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Abstract: Strength anisotropy is one of the most distinct features of anisotropic rocks, and it also
normally reveals strong anisotropy in Brazilian test Strength (“BtS”). Theoretical research on the
“BtS” of anisotropic rocks is seldom performed, and in particular some significant factors, such as the
anisotropic tensile strength of anisotropic rocks, the initial Brazilian disc fracture points, and the stress
distribution on the Brazilian disc, are often ignored. The aim of the present paper is to review the state
of the art in the experimental studies on the “BtS” of anisotropic rocks since the pioneering work was
introduced in 1964, and to propose a novel theoretical method to underpin the failure mechanisms
and predict the “BtS” of anisotropic rocks under Brazilian test conditions. The experimental data
of Longmaxi Shale-I and Jixi Coal were utilized to verify the proposed method. The results show
the predicted “BtS” results show strong agreement with experimental data, the maximum error is
only ~6.55% for Longmaxi Shale-I and ~7.50% for Jixi Coal, and the simulated failure patterns of the
Longmaxi Shale-I are also consistent with the test results. For the Longmaxi Shale-I, the Brazilian disc
experiences tensile failure of the intact rock when 0◦ ≤ βw ≤ 24◦, shear failure along the weakness
planes when 24◦ ≤ βw ≤ 76◦, and tensile failure along the weakness planes when 76◦ ≤ βw ≤ 90◦.
For the Jixi Coal, the Brazilian disc experiences tensile failure when 0◦ ≤ βw ≤ 23◦ or 76◦ ≤ βw ≤ 90◦,
shear failure along the butt cleats when 23◦ ≤ βw ≤ 32◦, and shear failure along the face cleats when
32◦ ≤ βw ≤ 76◦. The proposed method can not only be used to predict the “BtS” and underpin the
failure mechanisms of anisotropic rocks containing a single group of weakness planes, but can also
be generalized for fractured rocks containing multi-groups of weakness planes.

Keywords: anisotropic rocks; Brazilian disc test; tensile strength; failure patterns; anisotropy

1. Introduction

Anisotropy is one of the most distinct features considered in engineering rock mechanics,
and is applied in civil, mining, geothermal, geo-environmental, and petroleum engineering [1–4].
Most anisotropic rocks, such as shale, mudstone, sandstone, slate, gneiss, schist, coal, and marl,
present anisotropic mechanical behavior, and these anisotropic rocks usually play an important role in
rock engineering. Gas shale has received increasing attention recently, and its mechanical behavior
(compressive, shear, tensile and fracture behavior) plays an important role in shale gas extraction [5–8].
The mechanical behavior is concerned with wellbore collapse and leakage in the process of drilling,
and hydraulic fracturing during the process of exploitation [9–12].
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The most common anisotropic rocks are usually transverse isotropic, due to their distinct layered
structure that originates from their special deposit sediments and the sedimentary environment.
To investigate rock anisotropy, many researchers have conducted numerous experimental and
theoretical studies on anisotropic rocks [1–3,13–19]. The results have indicated that the mechanical
properties of anisotropic rocks vary with sampling direction, and engineering applications that do
not consider the anisotropic behavior usually produce errors of differing magnitudes, depending on
the extent of anisotropy [2]. However, most of these studies focus on the anisotropy of deformation,
modulus, compressive strength, and shear strength, while the anisotropy of tensile strength is seldom
studied. The test methods of tensile strength can be divided into the Direct Tensile Test (DTT) method
and the Indirect Tensile Test (ITT) method. The DTT method is seldom utilized to test rock-like
materials, due to the difficulty of the experimental set-up [20,21]. In 1943, a new type of ITT method,
the Brazilian Disc Test (BDT) method, was developed to test the tensile strength of concrete [22,23].
The tensile strength is usually referred to as Indirect Tensile Strength (ITS) or Brazilian Tensile Strength
(BTS). The BDT method has found application mainly in investigations of homogeneous rock-like
materials [24–29]. The pioneering work on the anisotropy of BTS was conducted for siltstone, sandstone,
and mudstone by Hobbs (1964) [30]. From then on, several researchers have begun to pay attention to
the anisotropy of BTS, but most of them focus on experimental research to understand the influence
of the foliation-loading angle on the BTS [25,26,31–55]. Barla and Innaurato found that only a few
specimens meet the assumption of tensile failure mode starting from the center of a Brazilian disc [31].
In other words, the outcome of the BDT method is definitely not the real tensile strength of the Brazilian
disc because it does not meet the basic assumptions of BDT method. In order to avoid ambiguity with
the Brazilian Tensile Strength (BTS), another term, the Brazilian test Strength (“BtS”), was used to
represent the test strength of anisotropic rocks under the BDT conditions in this paper.

In recent years, a few researchers have therefore proposed some analytic solutions using the
Single Plane of Weakness (SPW) theory to find the interior difference between the “BtS” and traditional
BTS. Liu et al. (2013) considered the anisotropic strength to propose a “BtS” criterion for slate rocks,
the central stresses on the Brazilian disc and the SPW theory were combined to determine the “BtS” [39];
Li et al. also proposed a “BtS” criterion for jointed coal rocks, the SPW theory was generalized into two
groups of weakness planes [51]. However, the above theoretical methods have some insufficiencies:
(1) Only the central stress on the Brazilian disc is involved, the critical state of stress may occur in
points different than the center, thus, the stress concentration on the Brazilian disc is ignored; (2) The
influence of anisotropic tensile strength is ignored; (3) Some of the predicted results are inconsistent
with the universal law, the transverse “BtS” is usually higher than the longitudinal “BtS”, but the
transverse “BtS” is always equals to the longitudinal “BtS” in the current model.

In this paper, we present a review and some new insights into the anisotropic “BtS” of anisotropic
rocks to predict the “BtS” and failure mode under BDT conditions. First, we reviewed the experimental
studies on the “BtS” of anisotropic rocks from the viewpoint of experimental results and failure
patterns, and the typical failure patterns were newly classified based on the failure mechanisms.
Second, a novel theoretical method was proposed to underpin the failure mechanisms of anisotropic
rocks in Brazilian disc tests. Finally, the experimental data of Longmaxi Shale-I and Jixi Coal were
used to verify the proposed method.

2. Overview of the BDT for Anisotropic Rocks

2.1. Anisotropic Degrees of “BtS” for Anisotropic Rocks

To present the anisotropy of “BtS” for anisotropic rocks, this study identified a large number of
BDT results of different anisotropic rocks from published literature, and Table 1 presents the main
research regarding BDTs on anisotropic rocks. The anisotropic index can be defined to characterize
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the anisotropic degree of “BtS”, and the anisotropic index is the ratio of maximum “BtS” to minimum
“BtS” [56]:

AI =
BtSmax

BtSmin
(1)

Table 1. The BDT results of various layered rocks.

No. Rock Types References Min. BtS/MPa Max. BtS/MPa AI Group

1 Permian Shale [5] 13.61 21.63 1.59

Shale

2 Green River Shale [5] 11.46 17.24 1.51
3 Boryeong Shale [2] 6.40 13.60 2.13
4 Mancos Shale-I [40] 2.47 3.22 1.30
5 Mancos Shale-I in Oil [40] 2.47 3.95 1.60
6 Mancos Shale-II [42] 2.92 6.10 2.09
7 GR Shale-I [42] 2.45 7.42 3.02
8 GR Shale-II [42] 4.49 9.58 2.13
9 GR Shale-III [42] 3.76 7.50 1.99
10 GR Shale-IV [42] 8.71 13.22 1.52
11 Longmaxi Shale-I [47] 3.47 6.61 1.91
12 Longmaxi Shale-II [48] 4.60 10.81 2.35
13 Longmaxi Shale-III [53,54] 3.32 7.64 2.30
14 X Shale (Air Dry) [46] 2.48 6.01 2.42
15 X Shale (Staturated) [46] 1.10 3.09 2.81
16 Wolfcamp Shale [42,43] 5.78 16.11 2.79
17 Mudstone-I [44] 0.81 4.06 5.01
18 Mudstone-II [44] 1.32 5.45 4.13

Shale

19 Type I Sandtone [57] 3.86 5.86 1.52

Sandstone

20 Type II Sandtone [57] 0.97 4.34 4.50
21 Modave Sandstone [34,35] 9.53 15.13 1.59
22 Arkansas Sandstone [5] 9.57 11.71 1.22
23 Postaer Sandstone [25] 3.39 4.14 1.22
24 Bedded Sandstone [50] 11.64 13.28 1.14
25 Qom Sandstone Type I [17] 4.24 8.48 2.00
26 Qom Sandstone Type II [17] 4.36 12.06 2.77
27 Qom Sandstone Type III [17] 5.73 9.36 1.63

28 Herbeumont Slate [33] 0.37 20.00 53.59

Slate
29 Huaihua-I Slate [37] 6.71 12.21 1.82
30 Huaihua-II Slate [39] 3.55 11.80 3.32
31 Mosel Slate [45] 3.80 15.56 4.10

Slate

32 Valle di Susa Gneiss [31] 3.28 4.56 1.39

Gneiss
33 Asan Gneiss [2] 6.20 18.97 3.06
34 Freiberger Gneiss [25] 5.80 16.75 2.89
35 Leubsdorfer Gneiss [25] 8.67 17.66 2.04
36 XX Layered Gneiss [52] 12.99 19.68 1.52

37 Val Malenco Schist [31] 2.49 6.83 2.75
Schist38 Yeoncheon Schist [2] 2.60 17.23 6.63

39 Wudang Schist [38] 1.12 3.26 2.90
Schist

40 XZY Coal (Dry) [58] 4.61 5.46 1.18
Coal41 XZY Coal (Saturated) [59] 4.03 5.26 1.30

42 Jixi Coal [51] 0.35 0.63 1.80

43 Marl-I [44] 2.53 4.07 1.61
44 Marl-II [44] 2.44 4.44 1.82 Marl

To present the anisotropic degree of “BtS” for different rocks, Figure 1 compares the maximum
and minimum “BtS” for various anisotropic rocks. The limits of the anisotropic index for different
rocks, including shale, sandstone, slate, gneiss, schist, coal and marl, are listed in Table 2, where the
anisotropic degree of tensile strength can be distinguished easily. The following conclusions can
be drawn: (1) The minimum “BtS” is always lower than 15 MPa, while the maximum “BtS” is
lower than 25 MPa, as shown in Figure 1. Thus, the tensile strength is very weak compared with
compressive strength. (2) The anisotropy of tensile strength of various anisotropic rocks is quite
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significant. The anisotropic index is larger than 1 for all of these anisotropic rocks, more than half
(approximately 23 points) of these anisotropic rocks are larger than 2, and most of them are smaller
than 4, as shown in Figure 1 and Tables 1 and 2.
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Figure 1. Plot of the maximum versus minimum “BtS” of various anisotropic rocks.

Table 2. The statistical results of anisotropic degree for various layered rocks.

No. Rock Types Anisotropic Index Anisotropic Degree [56]

1 Shale 1.30–5.01 Weak-Strong
2 Sandstone 1.14–4.50 Weak-Strong
3 Slate 1.82–4.10 (53.59) Weak-Strong (Ultra-strong)
4 Gneiss 1.39–3.06 Weak-Medium
5 Schist 2.75–6.63 Medium-Strong
6 Coal 1.18–1.80 Weak
7 Marl 1.61–1.82 Weak

2.2. Variations of “BtS” with Loading Direction

The above results and figures cannot reveal the variation of “BtS” with loading direction,
therefore, this study identified a large number of BDT results of different shale rocks from the
literature [17,40–48,53,54,60,61]. In particular, there are six types of shale or mudstone rocks, and the
plot of “BtS” versus loading direction is shown in Figure 2. It is clearly seen that the “BtS” of shale
rocks roughly decrease with the complementary angle (βw) of foliation-loading angle, as indicated
by the arrows in Figure 2. The “BtS” is usually lowest when the weakness plane is parallel to the
loading direction, and it is usually highest when the weakness plane is perpendicular to the loading
direction. Sometimes, the lowest “BtS” does not occur when the weakness plane is parallel to the
loading direction, but instead at a highly-deviated angle.
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Figure 2. Plot of “BtS” versus βw for various shale rocks, where the angle βw represents the 
complementary angles of foliation-loading angle. (a) Longmaxi Shale-I [47] and Longmaxi Shale-III 
[53]; (b) Mancos Shale [40]; (c) GR Shale-I, -II, and -III [60]; (d) GR Shale-IV [60]; (e) Boryeon Shale 
[61]; and (f) Mudstone-I and -II [44]. 
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Figure 2. Plot of “BtS” versus βw for various shale rocks, where the angle βw represents the
complementary angles of foliation-loading angle. (a) Longmaxi Shale-I [47] and Longmaxi Shale-III [53];
(b) Mancos Shale [40]; (c) GR Shale-I, -II, and -III [60]; (d) GR Shale-IV [60]; (e) Boryeon Shale [61];
and (f) Mudstone-I and -II [44].

2.3. Typical Failure Modes

To reveal the failure mechanisms of anisotropic rocks, shale rock can be taken as an example,
this study identified some typical failure photographs of five types of shale rocks (including Longmaxi
Shale-I, Longmaxi Shale-III, Mancos Shale-I, GR Shale-III, and Boryeon Shale). The failure patterns of
these photographs has been redrawn and is shown in Figure 3. In the classical BDT theory, the initial
failure point occurs at the center of the disc, but most of the photographs are inconsistent with the
connotative assumption of the BDT theory (see Figure 3). Barla and Innaurato classified the typical
failure patterns into three types based on their occurrence on testing the 28 discs of schist: (1) Failure
along laminations, (2) Failure along line of loading, and (3) Otherwise; their results also indicated
that the type of failure can be classified in tensile and shear. Tavallali and Vervoort [34–36] sorted
the typical failure patterns into three types (see Figure 4): (1) Layer activation, (2) Central fracture,
and (3) Non-central fracture. Tan et al. [45] sorted the typical failure modes for Brazilian disc tests on
transversely isotropic rocks using laboratory testing and numerical simulations, and the typical failure
was classified into five types (see Figure 5): (1) Pure tensile failure along the bedding, (2) Pure shear
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failure along the bedding, (3) Mixed-mode failure in the bedding and rock matrix (primarily caused
by shear failure), (4) Mixed-mode failure in the bedding and rock matrix (primarily caused by tensile
failure), (5) Pure tensile failure across the rock matrix. The classified method of Tan et al. (2015) [45]
looks more reasonable, due to the failure mechanisms of the Brazilian disc being involved.
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Figure 5. Schematic of five kinds of typical failure modes (reproduced from [45]), where the
capital letter relates to (A) Pure tensile failure along the bedding; (B) Pure shear failure along
the bedding; (C) Mixed-mode failure in the bedding and rock matrix (primarily caused by shear
failure); (D) Mixed-mode failure in the bedding and rock matrix (primarily caused by tensile failure);
and (E) Pure tensile failure across the rock matrix.
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In fact, the “BtS” usually depends on the failure modes of the Brazilian disc. Therefore, this study
analyzed the typical failure photographs of five types of shale rocks, and found that the typical failure
can be classified into five categories (see Figure 6): (1) Tensile failure across the weakness planes,
(2) Tensile failure along the weakness planes, (3) Shear failure across the weakness planes, (4) Shear
failure along the weakness planes, and (5) Mixed failure. In general, the tensile failure along the
weakness planes occurs once the weakness plane is parallel to the loading direction; the tensile failure
across the weakness planes occurs once the weakness plane is perpendicular to the loading direction;
the shear failure along the weakness planes occurs when the weakness plane has a highly-deviated
angle; the shear failure across the weakness planes occurs when the weakness plane has a low angle;
and the mixed failure often occurs in BDTs. Thus, these five typical failure modes can be utilized to
determine the “BtS” of the anisotropic rocks.
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3. Modeling of “BtS” for Anisotropic Rocks

In order to simplify the model, several basic assumptions are made: (1) Anisotropic rock can be
simplified as a linear elastic, homogeneous and continuous media; (2) Anisotropic rock obeys the small
deformation assumption; (3) The model of BDT can be simplified as the plane-stress problem; (4) The
influence of anisotropic modulus is ignored.

3.1. Stress Distribution

Regarding the stress distribution on the Brazilian disc, Figure 7 presents the mechanical model of
anisotropic rocks under BDT conditions. According to the assumption, the stress state can be calculated
by using the isotropic closed-form solution of stress distribution, and the detailed formulas are given
in Appendix A (see Equation (A1)). Considering a typical Brazilian disc test which has D = 50 mm,
t = 25 mm, and P = 9.0 kN. The stress distribution on the disc was calculated by using Equation (A1)
and MATLAB software (2014a, The MathWorks, Inc., Natick, MA, USA), and the results are shown in
Figure 8. It is clearly understood that the obvious stress concentration occurs around the contact zones
of disc with line loading, i.e., the upper and lower zones of the disc. The maximum tensile stress along
the X axis is located at the central point of the disc. On this basis, the failure of Brazilian disc can be
determined based on the five typical failure modes.
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3.2. Modeling of “BtS” under Tensile Failure Modes

The formulas of the anisotropic tensile strength are less developed, due to the difficulty of
experimental validation [11,12,20,21]. Hobbs investigated the variation of the tensile strength of the
laminated rock using Griffith crack theory [62], Nova and Zaninetti proposed an anisotropic tensile
failure criterion for schistose rock [63], and Lee and Pietruszczak proposed the tensile equivalent of
the SPW theory and a novel 3-D tensile failure function for transversely isotropic rocks [21]. In this
paper, the tensile equivalent of the SPW theory was used, which assumes that every physical plane
with the exception of weakness plane has identical tensile strength.

According to the stress distribution on the Brazilian disc, as shown in Figure 8a, the maximum
tensile stress occurs at the central point of the disc. The stress state of the central region can be simplified
as an element, as shown in Figure 9. This figure presents three typical cases of oriented Brazilian
disc, and no confirmed pressure load on the element under BDT conditions (i.e., σYY = τXY = 0).
Therefore, for the central element, the tensile stress that load on the surface of weakness planes can be
expressed as:

σnw = σXX sin2 βw (X = Y = 0) (2)

Then, once the normal stress load on the surface of weakness planes reaches a critical value Tw,
the tensile failure will occur, and the tensile strength criterion can be expressed as:

σnw = σXX sin2 βw = −Tw (3)

Substituting Equation (A2) into Equation (3), we can obtain:

T(βw) = |σXX| =
2P

πDt
=

Tw

sin2 βw
(4)

Equation (4) holds true for angle βw less than a critical value β*
w. For 0◦ ≤ βw ≤ β*

w, the tensile
strength is equal to the tensile strength of intact rock Tm and the failure plane is perpendicular to the
loading direction [21], as shown in Figure 9. Then, substituting the tensile strength of intact rock Tm

into Equation (4):
Tw

sin2 βw
= Tm (5)

The critical value β*
w therefore can be expressed as:

β∗w = sin−1
√

Tw

Tm
(6)
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Therefore, the failure criterion under BDT conditions can be rewritten as:{
BtS1(βw) = Tm 0◦ ≤ βw ≤ β∗w
BtS2(βw) =

Tw
sin2 βw

β∗w ≤ βw ≤ 90◦ (7)
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3.3. Modeling of “BtS” under Shear Failure Modes

3.3.1. Anisotropic Shear Criterion

In the early 1960s, Jaeger proposed the SPW theory which tried to characterize the anisotropic
shear strength of anisotropic rocks [1,14,15]. A larger number of failure criteria for anisotropic rocks
have been developed [64]. To date, Jaeger’s SPW theory has played a very important role in rock
engineering. Therefore, we still use the Jaeger’s SPW theory to describe the anisotropic shear strength
of anisotropic rocks. As shown in Figure 10, if there is a group of weakness planes in the anisotropic
rock, then the failure criterion can be expressed as [1]:{

τ0 = c0 + σn0 tan ϕ0 failure across the weak planes
τw = cw + σnw tan ϕw failure along the weak planes

(8)

Equation (8) can also be rewritten using the principal stresses [1]: σ1 = 1+sin ϕ0
1−sin ϕ0

σ3 +
2c0 cos ϕ0
1−sin ϕ0

(β < β1 or β > β1)

σ1 = σ3 +
2(cw+σ3 tan ϕw)

(1−tan ϕw cot β) sin 2β
(β1 ≤ β ≤ β2)

(9)
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where β1 and β2 are given as [1]: β1 = ϕw
2 + 1

2 arcsin
[
(σ1+σ3+2cw cot ϕw) sin ϕw

σ1−σ3

]
β2 = π

2 + ϕw
2 −

1
2 arcsin

[
(σ1+σ3+2cw cot ϕw) sin ϕw

σ1−σ3

] (10)
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shear strength of anisotropic rocks [1,14,15]. A larger number of failure criteria for anisotropic rocks 
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Figure 10. Schematic of strength analysis for anisotropic rocks with a single group of weakness planes
(reproduced from [65]). (a) Stress state of a tri-axial test, and (b) Schematic map of strength envelope.

As shown in Figure 10 and Equation (10), the shear strength of anisotropic rock is controlled
by both weakness planes and rock matrix. If β1 ≤ β ≤ β2, the shear strength of anisotropic rock is
controlled by weakness planes, i.e., the failure mode belongs shear failure along the weakness planes;
while if 0◦ ≤ β ≤ β1 or β2 ≤ β ≤ 90◦, the shear strength of anisotropic rock is controlled by intact rock,
i.e., the failure mode belongs shear failure of intact rock.

3.3.2. Solution Method of “BtS” under Shear Failure Modes

Combining Equations (A1), (9) and (10), the failure of the disc that was induced by shear along or
across the weakness planes can be determined. However, due to the impacts of the stress distribution
on the disc being involved, the analytical formulas are difficult to obtain. Thus, a numerical method
was developed to calculate these equations for each point on the disc. The main processes of this
method can be summarized as shown in Figure 11. To simplify the calculated processes, this study
utilized the original form of the shear criterion of the weakness planes (see Equation (8)), and defined
two functions to determine the shear failure. These two functions can be expressed as:{

f [BtS3(βw)] =
1−sin ϕ0
2 cos ϕ0

σ1 − 1+sin ϕ0
2 cos ϕ0

σ3 − c0 failure across the weak planes
f [BtS4(βw)] = τw − cw − σnw tan ϕw failure along the weak planes

(11)

where σ1, σ3, σnw and τw are given as:

 σ1 = 0.5(σXX + σYY) +
{
[0.5(σXX − σYY)]

2 + τ2
XY

} 1
2

σ3 = 0.5(σXX + σYY)−
{
[0.5(σXX − σYY)]

2 + τ2
XY

} 1
2{

σnw = σXX sin2 βw + σYY cos2 βw − 2τXY sin βw cos βw

τw = (σYY − σXX) sin βw cos βw + τXY
(
cos2 βw − sin2 βw

)
(12)

If the additional cohesion f [BtS3(βw)] equals or exceeds 0, shear failure occurs across the weakness
planes, and the relevant “BtS” can be defined as BtS3(βw). Similarly, if the additional cohesion
f [BtS4(βw)] equals or exceeds 0, shear failure occurs along the weakness planes, and the relevant
“BtS” can be defined as BtS4(βw).
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In addition, in order to involve the impacts of stress distribution on the disc in this method,
this study defined a radial ratio (a) to select the solution domain on the disc, and the solution domain
on the disc locates in the following range:

r ≤ a
2

D (13)

When a = 0, the solution domain contains only the central point; when a = 1, the solution domain
contains the entire disc. The reason why we define the radial ratio of the solution domain on the disc is
due to finding that the predicted “BtS” is too high when the solution domain contains just the central
point, and it is too low when the solution domain contains the entire disc. This is due to the isotropic
closed-form solution of the stress distribution on the Brazilian disc not perfectly aligning with the
realities of the situation. Therefore, the radial ratio was defined to determine the proper domain based
on the contrast between the predicted and experimental results. In addition, the following situations
need to be stated: (1) The solution flowchart can only solve the “BtS” under a given βw. (2) The stress
distribution, the principal stress, and the stress components that load on the surface of the weakness
plane can be drawn using the color cloud map for a given angle βw and loads P. (3) The additional
failure function of f [BtS3(βw)] and f [BtS4(βw)] (i.e., the failure patterns of the Brazilian disc) can also
be drawn using the color cloud map can be drawn using the color cloud map.

3.4. Modeling of Integrated “BtS” for Anisotropic Rocks

The criteria of five typical failure modes in Figure 6 can be sorted as Table 3. When the “BtS” under
each condition is calculated, the final or integrated “BtS” should be the lowest “BtS” of each condition:

BtS(βw) = min{BtS1(βw), BtS2(βw), BtS3(βw), BtS4(βw)} (14)

Table 3. The integrated failure criteria for layered rocks.

No. Failure Type Calculated BTS Formula Failure Pattern

1
Tensile failure

across weakness
planes

BtS1(βw)
BtS(βw) = Tm
if 0◦ ≤ βw ≤ β∗w
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To calculate the integrated “BtS” for anisotropic, the main steps can be concluded as follows:
(1) Calculate the BtS1(βw) and BtS2(βw) by using Equation (7) to obtain the “BtS” under tensile
failure modes; (2) Set the radial ratio from 0 to 1 to calculate the “BtS” under shear failure modes,
and calculate the BtS3(βw) and BtS4(βw) by using Equation (11) to obtain the “BtS” under shear failure
modes; (3) Calculate the integrated BtS(βw) for anisotropic rocks by using Equation (14).

4. Results and Discussions

4.1. Model Validation for Longmaxi Shale-I

In order to demonstrate the performance of the “BtS” modeling, the BDT results of Longmaxi
Shale-I published by Yang et al. (2015) [47] were utilized, and the test results are listed in Table 4.
The other basic parameters are as follows [47]: c0 = 16.175 MPa, cw = 8.980 MPa, ϕ0 = 36.222◦,
ϕw = 33.862◦, Tm = 6.606 MPa, and Tw = 3.470 MPa.

Table 4. The BtS versus βw of Longmaxi Shale-I (After Yang et al., 2015 [47]).

No.
BtS Versus βw (MPa)

0◦ 15◦ 30◦ 45◦ 60◦ 75◦ 90◦

1 5.546 5.457 4.75 5.15 3.329 2.554 4.258
2 7.027 6.423 6.088 3.517 3.94 3.177 3.112
3 7.254 6.705 5.624 3.475 3.338 4.666 3.053

Mean 6.609 6.195 5.587 4.047 3.535 3.465 3.474
Predicted BtS 6.606 6.606 5.371 3.814 3.394 3.633 3.470

Error 0.05% 6.55% 3.92% 5.83% 4.13% 4.70% 0.00%

4.1.1. Calculation of BtS1(βw) and BtS2(βw)

Figure 12 displays the tensile strength of the Brazilian disc for both isotropic and anisotropic rocks.
When 0◦ ≤ βw ≤ 46◦, the angle βw has no influence on the “BtS”, and the Brazilian disc experiences
tensile failure across the weakness planes; when 46◦ ≤ βw ≤ 90◦, the angle βw has a significant
influence on the “BtS”, the “BtS” decrease with βw, and the Brazilian disc experiences tensile failure
along the weakness plane. In addition, the anisotropy of tensile strength is controlled by the ratio of
Tm to Tw. Tm/Tw = 1 represents an isotropic rock, the anisotropic degree and the critical value β*

w

increase as the increase in the ratio of Tm to Tw, and the tensile failure along the weak planes also
occurs more easily.
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Figure 12. The “BtS” of Longmaxi Shale-I under tensile failure modes.
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4.1.2. Calculation of BtS3(βw) and BtS4(βw)

Figure 13 displays the “BtS” of a Brazilian disc versus βw and radial ratio (a) under shear failure
modes for Longmaxi Shale-I. It reveals the characteristics of “BtS” that are controlled by shear failure.
The radial ratio and angle βw has a significant influence on the “BtS”. The “BtS” decreases with the
radial ratio, and the “BtS” reaches its maximum magnitude when a→0, while the “BtS” reaches its
minimum magnitude when a→1. The “BtS” of shear failure across the weakness planes is the upper
boundary, and the lower boundary should be βw = 60◦. Once the “BtS” of shear failure along the
weakness planes reaches the upper boundary, the shear failure is controlled by the strength of intact
rock. If the “BtS” is lower than the upper boundary, the shear failure of the Brazilian disc should
belong to the shear failure along the weakness planes. When the radial ratio is a constant, the “BtS”
shows a “U” shaped curve. The geometry of the “U” shaped curve is similar to the strength curve of
Jaeger’s SPW theory. The results revealed that the “BtS” is controlled by the shear failure both across
and along the weakness planes.

Energies 2018, 11, x 14 of 25 

 

Figure 12. The “BtS” of Longmaxi Shale-I under tensile failure modes. 

4.1.2. Calculation of BtS3(βw) and BtS4(βw) 

Figure 13 displays the “BtS” of a Brazilian disc versus βw and radial ratio (a) under shear failure 
modes for Longmaxi Shale-I. It reveals the characteristics of “BtS” that are controlled by shear 
failure. The radial ratio and angle βw has a significant influence on the “BtS”. The “BtS” decreases 
with the radial ratio, and the “BtS” reaches its maximum magnitude when a→0, while the “BtS” 
reaches its minimum magnitude when a→1. The “BtS” of shear failure across the weakness planes is 
the upper boundary, and the lower boundary should be βw = 60°. Once the “BtS” of shear failure 
along the weakness planes reaches the upper boundary, the shear failure is controlled by the 
strength of intact rock. If the “BtS” is lower than the upper boundary, the shear failure of the 
Brazilian disc should belong to the shear failure along the weakness planes. When the radial ratio is 
a constant, the “BtS” shows a “U” shaped curve. The geometry of the “U” shaped curve is similar to 
the strength curve of Jaeger’s SPW theory. The results revealed that the “BtS” is controlled by the 
shear failure both across and along the weakness planes. 

 
Figure 13. The 3D surface of “BtS” versus βw and radial ratio under shear failure modes. 

4.1.3. Comparison of Integrated “BtS” with Test Results 

Figure 14a shows how to obtain the integrated “BtS” by combining the BtS1(βw), BtS2(βw), 
BtS3(βw) and BtS4(βw) for Longmaxi Shale-I, i.e., the integrated “BtS” should be the lowest “BtS” of 
the four types of failure modes. The green dot line displays the “BtS” under tensile failure modes, 
the blue dot line displays the “BtS” under shear failure modes, and the red solid line displays the 
integrated “BtS” for a given radial ratio (a = 0.4). It is clearly noticed that the failure of anisotropic 
rock under the BDT condition is controlled by (1) tensile failure of the intact rock when 0° ≤ βw ≤ 39°, 
(2) shear failure along the weakness planes when 39° ≤ βw ≤ 60°, and (3) tensile failure along the 
weakness planes when 60° ≤ βw ≤ 90°. 

0
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1 0
10

20
30

40
50

60
70

80
90

0

2

4

6

8

10

 

Angle β w
 / d

egrees
Radial factor a

 

B
tS

 / 
M

P
a

1

2

3

4

5

6

7

8

9

Figure 13. The 3D surface of “BtS” versus βw and radial ratio under shear failure modes.

4.1.3. Comparison of Integrated “BtS” with Test Results

Figure 14a shows how to obtain the integrated “BtS” by combining the BtS1(βw), BtS2(βw),
BtS3(βw) and BtS4(βw) for Longmaxi Shale-I, i.e., the integrated “BtS” should be the lowest “BtS” of the
four types of failure modes. The green dot line displays the “BtS” under tensile failure modes, the blue
dot line displays the “BtS” under shear failure modes, and the red solid line displays the integrated
“BtS” for a given radial ratio (a = 0.4). It is clearly noticed that the failure of anisotropic rock under
the BDT condition is controlled by (1) tensile failure of the intact rock when 0◦ ≤ βw ≤ 39◦, (2) shear
failure along the weakness planes when 39◦ ≤ βw ≤ 60◦, and (3) tensile failure along the weakness
planes when 60◦ ≤ βw ≤ 90◦.
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Figure 14. The contrast between the predicted and test “BtS” for Longmaxi Shale-I. (a) The integrated
“BtS” versus βw (a = 0.4); (b) The contrast between predicted and test results for Longmaxi Shale-I
(a = 0.68); and (c) The potential range of integrated “BtS”.
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For Longmaxi Shale-I, when the radial ratio equals 0.68, the integrated BtS(βw) is the greatest
with the average of the test results, as shown in Figure 14b. The maximum deviation from the test
results is ~6.55%, as shown in Table 4. The failure modes of Longmaxi Shale-I can be concluded as
follows: (1) When 0◦ ≤ βw ≤ 24◦, i.e., Zone I in Figure 14b, the Brazilian disc shows tensile failure of
rock matrix or intact rock; (2) When 24◦ ≤ βw ≤ 76◦, i.e., Zone II in Figure 14b, the disc shows shear
failure along the weakness planes; (3) When 76◦ ≤ βw ≤ 90◦, i.e., Zone III in Figure 14b, the disc shows
tensile failure along the weakness planes; (4) In the connected regions, i.e., βw is close to 24◦ or 76◦,
mixed failure usually occurs. Therefore, the present method is reasonable and accurate for predicting
the “BtS” under the BDT conditions.

In addition, due to the radial ratio also having a significant impact on “BtS”, for an arbitrary
radial ratio, the potential range of the integrated “BtS” for Longmaxi Shale-I is shown in Figure 14c.
It is clearly seen that the maximum magnitude of the integrated “BtS” depends on the tensile failure
across and along the weakness planes, and the shear failure along the weakness planes; while the
minimum magnitude of the integrated “BtS” just depends on the shear failure along the weakness
planes. Meanwhile, the value of the radial ratio is also very important for the integrated “BtS”,
where the integrated “BtS” decreases with the radial ratio. In general, the recommended value of the
radial ratio is approximately 0.60–0.80.

4.1.4. Comparison of Failure Modes between Simulated and Test Results

In order to further investigate the influence of weakness planes on the failure of a Brazilian disc,
the failure patterns were simulated for oriented Brazilian discs of Longmaxi Shale-I, and the simulated
results are shown in Figure 15. In these figures, the failure patterns of four typical modes were filled
with four colors, where the number of colored bars relates to (1) Tensile failure across weakness planes,
(2) Tensile failure along weakness planes, (3) Shear failure along weakness planes, and (4) Shear failure
across weakness planes. These figures indicate the potential failure zones when the load reaches its
peak. We can contrast the simulated results with the test results of Longmaxi Shale-I [55], see Figure 3a,
and the simulated failure patterns appear to be consistent with the test results. It is clearly found
that (1) The failure zones of a Brazilian disc usually occur near the top and bottom of the contact
zones; (2) Only three cases can cause a central tensile fracture, i.e., βw = 0◦, 15◦ and 90◦, as shown in
Figure 13a,b,g; (3) When 30◦ ≤ βw ≤ 75◦, the Brazilian disc can only experience shear failure along
the weakness planes. The simulated results of failure patterns are consistent with the predicted “BtS”,
and also demonstrated the performance of the proposed method.
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Figure 15. The failure patterns of Brazilian disc of Longmaxi Shale-I. (a) βw = 0◦; (b) βw = 15◦;
(c) βw = 30◦; (d) βw = 45◦; (e) βw = 60◦; (f) βw = 75◦; (g) βw = 90◦.

4.2. Model Generalization and Further Validation

4.2.1. Model Generalization

We also occasionally encountered some more complex cases of the anisotropic rocks
containing multi-groups of weakness planes. In order to describe the shear strength of these cases,
the superposition principle was useful. As shown in Figure 16, for weakness plane No. 1 and arbitrary
No. i, the failure criterion can be rewritten as [65]:

τ0 = c0 + σn0 tan ϕ0 failure across all of the weak planes

τ
(1)
w = c(1)w + σ

(1)
nw tan ϕ

(1)
w slipping along the weak planes No. 1

τ
(i)
w = c(i)w + σ

(i)
nw tan ϕ

(i)
w slipping along the weak planes No. i

(15)
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Figure 16. Schematic of strength analysis for anisotropic rocks with multi-groups of weakness
planes (reproduced from [65]). (a) Loads analysis of tri-axial test, and (b) The schematic map of
strength envelope.

Equation (15) can also be rewritten using the principal stresses [65]:
σ1 = 1+sin ϕ0

1−sin ϕ0
σ3 +

2c0 cos ϕ0
1−sin ϕ0

(β < β
(1)
1 or β > β

(i)
2 )

σ1 = σ3 +
2(c(1)w +σ3 tan ϕ

(1)
w )

(1−tan ϕ
(1)
w cot β) sin 2β

(β
(1)
1 ≤ β ≤ β

(i)
12 )
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2(c(i)w +σ3 tan ϕ

(i)
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(1−tan ϕ
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The strength envelope curve of anisotropic rock with multi-groups of weakness planes can be
replaced by line ABC. Meanwhile, the strength of anisotropic rock depends on both curves ABC
and EF [65]. Then, the typical compressive strength of anisotropic rock will be weakened, i.e.,
the influence of the group numbers of weakness planes on compressive strength is very significant.
Thus, the influence of multi-groups of weakness planes on “BtS” also cannot be ignored.

If the anisotropic rocks contain multi-groups of weakness planes, we can calculate the relevant
“BtS” for each group of weakness planes, respectively, and select the minimum value regarded as
the integrated “BtS”. The main steps can be concluded as follows: (1) Calculate the BtS1(βw) and
BtS2(βw) for arbitrary weakness plane Nos. 1–i to obtain the “BtS” under tensile failure modes; (2) Set
the radial ratio from 0 to 1 to calculate the “BtS” under shear failure modes, and calculate the BtS3(βw)
and BtS4(βw) for arbitrary weakness plane Nos. 1–i to obtain the “BtS” under shear failure modes;
(3) Calculate the integrated BtS(βw) by selecting the minimum value for the BtS1(βw), BtS2(βw),
BtS3(βw) and BtS4(βw) from arbitrary weakness plane Nos. 1–i.

4.2.2. Model Validation for Jixi Coal

In order to demonstrate the performance of the generalized “BtS” modeling, the BDT results of
Jixi Coal that were published by Li et al. (2016) [51] and Ai et al. (2015) [49] are utilized. The coal rocks
are usually featured by well-developed both face and butt cleats, so the “BtS” of coal rocks are usually
controlled by both face and butt cleats. According to the experimental results, set a = 0, c(1)w = 0.63 MPa,
ϕ
(1)
w = 16◦, c(2)w = 0.89 MPa, ϕ

(2)
w = 20◦, and Tm = Tw = 0.61 MPa, and the calculated result is shown in

Figure 17 and Table 5.
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Table 5. The BtS versus βw of Jixi Coal (After Ai et al. 2015 [49]).

No.
BtS Versus βw (MPa)

0◦ 15◦ 30◦ 45◦ 60◦ 75◦ 90◦

1 0.69 0.55 0.51 0.39 0.26 0.71 0.55
2 0.54 0.65 0.45 0.45 0.41 0.45 0.59
3 0.62 0.71 0.42 0.38 0.39 0.61 0.67
4 0.67 0.67 0.49 0.36 0.33 0.6 0.58
5 - 0.54 0.57 - - 0.54 -

Mean 0.63 0.62 0.49 0.40 0.35 0.58 0.60
Predicted BtS 0.61 0.61 0.52 0.37 0.37 0.60 0.61

Error 3.17% 1.61% 6.12% 7.50% 5.71% 3.45% 1.67%

The failure modes of Jixi Coal can be concluded as follows: (1) When 0◦ ≤ βw ≤ 23◦, i.e., Zone
I in Figure 17, the Brazilian disc experiences tensile failure; (2) When 23◦ ≤ βw ≤ 32◦, i.e., Zone II
in Figure 17, the disc experiences shear failure along the butt cleats; (3) When 32◦ ≤ βw ≤ 76◦, i.e.,
Zone III in Figure 17, the disc experiences shear failure along the face cleats; (4) When 76◦ ≤ βw ≤ 90◦,
i.e., Zone IV in Figure 17, the disc experiences tensile failure along. The predicted results are consistent
with the test results, and the maximum deviation with the test results is ~7.50%. Therefore, the present
method was successfully generalized for fractured rocks that contain multi-groups of weakness planes,
and the current method (Li et al. [51]) is only a particular case.

4.3. Discussion

The BDT theory assumes that the tensile failure mode starts from the disc’s center, but it is
inconsistent with the typical failure patterns of anisotropic rocks, as shown in Figure 3. The typical
failure patterns were classified into five categories: tensile failure across or along the weakness planes,
shear failure across or along the weakness planes, and mixed failure. In case of shear failure across or
along the weakness planes and mixed failure, the outcome of the BDT is definitely not the real tensile
strength of the Brazilian disc. Therefore, an appropriate loading angle should be selected to test the
real tensile strength in the Brazilian disc test of anisotropic rocks. Due to the impact of the loading
angle, the failure mode no longer meets the connotative assumption that the tensile failure mode starts
from the disc’s center, the test result of BTD for anisotropic rock is also not the real Brazilian tensile
strength, but an equivalent Brazilian Tensile Strength (BTS) or Brazilian test Strength (“BtS”).
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To explain the failure mechanisms and predict the “BtS”, Liu et al. [39] and Li et al. [51] proposed
two types of models to determine the strength of anisotropic rocks under BDT conditions. Liu et al.
used the central stress state and the SPW theory to propose a “BtS” criterion for slate rocks [39]; Li et al.
generalized the SPW theory into two groups of weakness planes to determine the “BtS” of jointed
coal rocks [51]. However, some very important factors, such as the anisotropic tensile strength of
anisotropic rocks, the initial fracture points of Brazilian disc, and the stress distribution on Brazilian
disc, are ignored in current methods. Some of the results that were predicted by current methods are
also inconsistent with the universal law. The transverse strength is usually higher than the longitudinal,
but the transverse strength always equals to the longitudinal in their model. In the present model,
the above-mentioned factors were involved to determine the strength of anisotropic rocks under BDT
conditions. Therefore, the present method has a wider range of application, and the current methods
that were published by Liu et al. [39] and Li et al. [51] are just some particular cases.

The connotative assumption in the present model is that the influence of the anisotropic modulus
is ignored, and the anisotropic rock is simplified as a linear elastic, homogeneous and continuous
media. In other words, only the anisotropic tensile and shear strengths were involved in the present
model. Therefore, it can only be used to predict the “BtS” for anisotropic rocks with weak or medium
anisotropy, but its influence should be considered for strong anisotropy because the anisotropic
modulus has a notable effect on the stress distribution on the Brazilian disc.

The reason why we ignored the influence of the anisotropic modulus can be concluded as follows:
(1) The anisotropy of the tensile strength usually outclasses the modulus for anisotropic rocks with
weak or medium anisotropy [12], for instance, the anisotropic degree of modulus is 1.14–1.61 for
Taiwan argillite, while its anisotropic degree of tensile strength is ~11.17 [20]; the anisotropic degree
of modulus is ~1.34 for Mosel slate, while its anisotropic degree of tensile strength is ~3.69 [45];
the anisotropic degree of modulus is ~1.29 for Longmaxi shale, while its anisotropic degree of tensile
strength is ~1.90 [47]. (2) The closed-form elastic solution of stress distribution on the Brazilian
disc for an anisotropic medium is difficult to obtain, and it is also very complex to apply in the
determination of Brazilian disc failure. Since the BDT was developed in 1943 [22], the stress distribution
on the Brazilian disc has received so much attention. Thereinto, the closed-form solution of stress
distribution was proposed using the linear elastic theory, and the connotative assumption is that the
influence of anisotropy on stress distribution is ignored. In 1957, Lekhnitskij proposed the elastic
solution of stress distribution for an anisotropic medium [66,67], but only the stress distributions that
were located on some key points/lines were obtained, due to their studies mainly focusing on the
determination of anisotropic elastic constants and anisotropic indirect tensile strength [13,32,57,68–71].
In the present paper, the isotropic closed-form solution was used to simplify the complexity of the
modeling. Of course, the influence of anisotropic modulus should be considered for strong anisotropy.

5. Conclusions

The present overview of 50+ years of development since the pioneering research of the 1960s
is aimed to present the state of the art in the experimental studies on Brazilian tensile strength of
anisotropic rocks. The statistical results of anisotropic degrees, variations of “BtS” with loading
direction, and typical failure modes were reviewed for various anisotropic rocks. An integral
understanding of the Brazilian tensile strength of anisotropic rocks appears. Based on the failure
mechanisms, the typical failure modes were classified into five categories: tensile failure across and
along the weakness planes, shear failure across and along the weakness planes, and mixed failure.

The anisotropic tensile and shear strength criteria were involved to propose a novel theoretical
method to explain the failure mechanisms of anisotropic under BDT conditions. The present method
has also been generalized for fractured rocks that contain multi-groups of weakness planes. The current
method that was published by Li et al. [51] is just a particular case of the presented method. It can
be utilized to calculate the anisotropic Brazilian test strength and simulate the failure patterns of the
Brazilian disc. However, because the influence of the anisotropic modulus is ignored in the present
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model, it can be utilized only to predict the “BtS” of anisotropic rocks with weak or medium anisotropy,
but its influence should be considered for strong anisotropy.

The BDT results of Longmaxi Shale-I and the Jixi Coal were used to demonstrate the performance
of this anisotropic “BtS” modeling. The calculated “BtS” results are consistent with the test results.
The maximum deviation with the test results is ~6.55% for Longmaxi Shale-I and ~7.50% for Jixi Coal.
Thus, the present method is reasonable and accurate for the theoretical calculation of anisotropic “BtS”
of anisotropic rocks. (1) For the Longmaxi Shale-I, when 0◦ ≤ βw ≤ 24◦, the Brazilian disc belongs
tensile failure of intact rock; when 24◦ ≤ βw ≤ 76◦, the Brazilian disc belongs shear failure along the
weakness planes; when 76◦ ≤ βw ≤ 90◦, the Brazilian disc belongs tensile failure along the weakness
planes. The simulated failure patterns of the Longmaxi Shale-I are consistent with test results, it also
demonstrated the performance of the present method. (2) For the Jixi Coal, when 0◦ ≤ βw ≤ 23◦ or 76◦

≤ βw ≤ 90◦, the Brazilian disc belongs tensile failure; when 23◦ ≤ βw ≤ 32◦, the Brazilian disc belongs
shear failure along the butt cleats; when 32◦ ≤ βw ≤ 76◦, the Brazilian disc belongs shear failure along
the face cleats.
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List of Symbols

AI The anisotropic index
BtSmax The maximum “BtS”, MPa
BtSmin The minimum “BtS”, MPa
P The line load, N
D The diameter of the disc, mm
t The thickness of the disc, mm
r1, r2 The distances from arbitrary point to the upper and lower loading points respectively, mm

θ1, θ2
The intersection angle between loading position and the ligature form arbitrary point to the
upper and lower loading points respectively, (◦)

x, y The rectangular coordinates of the arbitrary point, mm
σXX, σYY The stress along X and Y axis respectively, MPa
τXY The shear stress, MPa
σxx, σyy The stress along x and y axis respectively, MPa
τxy The shear stress, MPa
βw The complementary angles of foliation-loading angle, (◦)
σ1 The maximum principal stress, MPa
σ3 The minimum principal stress, MPa
βf The potential failure direction of rock, (◦)
σnw The normal tensile stress load on the surface of weakness planes, MPa
Tw The tensile strength of weakness planes, MPa
β*

w The critical angle, (◦)
BtS1(βw) The calculated “BtS” for tensile failure across the weakness planes, MPa.
BtS2(βw) The calculated “BtS” for tensile failure along the weakness planes, MPa.
τ0 The resultant shear stress load on the shear plane, MPa
τw The resultant shear stress load on the surface of the WPs, MPa
σn0 The resultant effective normal stress load on the shear plane, MPa
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σnw The resultant effective normal stress load on the surface of the WPs, MPa
c0 The cohesion of the intact rock, MPa
cw The cohesion of the weakness planes, MPa
ϕ0 The internal friction angle of the intact rock, (◦)
ϕw The internal friction angle of the weakness planes, (◦)
f [BtS3(βw)] The additional cohesion to prevent the shear failure of intact rock, MPa
f [BtS4(βw)] The additional cohesion to prevent the shear failure along the weakness planes, MPa
BtS3(βw) The calculated “BtS” for shear failure across the weakness planes, MPa
BtS4(βw) The calculated “BtS” for shear failure along the weakness planes, MPa
r The radial distance from the central point of the disc, mm
a The radial ratio of the solution domain on the disc, 0 ≤ a ≤ 1, dimensionless

τ
(1)
w , τ

(i)
w

The resultant shear stress load on the surface of the weakness plane No. 1 and i
respectively, MPa

σ
(1)
nw , σ

(i)
nw

The resultant normal stress load on the surface of the weakness plane No. 1 and i
respectively, MPa

c(1)w , c(i)w The cohesion of weakness plane No. 1 and i respectively, MPa

ϕ
(1)
w , ϕ

(i)
w The internal friction angle of weakness plane No. 1 and i respectively, (◦)

Abbreviations

DTT Direct Tensile Test
ITT Indirect Tensile Test
BDT Brazilian Disc Test
ITS Indirect Tensile Strength
BTS Brazilian Tensile Strength
“BtS” Brazilian test Strength
SPW Single Plane of Weakness

Appendix A. Classical Theories of BDT

As shown in Figure 7, the isotropic closed-form solution of stress distribution on the Brazilian disc can be
written as [22,70]: 

σXX = 2P
πt

(
cos θ1 sin2 θ1

r1
+ cos θ2 sin2 θ2

r2

)
− 2P

πDt

σYY = 2P
πt

(
cos3 θ1

r1
+ cos3 θ2

r2

)
− 2P

πDt

τXY = 2P
πt

(
cos2 θ1 sin θ1

r1
+ cos2 θ2 sin θ2

r2

) (A1)

The failure of Brazilian disc is determined using the Griffith criterion in the classical BDT theory. According to
the stress state of the central point and the Griffith criterion, the tensile strength of Brazilian disc can be expressed
as [22,70]:

BTS = − 2P
πDt

(A2)
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