
method for free-surface weakly compressible ﬂows. Comput Particle Mech
2017;4(3):357–69.
[13] Meduri S, Cremonesi M, Perego U, Bettinotti O, Kurkchubasche A, Oancea V. A
partitioned fully explicit Lagrangian ﬁnite element method for highly nonlinear

51

