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Abstract 

Freezing point and unfrozen water content are key parameters in modeling the heat and 

mass transfer under the cyclic change of atmosphere temperature. It is theoretically revealed 

the relation between the measured pore pressure and true pore pressure with physicochemical 

interactions. A new generalized Clapeyron equation is derived, which addresses the 

relationship among the measured pore water, ice-liquid capillary pressure and pore solution 

concentration for the frozen soil. The generalized Clapeyron equation is applied to derive the 

expressions for the freezing point and unfrozen water content in frozen soils at various 

thermodynamical conditions. The freezing point of soil is calculated and compared with the 

experimental results, showing that the freezing point depression becomes more pronounced 

as water content decreases and solution concentration increase. It is also shown that the NaCl 

solution with relatively high concentration in soil pore approximates the ideal dilute solution 

while Na2CO3 and some other solutions in soil are significantly different than the ideal dilute 

solution. Upon assuming the unfrozen water content is only determined with the capillary 

pressure, the Clapeyron equation links the soil water characteristic curve into the soil freezing 

characteristic curve. The unfrozen water content in the saline frozen soil and the frozen soil 

under overburden pressure is also calculated according to the expression derived from the 

generalized Clapeyron equation. 

1. Introduction 

In seasonally frozen area, the ground is subjected to freezing and thawing cycle due to the 

cyclic change of atmosphere temperature. As the frozen soil is of extremely low hydraulic 

conductivity comparing to the unfrozen soil, sometimes it is viewed as an impermeable layer 

to barrier against water and hazardous waste (McCauley et al., 2002). Hence, it is very 

important to estimate the freezing point of the soil to judge whether the soil is frozen or not. 

In general, the freezing point of soils depends on the size of soil pores, water content and 

solute content (Kozlowski, 2009). However, a unified method or expression for estimating 

the freezing point of frozen soils has yet to be developed. Different from the freezing of bulk 

water, the soil cannot be totally frozen and there is always a certain amount of unfrozen water 

coexisting with the ice in soil pores (Derjaguin & Churaev, 1978; Dash, 1989). In spite of low 
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hydraulic conductivity, the unfrozen water provides the path for water migration in frozen 

soils (Watanabe & Flury, 2008). Hence, the unfrozen water content is a key parameter that 

should be accurately determined to estimate the hydraulic conductivities, which is influenced 

by temperature, solute content and pressure. The water migration in frozen soil indeed 

redistributes the water content in soils similar with those in unsaturated soils (Harlan, 1973) 

and leads to the frost heaving and some ground landforms (Kessler & Werner, 2003; Matthew, 

T. B., 2012). In saline area, the water migration accompanied by solute transfer also 

influences the freezing point and unfrozen water content (Panday & Corapcioglu, 1991). 

Under proper thermal and mechanical conditions, various phases of substances may 

coexist in equilibrium in the pore space. In particular, one of the equilibrium conditions is the 

so-called Clapeyron equation, which arises from the requirement that the chemical potentials 

of water and ice be equal at coexistence. In the equation of chemical potential equilibrium, 

ice pressure, water pressure and temperature are related for the frozen soil. The original 

Clapeyron equation assumes that the pressures of ice and water are equal to each other (e.g., 

Atkins & de Paula, 2006). Hudson (1906) studied the relationship among water pressure, ice 

pressure and freezing point in various cases, and found that the change of water pressure may 

be different from the change of ice pressure. Edlefsen & Anderson (1943) generalized 

Hudson’s work to evaluate the free energy of the pore water in equilibrium with the pore ice 

in the soil. Loch (1978) presented a generalized Clapeyron equation which relates pore water 

pressure, pore ice pressure and the temperature. Black (1995) derived a differential form of 

the generalized Clapeyron equation presented by Loch (1978). The generalized Clapeyron 

equation was later used to model frost heave and evaluate the ice lens formation in soils by 

many scholars (Gilpin, 1980; O’Neill & Miller, 1985; Sheng et al., 1995; Thomas et al., 

2009). Scholars also used the generalized Clapeyron equation to study the water retention 

characteristics of frozen soil and model water and heat transfer in frozen soils (Spaans & 

Baker, 1996; Hansson et al., 2004; Watanabe & Flury, 2008; Dall'Amico et al., 2011; Liu et 

al., 2011; Azmatch et al., 2012; Kurylyk & Watanabe, 2013; Painter & Karra, 2014; Ma et al., 

2015).  

Although the Clapeyron equation has been widely used, the hydrological and mechanical 

significance of water pressure in this equation are yet to be further explored. In the early 
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period of development, the definition of pore water pressure largely originated from the 

generalization for the concept of water potential, which is commonly used in the field of soil 

science. Buckingham (1907) firstly introduced the concept of capillary potential which was 

supposed to drives the water flow in the soil pores. However, Edlefsen & Anderson (1943) 

and Day (1942) argued that the adsorbed water due to the adsorptive force between soil grain 

and water also drove the water flow at low saturation. Day (1942) identified the potential of 

the pore water at low saturation as the partial molar Gibbs free energy of water, which 

includes the adsorptive effect among others. Since the 1990s, the theory of premelting 

dynamics precisely tackled the liquid film-ice system and found that both capillary and 

adsorption are related the pressure difference between ice and water (Wettlaufer, 1997, 2006; 

Rempel, 2007, 2012). However, in the fields of hydrology and soil science, we sometimes are 

more concerned with the pore water pressure that drives water flow. As soil pores are too 

small, it is impossible to directly detect the properties of water in a pore. In most situations, 

we measured the soil pore water pressure from a reservoir which is connected to soil when 

the soil-reservoir system is in equilibrium. Although the waters in soil and reservoir have the 

same chemical potential, they suffer different pressure because the physicochemical 

interaction between water and solid wall varies in soil and reservoir (Gonçalvès et al., 2010). 

Another issue is about the solute effect in soil solution. Indeed, it is commonly believed 

that the total water potential includes osmotic potential, i.e., solute effect (Hillel, 1980; Tyree, 

2003). However, the effect of solutes on the phase equilibrium has not been explicitly 

addressed in many forms of the Clapeyron equation (Edlefsen & Anderson, 1943; Loch, 1978; 

Williams & Smith, 1991; Black, 1995; Henry, 2000; Wettlaufer & Worster, 2006; Kurylyk & 

Wantanbe, 2013). Henry (2000) pointed out that the pore water pressure in the Clapeyron 

equation includes two parts: one is the osmotic pressure, representing the effect of solutes, 

and the other accounts for the total contribution of other effects. Because of the ignorance of 

solute effect, the application of the Clapeyron equation is limited. Many researchers focused 

on the freezing point depression caused by water content but ignored the influence of solute 

and overburden pressure on freezing point depression (Dall'Amico et al., 2011; Kurylyk & 

Wantanbe, 2013; Painter & Karra, 2014). The Clapeyron equation is also used to relate the 

curve of temperature-unfrozen water content (SFCC) and the curve of capillary 
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pressure-water content (SWCC) (Spaans & Baker, 1996; Watanabe & Flury, 2008; Liu et al., 

2011; Azmatch et al., 2012; Kurylyk & Watanabe, 2013). However, most of these works only 

compare SFCC and SWCC for non-saline soils without overburden pressure. It is preferable 

to extent the SFCC from non-salinity condition to salinity and overburden condition to 

broaden the application of the Clapeyron equation. Therefore, a new version of Clapeyron 

equation needs to be developed to characterize the solute effect. 

In this paper, a new version of Clapeyron equation is developed for the phase equilibrium 

of frozen soils, based on the concept of chemical potential recently proposed by Wei (2014). 

Within this context, all the effects of solute, overburden pressure, capillarity and adsorption 

are explicitly addressed, and the concept of pore water pressure is clarified. The generalized 

Clapeyron equation was then applied to calculate the freezing point and the unfrozen water 

content of saline frozen soils under various pressure conditions.  

2. Composition and implication of pore pressure 

In water-saturated soils, significant physicochemical interactions generally occur among 

mineral surfaces, water dipoles, and electrically charged species. These surface forces include 

the surface tension between two phases and the adsorptive forces stemming from the 

physicochemical interactions among various phases, including electrostatic forces, van der 

Waals attraction, double-layer repulsion, and so on (Mitchell and Soga, 2005). These 

interactions can modify the potential energies of pore fluids and its species, so that a fluid or 

a species in the pores has a potential energy different from the fluid otherwise free of the 

surface forces under the same thermodynamic condition. From this point, if the fluids in pore 

and bulk phase are in equilibrium of potential energy, they must suffer different 

thermodynamics conditions, e.g., different pressures at a given temperature (Nitao & Bear, 

1996, Gonçalvès et al., 2010). 

To characterize the microscopic interactions associated with interfaces, Wei (2014) 

proposed that the free energy of the pore liquid (water solution) can be decomposed into two 

components, i.e., the free energy of the water solution free of surface forces, and the surface 

potential accounting for the surface forces in the pores. The surface potential (denoted by l ) 

is defined as the negative specific work done against the surface forces during the movement 

of an infinitesimal amount of the water solution, in a thermodynamically reversible manner, 

from a reservoir to the soil pores at the same state characterized by temperature T , the mass 
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density of the liquid solution l , and the mass fraction of species klC ( kl denotes species k 

in the pore liquid l ). In this context, the chemical potential of a species, kl , in the pore 

liquid can be generally expressed as  

lnk k kl l l l k

k k

RT
a


    

m m

F
          (1) 

where kl
 is the chemical potential of the species at its pure state, which is a function of T  

and lp , the liquid pressure; R  the universal gas constant; kla  the activity of the species; 

F  the Faraday’s constant; 
km  and 

k  are the molar mass and the valence of the species, 

respectively;   the local electric potential induced by the heterogeneously distributed 

electric charges in the pores. In general, the surface potential, l , is a function of T , ln  

(the volume fraction of the pore liquid), klC  and 0  (the collection of porosity, fixed 

charge density, ionic type, valence number, and so on).  

Now consider a thermodynamic system as shown in Fig. 1, in which a body of a 

water-saturated soil is hydraulically connected with a reservoir containing a solution of the 

same compositions as the water solution in soil pores. In the following, for clarity, the 

solutions in the reservoir and in the soil pores are denoted as the reservoir solution and the 

pore solution, respectively. When the system achieves a thermodynamic equilibrium, the 

reservoir solution is called the equilibrium solution. In equilibrium, the chemical potential of 

any species must be the same between the reservoir solution and the pore solution at the same 

elevation, and in particular, H O H O2 2
l l

R  , where H O2
l

R  and H O2
l

 are the chemical potentials 

of the solvent (H2O) in the reservoir and the pores, respectively, and  

H O H O H O2 2 2

H O2

2

0
0

H O

( , ) ln
l

l l lR
R Rl

p p RT
T p a 







  

m

         (2) 

H O H O H O2 2 2

H O2

2

0
0

H O

( , ) ln
l

l l l l

l

p p RT
T p a 







   

m

       (3) 

where 0p , l

Rp  and 
lp  are the reference pressure, the equilibrium solution pressure and the 

pore solution pressure, respectively; H O2
l

  is the mass density of pure water. l expresses 

the interaction between water and solid particles in soils. If the soil minerals are electrically 

charged (usually negative charged), they must attract more positive ions to keep electrically 
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neutral in soil than in reservoir, leading to the difference of solvent activity in soil H O2
l

a  and 

reservoir H O2
l

Ra .  

After some manipulations, one obtains from the above equilibrium condition that 

 H O2
ll l l l

R R Dp p p                    (4) 

where   is the generalized osmotic pressure, accounting for the strength of 

physicochemical interactions, and 
D  is Donnan osmotic pressure (Mitchell and Soga, 

2005, Wei, 2014), given by 

H O H O2 2

H O2

2H O

ln

l l

R
D l

RT a

a


 

    
 m

              (5) 

Clearly, D  is equal to the osmotic pressure difference between the pore solution and the 

reservoir solution; both D  and   can be viewed as part of the pore solution pressure, 

which is of physicochemical origin and independent of any mechanical forces applied 

through a reservoir solution (say l

Rp ). Eq. (5) also shows that D  results from the solvent 

activity difference between the pore solution and the reservoir solution, which can be 

intrinsically attributed to the electrically charged nature of soil mediated by the condition of 

electrical neutrality (Mitchell and Soga, 2005; Gonçalvès et al., 2010; Wei, 2014).  

It is interesting to note that, among all the three components of the pore solution 

pressure (Eq. (4)), only the equilibrium solution pressure ( l

Rp ) is measurable. Indeed, in the 

common pore water pressure (PWP) measurements, what is monitored by a PWP transducer 

is just l

Rp . To follow the tradition of soil mechanics and hydrology, the equilibrium solution 

pressure ( l

Rp ) is called the pore water pressure hereinafter, whereas the pore solution 

pressure ( lp ) is termed as the true pore water pressure. Hence, Eq. (4) implies that the true 

pore water pressure is composed of the pore water pressure (measurable), the Donnan 

osmotic pressure and the additional pressure induced by surface forces. It has been 

theoretically shown that the additional pressure component accounts for the effect of 

capillarity, osmosis and adsorption. From a practical standpoint, one could either combine the 
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gradients of pore water pressure and solvent activity or use the gradient of true pore pressure 

to express the driving force of water transport (Wei, 2014). 

3. A generalized Clapeyron equation 

For a frozen soil in thermodynamic equilibrium, it requires that the chemical potential of 

any species be continuous across the interface between two bulk phases. In particular, the 

solvent (i.e., H2O molecules) in the pore solution and the pore ice have the same chemical 

potential, i.e., H O H O2 2
l i

  , where H O2
l

  and H O2
i

  are the chemical potential of soil pore 

water and pore ice. (Here the pore ice is simply considered as the crystallized pure water). 

Assuming that the pore water is incompressible and its latent heat is constant, one has  

H O H O H O2 2 2

H O2

2

0
0 0

0 H O

( , ) ( , ) H ln ln
l

l l ll l l

l

p pT RT
T p T p a

T
 






  
     

  m

     (6) 

where 
0T  is the freezing point of the pure water under a reference state, characterized by 

pressure 
0p  and temperature 0T , and for convenience, one can assume 0 273.15 KT   and 

0 101.3 kPap  ; Hl  is the enthalpy of water. Similarly, for the pure ice,  

H O H O2 2

H O2

0
0 0

0

( , ) ( , ) H ln
i

i ii i

i

p pT
T p T p

T
 






  
   

 
      (7) 

where Hi  and H O2
i

  are the enthalpy and the mass density of the pore ice, respectively. 

Note that H O H O2 2
l i

   , at the reference state. 

Because 0p  is equal to the atmospheric pressure, it can be simply removed from Eqs. (2), 

(6) and (7) without loss of clarity. Hereinafter, lp , l

Rp  and ip  refer to the relative pressures 

to the atmospheric pressure. The equilibrium condition from Eqs.(6) and (7) yields 

H O2

H O H O2 2

20 H O

ln ln
i l

l l

i l

p pT RT
a

T   

  
        

   m

L         (8) 

where L  ( H Hl i  ) is the heat of fusion, i.e., the latent heat released from the 

crystallization of water. Eq. (8) is a generalized Clapeyron equation. If the change of the 

freezing point is small, the left-hand side can be approximated as 0T TL , where 
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0( )T T T    is the suppressed freezing point, i.e., the degree of undercooling. Eq. (8) 

clearly shows that the degree of undercooling depending not only upon true pore water 

pressure and pore ice pressure, but also upon the water activity and the physicochemical 

interactions between the solid matrix and the pore solution.   

Substituting Eq. (4) into Eq. (8), one can derive  

H O2

H O H O2 2

20 H O

ln
i l

lT R
Ri l

p p RT
a

T   

 
   

 
 m

L
          (9) 

Here, the depression of the freezing point is assumed to be infinitesimally small. Eq. (9) is 

another form of the generalized Clapeyron equation, which correlates pore water pressure 

( l

Rp ), water activity ( H O2
l

Ra ), pore ice pressure ( ip ) and temperature (T) together. It is 

remarkable that, in contrast to lp and H O2
l

a  in Eq. (8), here l

Rp and H O2
l

Ra are measurable, 

since they are simply the properties of the equilibrium solution.  

At this point, however, there exists a very important but subtle point yet to address. In 

measuring the pore water pressure through the setup shown in Fig. 1, when the temperature 

dropping down below the soil freezing point, the reservoir solution could be freezing first, 

compared to the pore solution. To resolve this issue, one may add a certain amount of some 

chemical agent (say a protein) into the reservoir solution to depress its freezing point, and a 

semi-permeable membrane is installed between the soil and reservoir (Fig. 2). The membrane 

is supposed to be impervious to the chemical agent but pervious to all the other species in the 

solution. As a matter of fact, Fig. 2 shows a physical measurement strategy for the pore water 

pressure l

Rp of frozen soil. Let l

rp and H O2
l

ra be the reservoir solution pressure and the 

activity of the solvent, respectively. Following the same procedure in deriving Eqs. (4) and 

(5), one can show that in equilibrium,  

H O H O2 2

H O2

H O2

2H O

ln

l l
ll l lr

r l

RT a
p p

a





 
     

 m

         (10) 

Here it is important to note that the reservoir solution is not the equilibrium solution, even 

when the whole system in Fig. 2 is in equilibrium. Accordingly, l

rp is not the pore water 

pressure (i.e., the equilibrium solution pressure) as defined above. In fact, due to the 
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existence of the semi-permeable membrane, which confines the chemical agent transport, an 

additional osmotic pressure is generated in the reservoir. Subtracting Eq. (4) from Eq. (10), 

one obtains 

H O H O2 2

H O2

2H O

ln

l l

l l r
R r l

R

RT a
p p

a


 

    
 m

         (11) 

which provides a procedure to determine the pore water pressure ( l

Rp ) in a freezing soil, in 

which l

rp can be directly measured, while H O2
l

ra  and H O2
l

Ra  can be evaluated for the 

reservoir solution and equilibrium solution. 

 Here it is assumed that the equilibrium solution is ideal and dilute. Hence, one has 

H O2

H O2

2H O

ln

l
l

R

RT
a cRT

  
m

         (12) 

where c is the molarity of the equilibrium solution [mol/L]. For a dilute solution, H O2
l


 is 

approximately equal to the mass density of the water solution. Hence, H O2
l


and l  will be 

used interchangeably in the following. Although Eq. (12) is obtained from idea dilute solution, 

it can also be formally applied to non-idea dilute solution, as long as the molarity c is 

modified for the real solution. 

Under the unfrozen condition, capillary pressure (also called matric suction in some 

literatures) in a partially saturated soil is defined as a l

M Rs p p  , where ap  is the air 

pressure in soil. Analogously, the ice-liquid capillary pressure for a frozen soil is defined as 

i l

M Rs p p            (13) 

Ice pressure 
ip  is assumed to be equal to atmospheric pressure and overburden pressure in 

unsaturated and fully saturated conditions, respectively. 

Substituting Eqs. (12) into Eq. (9) and using Eq. (13), after some rearrangements, one 

obtains 

   0 1i

MT T p s cRT                (14) 

where H O2

0 1.23MPa C
l

T   oL  and H O H O2 2= 1.09
l i

     . 
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In this paper, it is suggested herein that the variation of capillary pressure 
Ms  is mainly 

induced by the variation of water content w  (unfrozen water mass / soil particle mass), so 

that one can approximately write d ( / )dM Ms s w w   . The relationship between unfrozen 

water content w and temperature T (SFCC) is frequently introduced to characterize frozen 

soils. As discussed above, 
Ms  depends upon T only through w. Thus,  

d d dd

d d d d

M M M
T

s s sw
w

T w T w
            (15) 

where =d dTw w T , the slope of the SFCC curve. 

In the case that pore ice pressure and concentration remain zero, taking the derivative of 

Eq. (14) with respect to temperature, one obtains           

d

d

Ms

T
               (16) 

Substituting Eq. (16) into Eq. (15) yields  

d dM

T

s w
w


 


           (17) 

Eq. (17) implies that the relationship between capillary pressure Ms  and unfrozen water 

content w  (SWCC) for a frozen soil can be inferred from the SFCC in the condition of 

0c  and 0ip   or vice versa, as has been well recognized before (Spaans & Baker, 1996; 

Liu et al., 2011; Azmatch et al., 2012). In general, Ms  depends upon pore solution 

concentration c  and ice pressure ip . For example, solution concentration may affect the 

intermolecular interactions between the ice and sediment particles across the intervening 

liquid films; ice pressure may change the porosity of soil. The changes of intermolecular 

interactions and porosity are expected to influence Ms . However, such the dependence on 

concentration and porosity is much weaker compared to the dependence on water content 

(Zhang et al., 2017), and will be neglected in the following derivations. That is to say, once 

we obtain the Ms - w  relationship in the condition of 0c   and 0ip  , we can apply this 

Ms - w  relationship to the cases with variable c  and ip , as will be shown in section 5.  
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4. Freezing Point Depression 

4.1 Theory 

The freezing point of soil is the temperature at which the soil pore water begins to freeze. 

The accurate estimation of freezing point of soil is very important in the fields of engineering 

(Lai, et al., 2014), material (Deville, et al., 2007), earth science (Peppin & Style, 2013), etc. 

Due to the physicochemical effect, the freezing point of pore water is lower than that of bulk 

pure water, and the phenomenon of the freezing point depression appears. Sufficient 

experimental data have shown that the freezing point depression in soils is usually related to 

the size of soil particles (or pore size), water content and solute content. In this section, we 

will analyze the key factors that influence the freezing point depression based on the 

proposed generalized Clapeyron equation. 

In a freezing and thawing experiment of a water-saturated soil, the pore solution 

concentration is variable, even though the total mass of solute remains unchanged. Hence, it 

is convenient to express the relative amount of solute with the mass solute content C , which 

is defined as c sC m m , where cm  and sm  are the mass of the solute in the equilibrium 

solution and the mass of the soil grains, respectively. In experiments, cm  can be obtained by 

measuring the solute mass in the filtrate from soil-water mixture or the solute mass that is 

added into the initial soil samples (if the soil has been washed before the experiment). Clearly, 

in either case, the molarity of the equilibrium solution can be determined via  

ln C
c

w




M

             (18) 

where n  is the number of particles (molecules or ions) released by a solute molecule, M  

the molar mass of the solute, and l  the mass density of pore solution. For dilute solution, 

H O2 1000
ll    kg/m

3
.   

If the pore ice pressure is constant, substituting Eq. (18) into Eq. (14), then taking the 

differential, one can finally derive  

2
d d d

l l l

T

n RC n RCT n RT
T w C

w w w w

   


  
     

   M M M

       (19) 
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where Eq. (17) is used. In this case, the freezing point can be considered as a function of w 

and C. As a consequence, Eq. (19) can be cast into a perfect differential form as 

d d df fT w C   , from which one obtains  

2
( , )

l l

f

T

n RCT n RC
w C

w w w

  
 

   
        M M

      (20) 

and 

( , )
l l

f

n RT n RC
w C

w w

 
 

 
   

 M M

       (21) 

At the very beginning of a freezing process, T  and w  assume the values of fT  and 

0w , respectively, where fT  is the freezing point and 0w  is the total water content. When 

the soil is frozen, 0w  is the sum of unfrozen water and ice content; while the soil is unfrozen, 

0w  is just the water content of soil. At the very beginning of freezing, ice begins to penetrate 

into pores but the ice content is approximately zero. 

Because fT  is generally unknown, it must be inferred from the reference state, where the 

freezing point is generally known. By integration, one can obtain the freezing point as 

 
0 0

0

, ,

0
, ,

, ( , )d ( , )d
ref

ref ref ref

C w C w

f ref f f
C w C w

T C w T w C w w C C          (22) 

where refC , refw  and refT  are the solute content, the water content and the freezing point, 

respectively, at the reference state. We choose the bulk pure ice-water system under 

atmospheric pressure as the reference state, thus we have 0refC  , 273.15refT   K. At the 

reference state,  refw  and the curvature of ice-water interface is zero, so that the 

reference capillary pressure refs  is zero. 

Interestingly, when 0oC C  , 1f Tw  , and it follows from Eq. (22) that 

0

0

1
d 


ref

w

f ref
w

T

T T w
w

         (23) 

where 0fT  is the freezing point of soil in the condition of 0ip   and 0C  . Substituting 



 

 

© 2018 American Geophysical Union. All rights reserved. 

Eq. (17) into Eq. (23), one has 

 0 0

1


  f ref M refT T s s          (24) 

where 
0Ms  is the capillary pressure when water content is 

0w  at the very beginning of 

freezing. Kurylyk and Wantanbe (2013) also derived an equation essentially analogous to Eq. 

(24).  

Actually, Eq. (24) is just a generalized form of the Gibbs–Thomson equation. Let us 

consider a fully saturated soil contacting with a piece of ice. Ice will penetrate into soil pores 

if the curvature radius of water-ice interface becomes smaller than the effective pore radius 

(Peppin & Style, 2013). At the critical state when ice begins to penetrate into soil pores, the 

capillary pressure is determined by Young-Laplace equation 0 2M iw ps r , where  iw  is the 

ice-water surface energy and pr  is the effective pore radius (water-ice interface is assumed 

to be spherical). The reference variables are 0refs  and 0refT T . Substituting these 

expressions into Eq. (24) and considering H O2

0 
l

TL  give the standard form of 

Gibbs–Thomson equation (Peppin & Style, 2013): 

H O2

0
0 0

2 



  iw
f l

p

T
T T

rL
          (25) 

However, once the soil is unsaturated, 0Ms  must be determined by the curve of capillary 

pressure-water content (SWCC) rather than the Young-Laplace equation. We borrow the 

SWCC model presented by Brooks and Corey (1964) to relate the capillary pressure 0Ms  to 

the water content 0w : 

  0
0

 
   

 

B

M
S R R

b

s
w w w w

s
        (26) 

where Sw and Rw  are water contents at full saturation and drying limit, respectively; bs  is 

air entry value; B  is an index. Assuming 0Rw  in the way of the Black & Tice (1989) 

gives 
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1

0 0b B

Ms w           (27) 

where 1b  B

b Ss w . This is for the ice-free case. However, when a soil begins to freezing at 

0w , ice begins to form and thus we should improve the expression of b . Let us consider two 

extreme conditions, e.g., fully saturated soil in ice-free and air-free conditions. In the fully 

saturated condition, 
0  Sw w  and M bs s . In ice-free case, the air entry values is 

2b aw ps r , where  aw  is the air-water surface energy; In air-free case, the ice entry value 

is 2b iw ps r . Because 2.2  aw iw ( Black & Tice, 1989; Kurylyk & Wantanbe, 2013), 

we can get 1 2.2b  B

b Ss w  for fully saturated air-free case. In a more general condition, ice 

and water coexists at unsaturated water content 0w  when soil begins to freezing. In this 

condition, the ratio may not be 2.2 (Kurylyk & Wantanbe, 2013) and b  should be expressed 

in a more generalized form 1b   B

b Ss w , where   is a conversion coefficient. 

Considering 0refs  and 0refT T  and then substituting Eq. (27) into Eq. (24) yields: 

1

0 0 0

1
b


  B

fT T w         (28) 

Although b  and B  are introduced from SWCC, we did not attempt to determine these two 

parameters from SWCC, but we just determine them by ‘curve fit’ (least square method) to 

the experimental data of 0fT  and 0w  using Eq. (28), hereinafter. 

4.2 Freezing point depression for saline soil 

Fig. 3 shows a representative cooling curve for a freezing soil. When a piece of soil is 

cooled, the soil temperature above 0℃ is gradually becoming lower than 0℃, and the soil is 

turning into the metastable state of supercooling (without ice nucleation). Once the ice 

nucleation initiates, the latent heat released by solidification of water increase the soil 

temperature to its freezing point fT . As the cooling continues, the soil temperature keeps at 

fT  for a while and then decreases gradually. From the cooling curve, one can obtain the 
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freezing point at the temperature plateau after nucleation initiation (Kozlowski, 2009).  

Bing & Ma (2011) used the cooling curve method to measure the freezing point of 

Lanzhou loess with variable solute content and water content. Fig. 4 shows the freezing point 

0fT  of natural Lanzhou loess (without manually adding solute into soil) for different total 

water contents 
0w  (Bing & Ma, 2011). The calculated curve using Eq. (28) is also exhibited 

in this Fig. 4 for comparison. It can be seen that Eq. (28) can well capture the characteristics 

of the relationship between freezing point and water content. The experimental data shows 

that 0fT  is always lower than 0T , 0℃, even 0w  approaches the saturated water content. 

We think there are two reasons for this phenomenon. As the freezing point is measured when 

ice and water coexists, the minimum capillary pressure is the ice-entry value 2b iw ps r . 

Because of the Gibbs-Thomson effect (Eq. 25), 0fT  is lower than 0℃. Another reason is that 

there is some amount of impurity in the natural Lanzhou loess which lowers the freezing 

point. 

If the water content remains unchanged, Eq. (19) becomes an ordinary differential 

equation (ODE), i.e., 

0 0

d

d

l l
f f

T n RT n RC

w wC

 

 

   
 M M

         (29) 

Noting that 0f fT T  at 0C  , one can solve Eq. (29) and obtain  

0 0

0

f

f l

w T
T

n RC w



 




M

M

         (30) 

If the solute transports in the form of convection and diffusion, the solute concentration 

must be solved from the mass conservation equation. In this paper, we consider a closed 

system, in which the solute does not move relative to the pore skeleton so that the solute 

concentration changes as the water content changes. It follows from Eq. (18) that 

0 0

lc n C Mw , where 0c  is the molarity at the very beginning of freezing. Now Eq. (30) 

can be cast into 
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0 0

0

l
f

f f f c

RT n C
T T K c

w




   

M

       (31) 

where  

0f

fc

RT RT
K

 
          (32) 

Eqs. (30) and (31) describe the relationship among the freezing point, the water content and 

the solute content of frozen soils.  

Bing and Ma (2011) determined the freezing point of Lanzhou loess with variable NaCl 

solution and total water contents (Fig. 5). For NaCl, 58.5M  g/mol, 2n  . The freezing 

point for a specified NaCl content and total water content is calculated using Eqs. (30) and 

(31), based on the experimental data of 0fT  presented in Fig. 4. The calculated and 

experimental results of the freezing point are shown in Fig. 5, showing that both results agree 

quite well with each other.  

Substituting Eq. (28) into Eq. (30), one obtains the relationships between the freezing 

point and the water content for different NaCl contents, as shown in Fig. 6, which clearly 

shows that the calculated and experimental results agree well with each other. Fig. 7 depicts 

the relationship among the freezing point, the NaCl content and the water content for 

Lanzhou loess. 

Good agreement between the calculations and experimental data implies that a NaCl 

solution in the soil can be practically considered as an ideal dilute solution over a certain 

range of concentration. In general, however, the assumption of ideality is not necessarily 

applicable. Fig. 8 depicts the relationships between the freezing point and the salt content for 

different total water contents for the Lanzhou leoss saturated with the Na2CO3 solution (Bing 

& Ma, 2011). In calculation, the equilibrium solution is assumed as ideal and dilute. It can be 

clearly seen from Fig. 8 that the calculated freezing temperatures deviate significantly from 

the experimental data, and the discrepancy increases as the molarity increases.  

To explain the discrepancy, we suggest that ion CO3
2-

 may combine some impurities such 

as Ca
2+

 and Mg
2+

 in the natural soil and precipitate as a solid, so that the real molarity is 

lower than the calculated molarity. Consequently, the real freezing point is higher than the 
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calculated freezing point. Because ion Na
+
 can coexist with almost all negative ions in the 

liquid phase, we consider an extreme case where the effect of CO3
2-

 is neglected, whereas ion 

Na
+
 is considered as an ideal species, and then calculate the freezing point again. The results 

are presented in Fig. 9, where it can be seen that the calculations agree much better with the 

experimental results, though the discrepancy is still significant. The discrepancy in Fig. 9 

implies that Na
+
 is not ideal solute in some solutions such as the Na2CO3 solution. 

The discrepancy in Fig. 8 and Fig. 9 can also be attributed to the fact that ion CO3
2-

 has 

larger attraction than Cl
-
 on Na

+
, which can lower the activity of solvent, so that the water 

solution is no longer an ideal dilute solution. To address the non-ideality of pore solution, an 

effective molarity is needed. The effective molarity must meet the following requirements: as 

the concentration tends to zero, the effective molarity approaches toward the real molarity, 

and the variation of effective molarity with the concentration approaches toward 1, i.e., 

0
0

0
lim e
c

c c


           (33) 

0 0
0

d
lim 1

d

e

c

c

c
           (34) 

where ec  is the effective molarity. 

Based on the requirements by Eqs. (33) and (34), we present the following logarithmic 

form of the effective molarity:  

0ln 1e

c
c k

k

 
  

 
         (35) 

where k  [mol/L] is the coefficient of effective molarity. Fig. 10 shows the relationship 

between molarity and effective molarity with different value of k . 

Because the activities of different species are generally different, Eq. (31) can be 

generalized as: 

0f f f c ei

i

T T K c           (36) 

where eic  is the effective molarity of i-th solute particle (ion or molecule). In the case that 

all the species are ideal, k    and Eq. (36) is equivalent to Eq. (31). In some cases, the 

soil may contain several different solutes. If we assign the same value of k for all the solutes, 
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the coefficient of effective molarity represents the combined effect of these different solutes. 

In calculating the effective molarity for the Na2CO3 solution in Bing & Ma (2011)’s 

experiment, k  is assigned a value of 0.7 mol/L for both Na
+
 and CO3

2-
. The calculated 

freezing point curve is presented in Fig. 11, where the experimental data are also given for 

comparison. It can be seen that the calculated freezing temperature curve agrees much better 

with the experimental result compared to the results in Fig. 8 and Fig. 9. Combining Eq. (28) 

and Eq. (36), one can draw the curves of the freezing point for different total water contents, 

which are presented in Fig. 12. It is shown that the agreements between experimental and 

calculated results are reasonably good. Fig. 13 shows the three-dimensional diagram of the 

relationship among the freezing point, the Na2CO3 content and the water content in the frozen 

Lanzhou loess. 

Remarkably, other than NaCl and Na2CO3 solutions, K2SO4 and K2CO3 solutions are also 

used as the saturating fluids in Bing and Ma (2011)’s experiments. The related experimental 

results are quite similar to those for the case of the Na2CO3 solution, implying that these 

solutions are not ideal. In addition, the proposed model seems to significantly underestimate 

the freezing points in all these cases. With some modifications via Eq. (35), however, the 

model calculations agree reasonably well with the experimental results. 

5. Unfrozen Water Content in Frozen Soils 

Owing to the surface adsorption, there is liquid water persisting between the ice and 

mineral surface at the temperature lower than freezing point of bulk water. (Derjaguin & 

Churaev, 1978; Dash, 1989). The unfrozen water content in frozen soil significantly 

influences the mechanical properties and hydraulic conductivity of the frozen soil (Rempel, 

2007). As the unfrozen water content is sensitive to temperature, the relationship between 

unfrozen water content and temperature, i.e., SFCC, is helpful to estimate the unfrozen water 

content. Experiments showed that the SFCC is largely influenced by the concentration of soil 

solution and overburden pressure. In this section, from the generalized Clapeyron equation, 

we present the methods to estimate the unfrozen water content of frozen soil at the conditions 

of solute and overburden pressure. 

5.1 Unfrozen Water Content in the saline Frozen soil 
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As discussed in section 4, the NaCl solution can be considered as an ideal solution within 

the range 0~3 mol/L. Such a feature of the NaCl solution can be used to check the variation 

of unfrozen water content in the saline frozen soil. Let 
0b  be the molality of the equilibrium 

solution (molecule) at the very beginning of freezing. In dilute solution, 
0c  is related to 

0b  

via 
0 0

lb c n , thus from Eq. (18) one can obtains 

0 0C b w M               (37) 

It is remarkable that, during the freezing process, the solute amount is constant and given 

by Eq. (37). Now substituting Eq. (37) into Eq. (18) yields 
0 0 0( , ) lc b w n b w w , i.e., c can 

be considered as a function of 0b  and w. Substituting c into Eq. (14) and taking the 

differential, and then using Eq. (17), one finally obtains after some manipulations, 

  0 0 0 0 0
02

d d d
l l ln RTb w n Rb w n RTw

f w w T b
w w w

  


   
     

   
     (38) 

where 

 
d

d

M

T

s
f w

w w


  


            (39) 

The Brooks & Corey model (1964) can also be introduced to express the relation of 

capillary pressure Ms  and unfrozen water content w . Hence, we replace 0w , Sw , 0Ms  

and bs  with w , 0w , Ms  and 0Ms  in Eq. (26) and obtain: 

 0

0

 
   

 

B

M
R R

M

s
w w w w

s
        (40) 

In the frozen non-saline soil at atmospheric pressure, ice pressure ip  and molarity c  

are 0. From Eq. (14), we can get  0 Ms T T . Then we can conclude that 

   0 0 0 0  M M fs s T T T T . Substituting this expression into Eq. (40) and assuming 

0Rw  give 
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0
0

0 0

B

f

T T
w w

T T

 
    

            (41) 

where 0w  is the water content at 
0f fT T . Eq. (41) is a SFCC that applies to the 

condition without solute and overburden pressure. Letting  0 0 0

B

fA w T T


   simplifies 

the model as 

 0 
B

w A T T             (42) 

Eq. (42) is the SFCC model adopted by Xu et al. (1985) and Black & Tice (1989). 

Using Eq. (42) and Eq. (39) yields 

 

1 B

Bw
f w

AB A




 
   

 
         (43) 

In the case that 0b  is constant (i.e., the solute content is constant), it follows from Eq. 

(38) that 

  0 0 0 0

2
d d

l ln RTb w n Rb w
f w w T

w w

 


   
    

   
       (44) 

which can be cast into  

 
d

,
d

w
g T w

T
          (45) 

where 

 
 

2

0 0

2

0 0

,
l

l

n Rb w w w
g T w

f w w n RTb w

 







         (46) 

Eq. (46) represents the differential expression of the SFCC for the frozen soil with variable 

solute content (molality of 0b ). 

The unfrozen water content w  is equal to the total water content 0w  when the soil 

begins to freeze at the freezing point fT T . Hence,  

0 , fw w T T               (47) 

Provided that fT  is given, the SFCC can be determined by solving Eq. (45) with the 

condition of (47). As an example, consider a particular case in which the equilibrium solution 
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is a dilute NaCl solution, i.e., 
0 0 wc b n  and it follows from Eq. (30) and Eq.(31) that  

0 0f f fbT T nK b            (48) 

where 
fbK  is the coefficient of the freezing point depression in terms of molality, and  

0

l

fb

RT
K




           (49) 

Nuclear magnetic resonance (NMR) is an easy and quick method to measure the unfrozen 

water content in frozen soil (Tice et al., 1981; Ishizaki et al., 1996; Tian et al., 2014). Xu et al. 

(1985) used NMR to measure the unfrozen water content and temperature for Morin Clay 

with different NaCl molalities. The experimental results are presented in Fig. 14. Fitting the 

experimental curve of the natural Lanzhou loess and using Eq. (42) gives the parameters A  

and B . Once the total water content 0w  is given, the unfrozen water content w  in saline 

frozen soil can be calculated by solving the ODE Eq. (45) with condition Eq. (47). We use the 

Improved Euler method (Butcher, 2003) to calculate w . The calculated result is also shown 

in Fig. 14, and clearly, the calculated results agree very well with the experimental data.  

In the case that the temperature remains unchanged (i.e., under the isothermal condition), 

Eq. (38) can be simplified as 

  0 0 0
02

d d
l ln RTb w n RTw

f w w b
w w

  
  

 
        (50) 

That is, 

 0

0

d
,

d

w
h b w

b
          (51) 

where 

 
 

0
0 2

0 0

,
l

l

n Rw wT
h b w

w f w n Rb w T







       (52) 

According to Eqs. (47) and (48), the definition condition is, 

0

0 0,
f

fb

T T
w w b

nK


             (53) 

Eq. (51) with condition Eq. (53) can be solved using the Improved Euler method. Both 
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calculated and experimental results are presented in Fig. 15, showing that both results agree 

with each other reasonably well.  

As discussed in Section 3, the capillary pressure of frozen soil depends mainly upon the 

unfrozen water content, which is a function of temperature and concentration. As a 

consequence, one can obtain the relationship among unfrozen water, temperature and 

molality for the frozen soil, as described by Eq. (A10) in Appendix. The three-dimension 

diagram of these three variables is calculated using Eq. (A10) and shown in Fig. 16. 

As  f w  is the function that relate capillary pressure Ms  and unfrozen water content 

w  (see Eq. 39), we can directly obtain Ms  by integrating  f w  once w  is known. 

Remarkably, in calculating w  in saline soil (Fig. 14 and Fig. 15), we use the same 

parameters A, B and consequently the same expression of  f w  (see Eq. 43) for the cases 

with different solute contents. That is to say, we can get the same Ms  from the same w  

even though the solute content is variable. This phenomenon illustrates that the capillary 

pressure is only determined by the unfrozen water content and independent of the 

concentration of soil solution. However, this conclusion is made only based on the 

experimental data of NaCl solution, and whether or not such an assumption is applicable to 

other pore solutions remains as a subject yet to be addressed in the future.  

5.2. Unfrozen Water Content in Frozen Soils under Overburden Pressure 

In this section, we are concerned with the cases that the soil is subjected to overburden 

pressure, and try to determine the unfrozen water content in the frozen soils.  

For non-saline soils, 0cRT  . If the unfrozen water content remains constant, d 0Ms , 

taking the differential of Eq. (14) yields 

d 1
0.073 K/MPa

d i

T

p






            (54) 

Eq. (54) is usually used to determine the dependence of the freezing point of pure water 

under any specified pressure.  

Zhang et al. (1998) used a piston to applied overburden pressure to the soil in a test tube. 
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Both the piston and test tube are made from material that does not interfere the signal of 

NMR. They then cooled the soil under overburden pressure for enough time to make the soil 

temperature steady. At last, they used NMR to measure the unfrozen water content in frozen 

soil with variable overburden pressure and temperature. The soil for test was Lanzhou loess 

and the overburden pressures ranged from zero to 40 MPa. They found that the variation of 

the freezing point (
fT ) with the overburden pressure ( p ) follows the law described by 

d d 0.075 K/MPafT p   , which is very close to the result given by Eq. (54). This result 

implies that the pore ice pressure is approximately equal to the overburden pressure. Hence, 

the freezing point of soil under overburden pressure p  can be expressed as 

0

1
f fT T p






          (55) 

which characterize the effect of pressure on the melting of frozen soil. 

In the case of saturated frozen soil, one can assume ip p . As the capillary pressure is 

only determined by water content, the function  f w  is independent of ip . Combining Eqs. 

(39) and (43), one obtains 

1

1
d d

B

Bw
w T

AB A



 
  

 
          (56) 

When the temperature is equal to the freezing point the unfrozen water content is equal to 

the total water content. Hence, using Eq. (55), one obtains the following condition: 

 0 0, 1fw w T T p             (57) 

Now one can solve Eq. (56) with the condition Eq. (57) and obtain 
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0

1

B

B

f

p w
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         (58) 

Eqs. (58) describes the relationship between the unfrozen water content and the temperature 

(SFCC) under variable overburden pressures.  

Using Eq. (42) and Fitting the SFCC of Zhang et al. (1998) at 0 MPa yields the material 

parameter A  and B . The freezing point of soil at 0 MPa 0fT  is measured. According to 
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Eq. (58) one can calculate the SFCC at different overburden pressure. The experimental 

results of Zhang et al. and the calculated result from Eq. (58) are shown in Fig. 17. It can be 

clearly seen that the calculated results agree very well with experimental data. Fig. 18 shows 

the dependence of unfrozen water content on the overburden pressure, i.e., the effect of 

pressure melting, at different temperature. Fig. 19 shows the three-dimensional diagram for 

the relationship among the unfrozen water content, the temperature and the overburden 

pressure. 

6. Conclusions 

We discussed the chemical potential of water in soil and equilibrium solution and then 

introduced the measured pore water pressure and true pore water pressure. From the 

equilibrium of chemical potential of water and ice, we derived a generalized Clapeyron 

equation, which address the ice-liquid capillary pressure and concentration in soils. The 

Clapeyron equation in this paper explicitly expressed the solute effect that is usually ignored 

in different forms of the Clapeyron equation. The generalized Clapeyron equation is applied 

to estimate the freezing point depression and unfrozen water content in frozen soil with 

salinity and overburden pressure, broadening the application of the Clapeyron equation.  

The freezing point of non-saline soil lowers with water content decreasing and 

concentration increasing. The comparison between experimental and calculated results shows 

that the NaCl solution in soil can be taken as ideal dilute solution even it has a relatively high 

salt concentration, while the solution with other salts cannot be taken as ideal dilute solution. 

The formulas for calculating the unfrozen water content for soils at the conditions of solute 

and overburden pressure are presented. The good agreement between experimental and 

calculated result verifies that the concentration of soil solution has little influence on capillary 

pressure, and the capillary pressure is only a function of unfrozen water. In frozen soil with 

saturated water content the overburden pressure is equal to the ice pressure. Under high 

overburden pressure, the freezing points of soil increases and hence the unfrozen water 

content of frozen soil increases. Once the normal SFCC (without solute and overburden 

pressure) is determined, one can estimate the SFCC at any conditions of solute and 

overburden pressure. 
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In simulating the water transfer in frozen soil, pore water pressure, temperature, and 

concentration are primary variables. Once we obtain the values of these primary variables, we 

can easily calculate the freezing point and unfrozen water content using the methods 

presented in this paper. For example, the freezing point can be directly calculated by the total 

water content and concentration; in unsaturated frozen soil, ice pressure can be set as 

atmospheric pressure, and thus the unfrozen water content can be determined by ice-liquid 

capillary pressure (ice pressure minus water pressure). If we simulate the saturated freezing 

soil, in which frozen fringe and ice lens may exist, ice pressure is another variable to be 

determined. Once the ice pressure and pore water pressure is obtained, the ice-liquid capillary 

pressure can be calculated and then we can obtain the unfrozen water content. 
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Appendix A 

In general, cR  , or equivalently, 0 0( / )ln Rb w w  . Hence, in the case of 

constant molality, 0d 0b   and it follows from Eq. (38) that 
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Substituting Eq. (43) into Eq. (A1) gives: 
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Multiplying both sides of Eq. (A2) by 2w , one has 



 

 

© 2018 American Geophysical Union. All rights reserved. 

 
 

 
1 1

1 1 0 0

1

d

d

lB

B B
n Rb w TT

B A w
w






 

 


   (A3) 

which can be expressed as 
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d
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T X
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    (A4) 

where 

 1X w  (A5) 
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1 B
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   (A8) 

(A4) is a first-order linear ODE, and it can be solved by the method of variation of 

constant. When temperature equals the freezing point the unfrozen water content is equal to 

the total water content 0w . Hence, the definite condition can be expressed as 

 0 0 0

0

1
2 =f fbT T K b X X

w
  ，  (A9) 

Solving Eq. (A4) with the definition condition of Eq. (A9) get 

  0

0
0 0e d e 2 e

X
XX X

f fb
X

T X X T K b
      

    (A10) 

which gives the relationship among w , T and 0b .  
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Notation 

kla   activity of the species [dimensionless] 

H O2
l

a   water activity in soil solution [dimensionless] 

H O2
l

Ra   water activity in equilibrium solution [dimensionless] 

H O2
l

ra   water activity in reservoir solution [dimensionless] 

A   coefficient of SFCC model [K
-B

] 

0b   molality of soil solution (molecule) at the very beginning of freezing [mol/kg] 

b   coefficient of SWCC model [Pa] 

B   index of SWCC model [dimensionless] 

klC   mass fraction of species [kg/kg] 

C   mass solute content [kg/kg] 

c   molarity of equilibrium solution [mol/m
3
] 

0c   molarity of soil solution (ion) at the very beginning of freezing [mol/m
3
] 

ec   effective molarity of soil solution (ion) [mol/m
3
] 

F  the Faraday’s constant [C/mol] 

 f w  the derivative of Ms  with respect to w  in the condition of 0c   and 0ip   

Hl   enthalpy of water [J] 

Hi   enthalpy of ice [J] 

k   coefficient of effective molarity [mol/m
3
] 

fcK   Coefficient of freezing point depression in terms of molarity [K·m
3
/mol] 

fbK   Coefficient of freezing point depression in terms of molality [K·kg/mol] 

L   latent heat of fusion [J] 

M   molar mass of the solute [kg/mol] 

km   molar mass of the species [kg/mol] 

2H Om   molar mass of water [kg/mol] 

cm   masse of the solute [kg] 

sm   masse of the soil grains [kg] 

n   the number of ions released by a solute molecule in solution [dimensionless] 
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ln   volume fraction of the pore liquid [m
3
/ m

3
] 

p   overburden pressure [Pa] 

0p   reference pressure (
0 101.3 kPap  ) 

l

Rp   pressure of equilibrium solution\ pore water pressure [Pa] 

l

rp   pressure of reservoir solution [Pa] 

lp   pressure of soil solution \true pore water pressure [Pa] 

ip   ice pressure [Pa]
 

ap   air pressure in soil [Pa] 

R   the universal gas constant [J/(mol·K)] 

pr   effective pore radius [m] 

bs   air-entry value in ice free condition; ice-entry value in air free condition[Pa] 

Ms   capillary pressure [Pa] 

0Ms   capillary pressure when the soil is beginning to freeze [Pa] 

refs   capillary pressure at reference state [Pa] 

T   Temperature [K] 

0T   reference freezing point of water ( 0 273.15 KT ) 

fT   freezing point of soil [K] 

refT   freezing point of soil at reference state ( refC , refw ) [K] 

0fT   freezing point of the non-saline soil with total water content 0w  [K] 

k   valence of the species [dimensionless] 

wV   is the volume of soil water [m
3
] 

w   unfrozen water content [kg/kg]  

0w   total water content [kg/kg] 

Sw   fully saturated water content [kg/kg] 

Rw   residual water content [kg/kg] 

Tw   the derivative of w  with respect to T  in the condition of 0c   and 0ip   

   constant in the generalized Clayeron equation ( 1.09  ) 

   constant in the generalized Clayeron equation ( 1.23MPa C  o )
 

0   the intrinsic properties of the soil, including the porosity, the fixed charge density, and 
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so on [dimensionless] 

kl   chemical potential of a species [J/kg] 

kl
  chemical potential of the species at its pure state [J/kg] 

H O2
l


  chemical potential of pure water at reference state [J/kg] 

H O2
l

R   chemical potential of water in the equilibrium solution [J/kg] 

H O2
l

   chemical potential of water in soil solution [J/kg] 

H O2
i

   chemical potential of ice [J/kg] 

   local electric potential induced by the heterogeneously distributed electric charges in the 

pores [V] 

   generalized osmotic pressure [Pa] 

l   mass density of the liquid solution [kg/m
3
] 

H O2
l


  mass density of the pure water [kg/m

3
] 

H O2
i


  mass density of the pure ice [kg/m

3
] 

l   Surface potential [J/kg] 
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Fig. 1 schematic diagram of equilibrium solution. The water-saturated soil is hydraulically connected with 

the reservoir, which contains a solution with the same composition as the pore water of the soil 
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Fig. 2 schematic diagram of the pore water pressure measurement for frozen soil 
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Fig. 3 Cooling curve of a freezing soil 
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Fig. 4 Relationship between freezing point and water content for natural Lanzhou loess. Experimental data 

is obtained using cooling-curve method; Calculation is made using Eq. (28) with b=0.217 MPa and B= 

-1.02. 
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Fig. 5 Relationships between freezing point and NaCl content for Lanzhou loess 
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Fig. 6 Relationship between freezing point and water content for Lanzhou loess 
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Fig. 7 Relationship among freezing point, NaCl content and water content in Lanzhou loess. 
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Fig. 8 Relationship between freezing point and Na2CO3 content for Lanzhou loess (both Na
+
 and CO3

2-
 are 

considered as ideal solute) 
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Fig. 9 Relationship between freezing point and Na2CO3 content for Lanzhou loess (Na
+
 is considered as 

ideal solute and CO3
2-

 is ignored in calculation). 
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Fig. 10. Relationship between effective molarity and molarity 
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Fig. 11. Relationship between freezing point and Na2CO3 content for Lanzhou loess (Neither CO3
2-

 nor 

Na
+
 is assumed as ideal in calculation, 0.7k   mol/L). 
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Fig. 12 Relationship between freezing point and water content for Lanzhou loess 
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Fig. 13 Relationship among the freezing point, the Na2CO3 content and the water content in the frozen 

Lanzhou loess 
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Fig. 14 Relationship between unfrozen water content and temperature for Morin Clay. Experimental data is 

obtained using NMR; Parameters for calculation are 0.1194A , 0.5637B   , 0 0.24w  . 
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Fig. 15 Relationship between unfrozen water content and NaCl Molality for Morin Clay 
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Fig. 16 Relationship among unfrozen water content, temperature and the molality. The vertical plane is the 

isothermal plane of -6℃. The intersection line of the curved surface and vertical plane shows the w-b0 line 

at -6℃ in Fig. 15. 
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Fig. 17 Relationship between unfrozen water content and temperature for the frozen Lanzhou loess under 

various overburden pressures. Experimental data is obtained using NMR; Parameters for calculation 

are 0.1339A , 0.5635B    and 0 0.89fT   ℃. 
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Fig. 18 Relationship between unfrozen water content and overburden pressure 



 

 

© 2018 American Geophysical Union. All rights reserved. 

 

 

 

 

Fig. 19 Relationship among unfrozen water content, temperature and overburden pressure. 

 


