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Abstract
In this study, true triaxial compression tests were carried out on three types of hard rocks (i.e., granite, marble and sandstone) 
using rectangular prismatic specimens (50 × 50 × 100  mm3) with low minimum principal stress σ3, and various intermedi-
ate principal stresses σ2. The main purposes were to establish the relationship between the characteristic stress levels (i.e., 
crack initiation stress, crack damage stress and peak stress) and the corresponding principal stresses and to investigate the 
brittle fracturing process of hard rocks near excavation boundaries. The test results indicated that the stress–strain curves 
were primarily characterized by the linear-elastic–brittle behavior. The failure planes of the specimens in the tests were 
found to be adjacent to the σ3 loading surface, and almost parallel to the σ1–σ2 plane, which were analogous to the spalling 
of the surrounding rock. With the aid of scanning electron microscopy, it was shown that cleavage fractures accounted for 
the majority of the fracture morphology in the sandstone specimens. Two revised methods were developed to determine the 
crack initiation stress of hard rocks under true triaxial compression, and these characteristic stress levels could be appropri-
ately fitted by utilizing both the parabolic and power functions. Although the power function achieved better fitting results, 
the parameters in the parabolic function could be associated with the tensile cracks induced during the loading process. The 
influence of intermediate principal stress on the strength, deformation and failure was significant. In addition, the brittle 
fracturing process could be illustrated by the crack-induced strains in three principal stress directions.

Keywords True triaxial compression test · Hard rocks · Characteristic stress levels · Brittle fracturing process · Crack-
induced strains · Spalling
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σm,2, σoct, and τoct  Mean normal stress, octahedral normal 
stress and octahedral shear stress, 
respectively

µ2 and µ3  Poisson’s ratios in the intermediate and 
minimum principal stress direction, 
respectively

θ  Failure angle between the failure plane 
and the σ1 loading surface

1 Introduction

With the increasing depth of civil tunneling and under-
ground mining, the stress concentration caused by the exca-
vation is remarkable, especially in deep locations where the 
in situ stresses are extremely high. This phenomenon has 
resulted in stress-induced fracturing and failures near exca-
vation boundaries which regularly appear as rock slabbing 
or spalling (Martini et al. 1997; Germanovich and Dyskin 
2000) and even rockbursts (Ortlepp 1997; Feng and Hudson 
2011).

Through the usage of different methodologies involving 
in situ investigations, laboratory tests, theoretical analyses, 
and numerical modelling, the brittle failure of hard rock has 
been extensively studied since the 1960s, for example, by 
Cook (1965), Bieniawski (1967a, b, c), Stacey (1981), Ewy 
and Cook (1990a, b), Kaiser and Mccreath (1994) and Cai 
(2008). Among all of the studies regarding tunnel excava-
tion periphery parallel fractures, one of the most typical 
research investigations was carried out by the Underground 
Research Laboratory (URL) of Atomic Energy of Canada 
Limited (AECL). The spalling fractures parallel to the tun-
nel surfaces in the URL have been the focus of attention, 
and have been examined by many engineers and researchers. 
For instance, Martini (1997) and Read (2004) used exten-
sive state-of-the-art geomechanical and geophysical instru-
ments to observe and record the process of rock spalling, 
which included extensometers, convergence arrays, triaxial 
strain cells and AE/MS monitoring systems. Based on the 
case studies of fielded rock splitting and the correspond-
ing laboratory tests (Martin 1993; Lee and Haimson 1993), 
Kaiser et al. (1996) and Martin and Christiansson (2009) 
determined the stress threshold value which produced rock 
spalling. They also further established the empirical formu-
las for estimating the depth of rock splitting. In addition, 
other deep underground experimental tunnel investiga-
tions also considered the effects of slabbing failures, such 
as the Äspö Pillar Stability Experiment (APSE) conducted 
in Sweden (Andersson et al. 2009) and the Posiva’s Olki-
luoto Spalling Experiment (POSE) conducted in Finland 
(Siren 2011).

To determine the mechanism of rock spalling, many 
researchers have attempted to design laboratory tests which 

correspond to in-site observations. Through multiaxial com-
pression experiments carried out by Bieniawski (1967b), 
Martin (1993), Eberhardt et al. (1998), and Diederichs et al. 
(2004), it was concluded that identifying the characteristic 
stress levels (i.e., crack initiation stress, crack damage stress 
and peak stress) was significant to the understanding of the 
fracturing process of spalling. More importantly, it was sug-
gested that the crack initiation stress determined from uniax-
ial compression tests could be regarded as an estimate for the 
in situ rock mass spalling strength. Therefore, the calculation 
of the crack initiation stress threshold is necessary to evalu-
ate and understand the excavation stability. At the present 
time, the methods which researchers use to determine the 
stress associated with the onset of crack initiation in labo-
ratory compression tests have been primarily divided into 
five different types, namely volumetric strain (VS) methods 
(Brace et al. 1966), crack volumetric strain (CVS) methods 
(Martin 1993), lateral strain (LS) methods (Lajtai 1974), 
lateral strain response (LSR) methods (Nicksiar and Martin 
2012) and acoustic emission (AE) methods (Eberhardt et al. 
1998). However, among these methods, the methodologies 
utilizing the VS and LS can be easily affected by subjec-
tive judgements on the point where the stress–strain curve 
deviates from the linearity. One of the criticisms of the AE 
method is that the insignificant AE activities in the crack ini-
tiation stage make it difficult to identify the obvious increase 
point of the AE events. However, the methods which utilize 
the CVS and LSR are able to remove the user judgement.

Actually, it is clear that there exists a loading condition 
of high maximum principal stress (σ1), along with relatively 
high intermediate principal stress (σ2) and as well as zero 
to low minimum principal stress (σ3) confinement at tunnel 
surface. More importantly, due to neglecting the influence 
of the intermediate principal stress (σ2) on the deformation 
and failure characteristics (Pan et al. 2011; Cai 2008), the 
conventional triaxial and uniaxial tests cannot accurately 
describe the true stress states in deep engineering. Therefore, 
misunderstandings may sometimes result. In the past sev-
eral decades, the brittle failure behavior of hard rock under 
true triaxial compression has been examined. For instance, 
related studies have been carried out by Mogi (1971), Haim-
son and Chang (2002) and Haruyuki et al. (2007). In these 
studies, the strength characteristics and failure modes of hard 
rock were the most concerning issues. Moreover, He et al. 
(2010) and Li et al. (2015) focused on the brittle failure 
process of hard rock under true triaxial tests with unloading 
the minimum principle stress (σ3).

Despite the fact that the strength and failure modes of 
hard rocks have been reported many times, the evolution 
of crack-induced strain and the corresponding characteristic 
stress levels under true triaxial tests with the low minimum 
principle stress (σ3) has been given little concern. The objec-
tives of this study were to investigate the brittle fracturing 
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process and characteristic stress levels of hard rocks near 
excavation boundaries using several groups of true triaxial 
compression tests on three types of hard rocks (i.e., granite, 
marble and sandstone) with low σ3 (0 MPa ≤ σ3 ≤ 10 MPa). 
Since the stains in three principal stress directions were 
logged in all tests, the complete stress–strain curves could 
be obtained, and the crack initiation stress, crack damage 
stress and peak stress could also be calculated. It was of 
great significance that rock fracturing parallel to the excava-
tion surface could be illustrated by the crack-induced strains 
calculated by the newly revised methods. The scanning elec-
tron microscope (SEM) techniques were developed follow-
ing the tests to reveal the micro-failure modes of sandstone 
specimens from Pakistan.

2  Testing and Test Results

2.1  Specimens

The tested hard rocks are granite, marble and sandstone. 
The granite taken from Beishan, Gansu Province, China, is 
mainly composed of feldspar, quartz and black mica. The 
composition of tested gray-black sandstones taken from a 
headrace tunnel in Pakistan is determined using an X-ray 
diffraction instrument, which showed that it yields 73.37% 
quartz, 11.88% clay, 8.4% calcite, 2.39% siderite, and 0.78% 
dolomite. The white marble taken from the deep tunnels at 
Jinping underground laboratory (CJPL-II) in China consists 
of 88.05% dolomite and 11.95% calcite. These specimens 
are hard and homogenous without visible weak structures, 
and the size of all the cuboid specimens for the true triaxial 
tests is 50 × 50 × 100  mm3.

2.2  Equipment and Experimental Procedure

The experiments in this study were conducted using North-
eastern University’s true triaxial apparatus (TTA), which has 
been described in detail by Feng et al. (2016). This machine 
consists of a movable biaxial loading apparatus and a con-
fining pressure cell, to apply σ1 and σ2 through respective 
actuators and σ3 through fluid pressure, respectively. This 
TTA was designed to produce maximum stresses of 1200, 
1200, and 100 MPa in the σ1, σ2, and σ3 directions, respec-
tively, on rectangular prismatic specimens (50 × 50 × 100 
 mm3). The stiffness of this loading frame in the σ1 direction 
was evaluated as 6 MN/mm. Two mini LVDTs were used to 
measure deformations in the ε1 and ε2 directions and a beam-
type strain gauge was developed to measure the deformation 
of the center point of the specimen in the ε3 direction. In 
addition, to minimize the end friction effect, cooper shims 
coated with a mixture of stearic acid and Vaseline at the 1:1 

ratio were inserted between the specimen faces and steel 
platens (Feng et al. 2017).

The strength deterioration of the surrounding rock was 
attributed to the existence of high tangential stress and low 
radial stress in the plane of the cross-section of the deep 
tunnel, thus resulting in brittle fracturing parallel to excava-
tion boundaries. Therefore, several groups of true triaxial 
compression tests with low σ3 were designed for the study 
on the characteristic stress levels and the examination of the 
mechanism of brittle fracturing parallel to the tunnel surface. 
A wide range of σ2 was considered to study the influence of 
σ2 on these issues. The predefined stresses for σ2 and σ3 are 
given in Table 1. In general, the experimental procedure was 
mainly divided into three stages. In the first stage, the loads 
applying three principal stresses were increased simultane-
ously at the same loading rate of 0.5 MPa/s to the predefined 
magnitude of σ3. Then, the biaxial loads applying σ2 and σ1 
were raised at the same loading rate as the first stage until 
the predetermined magnitude of σ2 was reached. Finally, 
while keeping the σ2 and σ3 constant, the σ1 load was raised 
to the failure point at a constant strain rate of 5 × 10−6 s−1 
in the σ3 direction. The loading process is shown in Fig. 1.

2.3  Stress–Strain Relationship

Several typical stress–strain curves in true triaxial com-
pression are given in Fig. 2, which shows the relationships 
between the deviatoric stresses σ1–σ3 and strains ε1, ε2, and 
ε3. These curves revealed the important characteristics of the 
specimens examined in this study as follows:

1. The inflection point where the slope of the curve depict-
ing σ1–σ3 and ε2 changed from the positive to negative 
value could distinguish between the second loading 
stage and third loading stage. More specifically, in the 
second loading stage, the specimens were in compres-
sion in the σ2 direction and thus the slope of the curve 
depicting σ1–σ3 and ε2 was positive. However, in the 
third loading stage, the specimens were in dilation in 
the σ2 direction and thus the slope of this curve becomes 
negative. The first loading stage was not shown due to 
the fact that the ordinate of the curve was represented 
by the deviatoric stress;

2. Compared with the results in conventional triaxial com-
pressions, the stress–strain curves in the ε2 and ε3 direc-
tions were not completely coincident. The slopes of the 
two curves were found to be different, which indicated 
the influence of the intermediate principle stress σ2 on 
the deformation;

3. Under the low σ3 (0, 2, 5, 10 MPa), the specimens were 
primarily characterized by brittle failures. In other 
words, the proportion of the elastic stage in the curves 
was much larger than that of the plastic stage. It should 
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Table 1  The predefined stress states and characteristic stress levels of specimens in true triaxial compression tests

Material Specimen no. σ3 (MPa) σ2 (MPa) σci (MPa) σcd (MPa) σp (MPa) σci/σp σcd/σp

TCVS TLSR MEAN

Granite G0 0 0 42.58 35.18 38.88 79.08 141.50 0.28 0.56
G1 5 5 104.88 102.14 103.51 147.18 221.80 0.47 0.66
G2 5 20 114.10 117.04 115.57 179.31 268.05 0.43 0.67
G3 5 50 145.00 150.41 147.71 194.72 284.49 0.52 0.68
G4 5 100 181.75 188.13 184.94 232.02 315.32 0.59 0.74
G5 10 10 125.99 122.87 124.43 177.85 274.65 0.45 0.65
G6 10 20 148.58 151.54 150.06 204.84 312.78 0.48 0.65
G7 10 50 188.75 184.66 186.71 262.90 352.81 0.53 0.75
G8 10 75 200.45 198.86 199.66 271.56 353.39 0.56 0.77
G9 10 100 210.27 214.29 212.28 278.21 377.67 0.56 0.74

Marble M1 0 0 32.41 34.38 33.40 81.96 175.11 0.19 0.47
M2 0 25 72.09 73.10 72.60 118.98 216.76 0.34 0.55
M3 0 50 148.88 167.75 158.32 224.18 247.32 0.64 0.91
M4 0 75 178.38 189.10 183.74 231.70 237.29 0.78 0.98
M5 0 100 158.33 162.57 160.45 213.27 222.67 0.72 0.96
M6 5 5 92.10 89.91 91.01 145.28 227.66 0.40 0.64
M7 5 60 164.05 175.96 170.01 235.10 280.57 0.61 0.84
M8 5 90 177.06 187.47 182.27 233.48 311.87 0.58 0.75
M9 10 10 122.08 127.10 124.59 177.72 265.46 0.47 0.67
M10 10 25 159.56 160.19 159.88 209.74 284.02 0.56 0.74
M11 10 50 193.92 192.32 193.12 263.65 326.49 0.59 0.81
M12 10 75 206.31 205.26 205.79 269.33 301.40 0.68 0.89
M13 10 120 264.14 270.71 267.43 325.08 382.21 0.70 0.85

Sandstone S0 0 0 78.90 77.44 78.34 147.27 184.17 0.43 0.80
S9 0 10 130.72 129.21 129.97 198.65 239.47 0.54 0.83

S1 0 20 122.46 120.55 121.51 187.23 228.44 0.53 0.82

S2 0 40 106.31 91.31 98.81 215.62 273.26 0.36 0.79

S3 0 100 256.32 251.38 253.85 309.12 313.73 0.81 0.99

S4 0 160 240.16 238.03 239.10 315.06 315.06 0.76 1.00

S10 2 10 140.63 129.26 134.95 222.32 277.80 0.48 0.80

S5 2 20 157.13 155.80 156.47 237.69 240.33 0.65 0.99

S6 2 40 141.20 156.15 148.68 252.51 273.91 0.54 0.92

S7 2 100 202.86 220.59 211.73 303.84 305.48 0.69 0.99

S8 2 160 205.47 204.21 204.84 286.97 286.97 0.71 1.00

S11 5 9.7 132.38 134.58 133.48 235.94 287.68 0.46 0.82

S12 5 30 192.32 199.72 196.02 279.77 279.77 0.70 1.00

S13 5 50 231.25 234.95 233.10 313.97 315.42 0.73 0.99

S14 5 70 224.27 227.98 226.13 343.19 351.96 0.64 0.98

S15 5 90 206.37 207.79 207.08 353.00 353.00 0.59 1.00

S16 5 110 217.74 228.18 222.96 314.31 314.31 0.71 1.00

S17 5 130 234.74 237.27 236.00 287.67 288.28 0.82 0.99
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be also noted that the stress drop following the peak 
point was found to be extremely obvious;

4. With the increase of the magnitude of σ2 in the sec-
ond loading stage, all of the stress–strain curves were 
still linear to a large extent and the curves in the ε1 
and ε2 directions were almost coincident. In addition, 
the strains ε1 and ε2 were determined to be positively 
raised, which indicated that the specimens in the ε1 and 
ε2 directions were in compression. However, the speci-
mens in the ε3 direction were dilating because of the 
negative increase of the strain ε3. During the σ1 loading 
stage, the specimens in the ε1 direction were compress-
ing, whereas the specimens in the ε2 and ε3 directions 
were dilating. Compared with the non-linear dilation in 
the ε3 direction, the dilations in the ε2 direction were 
nearly linear, which may have been due to the fact that 

the macro-failure planes were parallel to the σ2 direc-
tion in the true triaxial tests. During the post-peak stage, 
macro-cracks were produced in the specimens, which 
gradually ran through the entire specimens and resulted 
in the stress drop of the σ1.

2.4  Brittle Fracturing

The typical brittle fracturing of the tested specimens is 
shown in Fig. 3. This final macro-failure plane, which was 
located adjacent to the σ3 loading surface and almost paral-
lel to the σ1–σ2 plane, was rough and irregular. As shown 
in Fig. 3, the σ3 loading surfaces of specimens were intact. 
Therefore, these surfaces did not emerge in the later pla-
nar distribution of the failure specimens. This failure phe-
nomenon was found to be different from the failure planes 
studied by Mogi (1971) and Chang and Haimson (2000). 
However, it was determined to be quite analogous with the 
results obtained by Haimson and Chang (2002), who applied 
the σ3 loading by directly contacting the specimen surfaces 
with the fluid.

Furthermore, the failure angle (θ) was defined by the 
angle between the failure plane and the σ1 loading surface. 
The relationship between θ of the tested specimens and the 
assigned stress state is detailed in Fig. 4. Overall, θ var-
ied from 72° to 86°, 70° to 88° and 82° to 89° for granite, 
marble and sandstone, respectively. This indicated that the 
failure modes of tested specimens were mainly tensile fail-
ures. Meanwhile, θ declined with the increase of the σ3 load 
while the magnitude of the σ2 remained steady. Similarly, 
while holding the magnitude of σ3 constant, θ of sandstone 
generally decreased with the increase of the σ2 load although 

Table 1  (continued)

Material Specimen no. σ3 (MPa) σ2 (MPa) σci (MPa) σcd (MPa) σp (MPa) σci/σp σcd/σp

TCVS TLSR MEAN

S18 5 150 277.90 287.49 282.70 378.68 378.68 0.75 1.00
S19 10 20 208.13 216.52 212.33 286.50 332.08 0.64 0.86

S20 10 30 181.06 184.38 182.72 274.96 326.45 0.56 0.84

S21 10 50 229.70 235.34 232.52 364.25 374.20 0.62 0.97

S22 10 70 243.31 247.05 245.18 359.65 364.59 0.67 0.99

S23 10 90 242.14 250.32 246.23 351.43 368.22 0.67 0.95

S24 10 110 223.16 226.14 224.65 336.26 336.26 0.67 1.00

S25 10 130 223.75 223.75 223.75 307.33 307.33 0.73 1.00

S26 10 150 290.68 293.58 292.13 357.55 366.89 0.80 0.97

Fig. 1  Example of the loading process of the S21 sandstone specimen 
in true triaxial compression
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there was also an increase of θ of granite and marble under 
the same conditions.

To study the failure mode from a microscopic perspec-
tive, the failure planes of the typical sandstone specimens 
were scanned using the scanning electron microscopy 
(SEM). It should be noted that the fracture morphology of 
the sandstone specimens was mainly characterized by brit-
tle trans-granular fractures. More specifically, cleavage frac-
tures, whose contours were perpendicular to the direction of 
the maximum tensile stress, accounted for the vast majority 
of these fractures. According to the appearance of the cleav-
age step, cleavage fractures were mainly presented in the 
river and step patterns, as shown in Fig. 5. In addition, due 
to the fact that the cementing strength between the clay and 
minerals was much smaller than the bond strength between 
the mineral grains and their own strength, the fractures of 
the sandstone specimens always occurred at the junction 
of the clay and mineral particles. The fracture morphology 
of all the sandstone specimens did not exhibit significant 

Fig. 2  Typical stress–strain curves in the true triaxial compression tests. a G4 granite specimen, b M7 marble specimen and c S5 sandstone 
specimen

Fig. 3  The typical failure photos. a The different types of hard rocks 
and b S14 sandstone specimen and its planar distribution
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inter-granular and ductile fractures. These results indicated 
that the brittle failure characteristics of the specimens were 
remarkable.

As shown in this section, due to the significant influence 
of the intermediate principal stress σ2 on the deformation and 
fracture of hard rocks, the tested specimens show two main 
special features under true triaxial compression with low 
minimum principal stress: the elastic–brittle deformation 
characteristics and brittle fracturing parallel to σ1–σ2 plane. 
In the conventional triaxial compression tests (σ2 = σ3), the 
brittle behavior of hard rocks is only associated with the con-
fined pressure, and as a result the calculated transition stress 
from brittleness to ductility may not be very accurate. In 
addition, enormous existing experimental results (Bieniaw-
ski 1967b; Martin 1993; Eberhardt et al. 1998; Diederichs 
et al. 2004) have proved that the deformation and failure of 
hard rocks can be characterized by crack initiation, crack 
damage stress and peak stress thresholds. Therefore, it is 

necessary to identify and quantify these characteristic stress 
levels.

3  Methods for Determining 
the Characteristic Stress Levels of Hard 
Rocks in True Triaxial Compression

It is generally understood that the crack damage stress (σcd) 
is defined as the stress level corresponding to the reversal 
point of the curve depicting deviatoric stress σ1–σ3 versus 
volumetric strain εv, and, the maximum of the maximum 
principal stress (σp) is regarded as the peak stress. As previ-
ously mentioned in Sect. 1, the methods utilizing the crack 
volumetric strain (CVS) and lateral strain response (LSR), 
which are able to remove the user judgement, are simply 
revised below to determine the crack initiation stress in 
accord with the results of true triaxial compression tests.

Fig. 4  The failure angles of the specimens in true triaxial compression. a Granite, b marble and c sandstone
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3.1  Lateral Strain Response (TLSR) Method in True 
Triaxial Compression

Actually, the lateral strain response method in true triaxial 
compression (TLSR) is the modified lateral strain response 
method (LSR) suggested by Nicksiar and Martin (2012) 
as discussed in Sect. 1. Due to the fact that the strain ε3 
increased monotonously and dramatically during the entire 
loading process, the TLSR method analyzed the strain ε3. 
Moreover, to neglect the influence of the hydrostatic pres-
sure on the deformation, the deviatoric stresses σ1–σ3 in this 
method were used to determine the change in the strain ε3, 
and this change corresponded to the difference between the 
loading and linear reference line (∆TLSR) in Fig. 6. The 
other steps were the same as those summarized by Nicksiar 
and Martin (2012), as shown in Fig. 6. With the help of the 
programming in Matlab, a best fit curve was easily estab-
lished, which could determine the maximum ∆TLSR and 
the corresponding crack initiation stress.

3.2  Crack‑Induced Volumetric Strain (TCVS) Method 
in True Triaxial Compression

The crack-induced volumetric strain (TCVS) method in true 
triaxial compression is actually the modified crack volumet-
ric strain method (CVS) proposed by Martin (1993), and the 
specific methodology is summarized in this section. Accord-
ing to generalized Hooke law, the elastic strains in three 
principal stress directions can be easily calculated because 
it was so easy to identify the elastic stage in the stress–strain 
curves utilizing the TLSR method as mentioned above, and 
thus to precisely calculate the Young’s modulus and Pois-
son’s ratio. In true triaxial compression tests, the strains in 
three principal stress directions can be logged so that the 

corresponding crack-induced strains, which are responsible 
for the irreversible strains, can be determined respectively.

Compared with conventional triaxial compression, the 
elastic strains and crack-induced strains should be calcu-
lated separately in the three different loading stages during 
true triaxial compression tests. When dealing with these 
deformation data in the first stage, it should be considered 
that only the elastic deformation of hard rock existed, and 
thus the crack-induced strains were regarded as zero. In 
the second stage, the Young’s modulus and Poisson’s ratio 
of the third stage were used in this second loading stage. 
Since the stress–strain curves in three principal stress direc-
tions remained linear in the second stage, this simplified 
approach of elastic strains was found to have no influence on 
the essential trend of the crack-induced strains. It was also 
important that the stress–strain curves in the maximum and 
intermediate principal stress directions were nearly coin-
cident. It was worth mentioning that the Poisson’s ratio in 
the σ2 direction was different from that in the σ3 direction. 
At the end of this biaxial loading stage, the elastic strains 
in the three principal stress directions were defined by the 
following:

0where �eb
1
, �eb

2
, and �eb

3
 are the maximum, intermediate, and 

minimum principal elastic strains at the end of biaxial load-
ing stage, respectively; σb is the predetermined biaxial stress 
or intermediate principal stress; E is the Young’s modulus; 
and µ2 and µ3 are the Poisson’s ratio in the intermediate and 
minimum principal stress directions, respectively. Finally, 
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Fig. 5  The typical cleavage fractures of sandstone specimens in true triaxial compression. a S14 sandstone specimen and b S2 sandstone speci-
men
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while holding the σ2 and σ3 loads constant, the σ1 load was 
raised at a constant strain rate of 5 × 10−6 s−1 in the σ3 direc-
tion until the rock failure occurred. At the peak strength 
of the rock, the elastic strains in the three principal stress 
directions were defined by

 where �ep
1
, �

ep

2
, and �

ep

3
 are the maximum, intermediate, and 

minimum principal elastic strains at the peak stress, respec-
tively, and σp is the peak stress. Therefore, the crack-induced 
strains in the three principal stress directions were defined 
by the following:

where �c
1
, �c

2
, and �c

3
 are the maximum, intermediate, and 

minimum principal crack-induced strains, respectively; and 
ε1, ε2, and ε3 are the maximum, intermediate, and minimum 
principal strains logged in the tests, respectively. In the true 
triaxial compression, the total of crack-induced strains could 
be calculated by

(3)�
ep

1
= �

eb
1
+

�p − �b

E

(4)�
ep

2
= �

eb
2
− �2

�p − �b

E

(5)�
ep

3
= �

eb
3
− �3

�p − �b

E
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1
= �1 − �

ep

1
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2
= �2 − �

ep

2

(8)�
c
3
= �3 − �

ep

3

(9)

�
c
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= �

c
1
+ �

c
2
+ �

c
3
=

(

�1 + �2 + �3

)

−

(

1 − �2 − �3

)(

�p + �b

)

E

where �c
v
 is the crack-induced volumetric strains.

In this study, it was determined that the crack initiation 
stress expressed by the deviatoric stress was defined at the 
point where the curve of depicting deviatoric stress σ1–σ3 
versus crack volumetric strain �c

v
 deviated from the horizon-

tal section, as detailed in Fig. 7. This horizontal segment was 
obvious, and thus it was easy to identify the point deviating 
from horizontal section. More specifically, the slope of the 
tangent in this horizontal section was zero. It should be men-
tioned that in the results of crack-induced strains presented 
in Figs. 2c and 12 the maximum of the crack volumetric 
strain was subtracted from these calculated strains to com-
pare them with other similar results.

4  Characteristic Stress Levels in True Triaxial 
Compression with Low Minimum Principal 
Stress

4.1  Characteristic Stress Levels and Their Strength 
Criteria

As the preceding sub-sections of this study have mentioned, 
the crack initiation stress can be determined by utilizing 
the TCVS and TLSR methods. Crack damage stress (σcd) 
is defined as the point where the total volumetric strain εv 
reversal occurs (as shown in Fig. 7). In other words, the 
crack damage stress (σcd) is the stress level at which the 
maximum total volumetric strain is attained. The maximum 
of the maximum principal stress is regarded as the peak 
stress. The crack initiation stress, crack damage stress and 
peak stress are summarized in Table 1. Table 1 presents the 
values of crack initiation stress calculated by both the TCVS 
method and TLSR method. It was found out that the results 

Fig. 6  Example of the method used to determine the crack initiation stress using ε3 response of the S10 sandstone specimen in true triaxial com-
pression. a Illustration of the TLSR method and b example of the result
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measured by these two methods were extremely consist-
ent. Therefore, this consistent behavior indicated that two 
aforementioned methods used to determine crack initiation 
stress were rational. In addition, the mean values from these 
two methods were used to investigate the characteristics of 
the crack initiation stress. In Table 1, σc (uniaxial compres-
sion strength) of granite, marble and sandstone were 141.50, 
175.11 and 184.17 MPa, respectively. It was noted that the 
ratio of the σci to σc was greater than 1.0 in most cases, 
which was much larger than that in the uniaxial compres-
sion (0.3–0.5) (Brace et al. 1966). The σci in true triaxial 
compression was also different from the constant devia-
toric stress form (σ1−σ3 = constant) in conventional triaxial 
compression (Martin 1997). Therefore, the influence of σ2 
on crack initiation stress should not be ignored. More spe-
cifically, Table 1 shows that the ratio of σci/σp witnessed an 
upward trend when the σ2 increased and the σ3 remained sta-
ble, although this ratio fluctuated gently when σ3 was equal 
to 0. In general, except for uniaxial compression, the ratio of 

σci/σp for granite varied from 0.43 to 0.59, while the figures 
for marble and sandstone were 0.34–0.72 (0.40–0.70 when 
σ3 = 5, 10 MPa) and 0.36–0.82, respectively. These figures 
also reflected the discreteness of the tested specimens. As 
granite had the best homogeneity, it also had the smallest 
variation of the ratio of σci/σp.

To establish the relationship between the crack initiation 
stress, crack damage stress and peak stresse and the cor-
responding stress states in true triaxial compression, it was 
proposed that these stresses be fitted by the parabolic func-
tion in the τoct–σoct domains, which was consistent with the 
modified Wiebols and Cook criterion presented by Zhou 
(1994). This criterion could be expressed as follows:

where σoct and τoct are the octahedral normal and shear 
stresses, respectively, and B, C, and D are the material 
constants.

(10)�oct = B + C�oct + D�
2
oct

Fig. 7  Example of the method 
used to determine the crack 
initiation stress using the crack 
volumetric strain of the S6 
sandstone specimen in true 
triaxial compression. a Stress–
strain relationship, b failure 
photo and c the relationship 
between crack-induced strains 
and strain ε1
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As shown in Fig. 8, it was significant that this criterion 
achieved quite good results except for the peak strength data, 
and the parameters are detailed in Table 2. Since the stress-
induced cracks emerged when the load exceeded the crack 
initiation stress, it was rational that the lines depicting the 
relations between the characteristic stress levels and the cor-
responding stress states were regarded as the different yield 
lines in the τoct–σoct domains. In terms of the yield-line types, 
there were three main kinds of functions (i.e., hyperbolic, 
parabolic and elliptic functions). Here, it was appropriate to 
use parabolic functions to fit these strength data. It was also 
noted that the parameters B, C, and D could be determined 
by rock strength under triaxial and biaxial tests. Based on 
the theory of plastic mechanics, the forms of yield functions 
should be identical in different loading states. However, it 
was obvious that the fitting parameters in Table 2 is discrete 
to some extent in the three types of hard rocks. This result 
may have been due to the unique brittle failure process and 
is discussed in detail in the following sections.

To achieve the better fitting results for all these data 
especially for the peak strength, the power–law relationship 
proposed by Chang and Haimson (2012) was used in the 
τoct–σm,2 domains, and this criterion was defined as follows:

 where σm,2 is the mean normal stress; and A and n are the 
material constants. The fitting results and parameters are 
presented in Fig. 9 and Table 2, respectively. Compared with 
the parabolic functions, the power functions acquired the 
better coefficients. It was found that the parameter A wit-
nessed an obvious upward trend with the increment of the 
damage while the parameter n decreased slightly as shown 
in Fig. 10. Although the values of the parameters were dif-
ferent in different types of hard rocks, the rate of the rise and 
decline were similar. Additionally, the fitting parameters A 
and n (A > 1.3, and n < 1.0) were generally located in the 
predicted range as suggested by Al-Ajmi and Zimmerman 
(2005).

4.2  Physical Meanings of the Parameters Fitting 
the Characteristic Stress Levels

As mentioned above, the forms of the parabolic functions, 
which were used for fitting the characteristic stress levels, 
should be the same. In other words, these functions should 
have the same parameters C and D except for the differ-
ent parameter B which represented the extent of the crack 
propagation, namely the degree of rock damage. In this 
study, the reasons why the parameters C and D varied with 
the evolution of progressive damage were mainly attrib-
uted to two factors: the discrete specimens and the unique 
brittle fracturing parallel to the σ1−σ2 plane. As for the 
discreteness of tested specimens, it was notable that the 

(11)�oct = A�
n

m,2

granite specimens had the best fitting coefficient followed 
by the marble specimens while the sandstone specimens 
had the worst fitting results as shown in Table 2, which 
indicated that the sandstone specimens were the most dis-
crete. This discreteness could be confirmed by the fact 
that the in-site zone where the sandstones were taken was 
located in complicated geological conditions. In terms of 
the influence of brittle fracturing on the parameters C and 
D, it was obvious that the dilation caused by the develop-
ment of the cracks mainly produced in the σ3 direction, 
which finally led to the failure plane being parallel to the 
σ1−σ2 plane. During this brittle fracturing process, the 
micro-cracks parallel to σ1−σ2 plane played a vital role and 
took control of the final failure plane, while other micro-
cracks only contributed to the increment of irreversible 
deformation in some localized zones of the specimens. In 
this manner, the failure of the specimens was not entire 
and sufficient, causing the scatter of rock damage. Moreo-
ver, it was significant that the value of the parameter D 
was so small in all situations that it could be ignored when 
analyzing the trend of the fitting curve. In this way, the 
modified Wiebols and Cook criterion would not only coin-
cide with the Drucker–Prager criterion but also be similar 
to the one suggested by Al-Ajmi and Zimmerman (2005) 
in which true triaxial strength data were modelled by the 
linear relationship between the τoct and σm,2. Therefore, the 
parameter C, as the most important factor in these criteria, 
would depend highly on the number of mean cracks in a 
unit volume and the critical value of crack initializing and 
propagating. If sufficient true triaxial test data regarding 
this failure mode and a technique which could be used 
to investigate the evolution of micro-crack propagation 
were available, a quantitative analysis of the relationship 
between the parameter C and the corresponding micro-
crack would be performed. On the other hand, the physical 
meanings of the parameters in the power function have 
been discussed in detail by Chang and Haimson (2012) 
and Al-Ajmi and Zimmerman (2005). They concluded that 
the parameters in the linear Mogi criterion could be asso-
ciated with the cohesion of the material and the angle of 
the internal friction appearing in the Coulomb criterion.

5  Discussion

5.1  Regarding Brittle Fracturing Process

In this study, the failure planes parallel to σ1–σ2 plane and 
adjacent to the σ3 loading surface were quite distinctive 
(Haimson and Chang 2002). More specifically, taking sand-
stone as an example, the fracture angle under the same σ3 
had almost no changes with the increase of σ2 as shown in 
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Fig. 4c, indicating the analogous failure mode. Therefore, 
with the variation of the failure angle of the tested speci-
mens, it was interesting that the failure behaviors could be 
divided into four types according to σ3, as shown in Fig. 11. 

Also taking sandstone, for example, the failure phenome-
non with σ3 = 0 and σ2 ≠ 0 exactly simulated rock fracturing 
at the tunnel boundary (Cai 2008). Within the surround-
ing rock after excavation in deep tunnel, the occurrence of 

Fig. 8  The relationship between the octahedral shear stress and the octahedral normal stress utilizing the parabolic function criterion. a Granite, 
b marble and c sandstone

Table 2  The fitting parameters 
of the two strength criteria

Material Items Parabolic function Power function

B C D r2 A n r2

Granite σci 4.2528 1.2295 − 0.0048 0.9646 1.5165 0.8503 0.9983
σcd 6.1389 1.3443 − 0.0042 0.9162 1.7056 0.8439 0.9933
σp − 2.3511 1.7083 − 0.0046 0.9003 1.9774 0.8324 0.9863

Marble σci 7.8882 0.9135 − 0.0015 0.9446 1.2606 0.8966 0.9949
σcd 14.1007 1.0039 − 0.0017 0.9152 1.5187 0.8703 0.9945
σp 58.9563 0.4087 0.0001 0.6984 1.9365 0.8319 0.9719

Sandstone σci 10.6608 1.1045 − 0.0031 0.8564 1.5718 0.8577 0.9794
σcd 5.57332 1.5153 − 0.0042 0.7544 2.0059 0.8254 0.9659
σp 15.8049 1.4895 − 0.0044 0.5049 2.3632 0.7960 0.9130
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Fig. 9  The relationship between the octahedral shear stress and the mean normal stress utilizing the power function criterion. a Granite, b mar-
ble and c sandstone

Fig. 10  The variation of the parameters in the power function criterion. a The parameter A and b the parameter n 
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rock fracturing would change, which corresponded to the 
variations of sandstone fractures with σ3 changing from 2 to 
10 MPa. To have a better understanding of the generation of 
these different brittle fracturing, it was meaningful to inves-
tigate the development of micro-cracks and fractures in true 
triaxial compression tests.

Crack-induced strains in the three principal stress direc-
tions can be calculated using the TCVS method. Since 
�
c
1
, �c

2
and �c

3
 reflected the extent of micro-crack develop-

ment (crack initiation, propagation and coalescence) in the 
corresponding directions, the fracturing process could be 
obtained through the comparison with the magnitude and 
characteristics of these crack-induced strains. Figure 12 sum-
marizes the relationship between the crack-induced strains 
and the strain ε1. In addition, the increase of the curve rep-
resented the dilation of the cracks in this direction, whereas 
the decrease showed the compression of the cracks. The area 
between the increase segment of the �c

v
 and x-axis ( �c

1
= 0 ) 

represented the initial crack volume existing in the tested 
specimens. Table 1 shows that the crack initiation stress gen-
erally occurred in the third loading stage, and thus micro-
cracks mainly developed in this stage. After analyzing the 
characteristics of crack-induced strains in the third loading 
stage, especially after the crack initiation stage, some signifi-
cant observations could be obtained as follows:

1. During the σ1 loading stage, �c
1
 remained nearly constant 

before rising rapidly. Compared with the trend of �c
1
 , �c

3
 

plummeted after it experienced a moderate decline. As 
for the �c

2
 , there were two different kinds of the trends. 

On the one hand, it kept steady during the whole process 
of σ1 loading. On the other hand, it underwent a general 
decrease, especially when the magnitude of σ1 exceeded 
crack damage stress which was also the turning point 
in the trends of both �c

1
 and �c

3
 . Therefore, the trends of 

crack-induced strains could be divided into two types: 
trends I and II as shown in Fig. 12a, b, respectively.

2. In terms of trend I, the �c
2
 remained stable, and the simi-

lar trend of �c
1
 could be found although the �c

1
 experi-

enced a slight increase after crack damage stress was 
reached. As for trend II, crack-induced strains increased 
only in the σ1 direction, while they decreased in the other 
directions. In addition, the decline of �c

3
 was much larger 

than that of �c
2
.

3. Compared with granite and marble specimens, the sand-
stone specimens had a larger area between the increase 
segment of the �c

v
 and x-axis ( �c

1
= 0 ). In other words, 

the sandstone specimens had the largest initial crack vol-
ume.

Based on the above important characterization, the unique 
fracturing process of the tested specimens was qualitatively 
illustrated. More specifically, the nearly constant �c

2
 in these 

two trends was verified by the failure plane parallel to the 
σ2 direction in true triaxial tests as shown in Fig. 11. Trend 
I presented that deformation was mainly characterized by 
crack propagation in the σ3 direction, and thus the develop-
ment of the micro-crack plane parallel to the σ1–σ2 plane 
accounted for this trend. In terms of trend II, the increase of 
�
c
1
 was due to a slight angle between the micro-crack plane 

and the σ1–σ2 plane. Due to this slight angle, the inclined 
micro-cracks relative to the σ1 were compressed to a certain 
extent when the tested specimens were loaded. Due to the 
fact that the decrease of �c

3
 was much larger than the increase 

of �c
1
 , this compression phenomenon in the σ1 direction was 

not quite more significant compared with the dilation in the 
σ3 direction. Therefore, it was the micro-crack plane nearly 
parallel to σ1–σ2 plane that mainly developed in tested 
specimens, thus leading to the relatively large failure angle 
as shown in Fig. 4. In most cases, the evolution of crack-
induced strains belonged to trend II as shown in Fig. 12c, d.

5.2  Regarding Spalling Strength of Surrounding 
Rock

As discussed in the previous section, it was proposed that 
the crack initiation stress in the laboratory uniaxial com-
pression test could be used as an estimate for the in situ 
spalling strength. Martin et al. (1999) concluded that the 
initiation of spalling, in varying rock mass types and con-
ditions, occurred when the maximum tangential boundary 
stress exceeded approximately 0.4 of the laboratory uncon-
fined compressive strength. Read (2004) summarized that 
the in-site compressive stress at the initiation of spalling on 
the tunnel wall was almost 0.5–0.6 of the uniaxial compres-
sive strength. Furthermore, with the usage of the coupled 
mechanical and thermal stresses, Andersson et al. (2009) 
showed that the rock mass spalling strength for Äspö diorite 
at the pillar wall ranged from 0.54 to 0.63 (mean 0.59) σc. 
One of the prominent problems was that these in situ stress 
thresholds, which were determined by direct investigation 
or back analysis, were the spalling strength of the excava-
tion surfaces. It was difficult to measure the stresses associ-
ated with the initiation of brittle failures at every location 
of the surrounding rock in deep tunnels. However, as shown 
in Table 1, it was notable that the crack initiation stress in 
the true triaxial compressive test was influenced by the σ2. 
Therefore, it would be better to consider the influence of the 
intermediate principal stress on the crack initiation stress 
when estimating the potential of spalling in the surround-
ing rock. In this way, the criterion was more appropriate to 
represent and evaluate the in situ stress-induced instability.

Moreover, Martin and Christiansson (2009) established 
the spalling assessment methodology in which the spalling 
strength was estimated by the laboratory crack initiation 
stress. Hidalgo and Nordlund (2012) concluded that the 
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failure process of spalling could be effectively analyzed by 
the strain data associated with the characteristic stress levels. 
Therefore, if field studies regarding the stress and strain evo-
lution of rock mass were available, a comparative analysis of 
the laboratory test and field data could then be performed.

6  Conclusions

In this study, the loading condition of low σ3 and relatively 
high σ2 resulted in the brittle fracturing of hard rocks. The 
stress–strain curves and failure behaviors of the specimens 
were examined in the true triaxial compression, for the pur-
pose of studying characteristic stress levels and brittle frac-
turing process of the tested specimens of hard rocks.

The following conclusions were drawn:

1. The biaxial loading stage and σ1 loading stage could be 
easily distinguished in the stress–strain curves depicting 
the ε2. In these curves, the stress drop after the post-peak 
stage was found to be extremely obvious, which indi-
cated that these hard rocks were mainly characterized 
by the brittle failures.

2. The crack-induced volumetric strain (TCVS) method and 
lateral strain response (TLSR) method could be used to 
determine the crack initiation stress in true triaxial tests. 
The crack initiation stress, crack damage stress and peak 
stress could be fitted by both the parabolic function in 
the τoct–σoct domains, which coincided with the modi-
fied Wiebols and Cook criterion, and the power function 

Fig. 11  The typical failure behaviors of sandstone specimens in true triaxial compression. a Failure photos and b sketch of the failure modes
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in the τoct–σm,2 domains. It was also observed that the 
former fitting parameters may be associated with the 
evolution of the induced cracks.

3. The failure planes in true triaxial compression with low 
σ3 were adjacent to the σ3 loading surface and almost 
parallel to the σ1–σ2 plane, and they were affected by 
the σ2. The fracture angle of the tested specimens var-
ied from 70° to 89°, which indicated that the influence 
of the σ2 was limited. The brittle fracturing process of 
the specimens could be interpreted by the crack-induced 
strains in the three principle stress directions.
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