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Based on the Erdogan fundamental solutions for infinite cracked plates, a new hybrid boundary node method for
linear fracture problems is proposed in this paper. The origin singular intensity factor for the Erdogan fundamental
solutions is developed to overcome the singular when the field points are coincided with the source points, and no
virtual source points are needed, a new scheme for calculating the origin singular intensity factor for the Erdogan
fundamental solutions is developed. Based on the Erdogan fundamental solutions, the zero traction boundary
condition on crack surfaces is naturally and strictly satisfied in this method, and no nodes are arranged on the
crack surface in the entire calculation process. Based on the Erdogan fundamental solution of stress intensity
factor for the mixed mode crack, the stress intensity factor of the present method can be easily interpolated
by the Erdogan fundamental solutions. As a result, no complex scheme for calculating stress intensity factor is
needed. Based on those theories and methods, the proposed method is further applied to analyze some linear
crack problems, and the computational accuracy, convergence rate and the versatility of the present method are

demonstrated in details.

1. Introduction

As a boundary type meshless method, boundary node method was
firstly proposed by Mukherjee [1], in which the moving least square
was combined with the boundary integration equations. In this method,
only boundary nodes are needed for interpolating boundary variables,
but background elements are still needed for local boundary equation
integral. In order to overcome this defect, hybrid boundary node method
was developed by Zhang et al. [2], in which hybrid displacement vari-
ational theory, three fields variables interpolation and moving least
square were combined with each other, although no meshing is needed
for both variables interpolating and local boundary equation integral,
but a boundary layer effect is inevitable. To solve this problem, Zhang
and co-workers [3-6] and Wang et al. [7] further proposed the regular
hybrid boundary node method, in which the source points are arranged
outside the domain, and some virtual source points are needed. Later,
employing the rigid body movement method, Miao et al. [8-10] devel-
oped a singular boundary node method, in which an adaptive integral

scheme to deal with singular integrations and boundary layer effect was
developed.

The above methods can only solve the homogenous problems, for in-
homogeneous problems, the domain integral and background elements
are inevitable. In order to keep the boundary meshless properties of
the hybrid boundary node method, Yan et al. [11-13] developed the
dual hybrid boundary node method, in which dual reciprocity method
[14] was employed into hybrid boundary node method, and further-
more, they employed this method to solve the dynamic problems [15],
nonlinear problems [16], convection-diffusion problems [17] and Kirch-
hoff plates [18]. To improve the calculating effect, the radial point in-
terpolation method was adopted into the dual hybrid boundary node
method by Yan et al. [19-23].

Later, Yan et al. [24] proposed a new shape function constructing
method, i.e., the Shepard and Taylor interpolation method (STIM) based
on the Shepard interpolation method and Taylor expansion, by which no
inversion operating is needed in the entire constructing process. Com-
bined multiple reciprocity method [25], Tan et al. [26-27] proposed a
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Fig. 1. Infinite plane model with a central crack.

multiple hybrid boundary node method to solve some practical prob-
lems. Furthermore, Wang et al. [28-29] developed fast multipole hy-
brid boundary node method combined fast multipole method [30] and
hybrid boundary node method, and employed this method into some
complex practical problems [31,32]. Based on those theories, Yan et al.
[33] employed hybrid boundary node method and continuous to discon-
tinuous formulation, and proposed a continuous-discontinuous hybrid
boundary node method to solve the linear crack problems, in which the
field nodes were arranged on the common boundary and the crack sur-
faces, in this method, the Kelvin fundamental solution was employed,
by which the zero traction boundary condition cannot be automatically
met, and the stress boundary condition deal is inevitable, because of the
singularity of crack tip stress, some special elements are needed to deal
with high stress gradient and stress intensity factor calculating.

In order to overcome the aforementioned defects and efficiently
solve linear fracture problems, based on the above formulation, the Er-
dogan fundamental solutions for infinite cracked plates are introduced
into the hybrid boundary node method in the present work, and a new
hybrid boundary node method for linear fracture problems is proposed.
Besides, the concept of the origin singular intensity factor (OSIF) [34,35]
is employed into the present method, in which the OSIF for the Erdogan
fundamental solutions are developed to overcome the singular when the
field points are coincided with the source points, and no virtual source
points are needed, a new scheme for calculating the values of OSIF for
the Erdogan fundamental solutions is developed. Based on the Erdogan
fundamental solutions, the zero traction boundary conditions on crack
surfaces are naturally and strictly satisfied, and no nodes are arranged
on the crack surface during the calculation, and no special deal is needed
for stress boundary condition on crack surfaces. Based on the Erdogan
fundamental solution of stress intensity factor (SIF) for the mixed mode
crack, the stress intensity factor of the present method can be easily
and directly interpolated by the Erdogan fundamental solutions, then no
complex scheme for calculating stress intensity factor is needed. Based
on those theories and methods, the proposed method will be further
applied to analyze some linear crack problems, and the computational
accuracy, convergence rate and the versatility of the present method
will be demonstrated in details.

2. The Erdogan fundamental solution

Consider an infinite plate with a crack, and a couple of concentra-
tions Q, P is imposed on the point 25 = xy + iyy, which can be seen in
Fig. 1. Based on the theory by Erdogan [36], a complex function solution
for the above problem can be obtained, then the stress, displacement and
stress intensity factor on an arbitrary point z = x + iy on a plane can be
given as

6x+6y=2[¢(Z)+%] M

oy +ity, = ¢(2) + Q@) + (2 - ¢/ (2) @)
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in which superscript of horizontal line denotes conjugate function, and
superscript of comma represents differential, besides, some other vari-
ables can be given as

¢(z) =— + ¢o(2) 5)
z— 2z,
S(zy -z
Q=<5 4 (0—‘;) +¢o(2) (6)
Z= %0 (z -2z
3 —4v plane strain problem
=93z plane stress problem ™
1+v
in which S and ¢(2) in Egs. (5) and (6) can be written as
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an

In those equations, a is the half width of the crack, y is the shearing
modulus, and v is the Poisson ratio. According to the theory of Erdogan
[37] and reference [38], when point z is located on the crack surface,
i.e. — a < 2z < g, the calculating measure of I(z) and J(z) in Egs. (9)-(11)
are different on the upper and bottom of surfaces. To be specific, when
point z is located on the upper side of crack surfaces, a positive sign is
used in Egs. (9)-(11); when point z is located on the bottom side of crack
surfaces, a negative sign is used in Egs. (9)-(11).

Besides, it is worth noting that \/ 25— a? and \/ z; — a? result double
values in plural space, for example, two solutions can be obtained when
calculating 4 /z(zJ — a2, and square root of this equation can be written as

0 0,
wk=Vz2—a2=\/r_0[cos<70+k7r>+isin<70+k7r>] k=12 (12

in which ry and 6, are modulus and spoke angle of 22 — a?, respectively.
It can be seen that w; = —w, according to Eq. (12). Based on numerical

examples, one can see that the value of ‘/zé — a? is influenced by the

location of point 2. For example, w, = Vz2 — a? is used when point 2 is
located in the first quadrant, the fourth quadrant, the positive half of x
axis and the positive half of y axis; w; = V/z2 — a? is used when point z
is located in the second quadrant, the third quadrant, the negative half
of x axis and the negative half of y axis. Based on those results, one can
easily use this method.
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3. Singular hybrid boundary node method

Three field variable interpolation scheme is used in hybrid boundary
node method, then boundary variables and internal variables interpola-
tion are constructed in this section.

3.1. Boundary variable interpolation by radial point interpolation method

The traditional hybrid boundary node method used the moving least
square to construct the shape function, and the boundary conditions can-
not be easily and directly applied by this method. As a result, the radial
point interpolation method (RPIM) is used to interpolate the boundary
variable, by which the boundary conditions can be easily and directly
applied to the linear equations. Besides, the boundary variables are in-
terpolated on different independent continuous segments, so the bound-
ary is divided into several independent continuous segments.

Take a continuous segment of boundary as an example, then dis-
placement u on this interpolating segment can be written as

13)

Ng m
u(r,s) =Y Ri(ra; + Y P(s)b,
i=1 Jj=1
in which r is the polar coordinate, and s is the parameter coordinate
for interpolating point; Ng denotes the node number on interpolating
segment, and m is the number of monomials basis; R;(r) is the radial
basis function, which can be seen in references [11], and Pj(s) =s-1
i=12,...,ma, bj are interpolating coefficients.
Applying Eq. (13) into each interpolating node on the interpolating
segment, one can get

Ng m
u(rk“yk) = ZRi(rk)ai-'_ZPj(sk)bj (14)

i=1 j=1

As we know, only Eq. (14) can not get the interpolating coefficients,
so a constraint of the monomial basis and constant coefficient g; is built,
combining Eq. (14) and this constraint, one can get the system equation
of RPIM
_ [Ro a

U=l Gy =ee

in which a] = [a.a,,...,ay, by, by, ..., b,], and Ry and Py are the ma-
trixes of values for radial basis functions and the monomials basis on
each interpolating nodes respectively, based on Eq. (15), one can get
the interpolating coefficients a, = G™1u,. Substituting this interpolat-
ing coefficient into Eq. (13), one can get the shape function of RPIM,
which can be written as

15)

OTr,5) = [$1029). 2.9, o0 g (25) s by 9)|

= [RT()P"(5)]G™! (16)
According to Eq. (16), the boundary variables can be interpolated
via the above shape function, then one can obtain

i(r,s) = ®'(r, s)u 17)

in which u' = [y, up, . un ] is displacement vector for boundary
nodes. The same as Eq. (17), boundary variables of traction can also
be interpolated by the same shape function,

i(r,s) = ®T(r, s)t 18)

in which tT = [1,1,, ..., N is traction vector for boundary nodes.

3.2. Internal variable interpolation based on OSIF

Internal variable interpolation in traditional hybrid boundary node
method is based on fundamental solution interpolation, but singular
or near singular cases can occur when the source points and the field
points coincide with each other. In order to overcome this problem, Yan
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et al. [38] proposed a dual singular hybrid boundary node method, in
which the origin singular intensity factor is employed, and the calculat-
ing scheme of OSIF for potential problems is given in this work, and in
this section, the calculating scheme of OSIF for the Erdogan fundamental
solutions is developed.

According to the theory of the origin singular intensity factor, the
internal variables can be interpolated by

N

u(zy) = 2 Ul(zpzg)x; + OIFU (21, 21)x;
J=1I#1

19)

N

v(z,)z Z V(z,,zj)xJ+OIFV(z,,zl)x1
J=1J#I

(20)

N

1;(z) = Z Gi(zp.z5)x; + OIFT (27,27 )x;
J=TI#I

2D

in which N is the total boundary node number, U(z;,2;),V(z;,2;) are the
Erdogan fundamental solution of displacements for x and y direction,
which can be solved by Eq. (3), G;(2,2;) is the Erdogan fundamental
solution of traction, which is related to o,, Cys Tays and the relation is
Gi(21,2)) = 0;(21,2/)n;, and n; is the outward normal vector component
of boundary, and OIFU(z,2;), OIFV(z;,2;), OIFT(z;,2;) are origin singular
intensity factor of displacement and traction, and x; is the interpolation
coefficient.

As we know, after substituting the source point and the field point
into Egs. (1) to (12), the value of the Erdogan fundamental solutions can
be easily got, but from those equations, one can not easily get the ana-
lytical form of the Erdogan fundamental solutions. As a result, the main
problem is solving the origin singular intensity factor in Egs. (19) to
(21). According to reference [37], one can see that the OSIF exists, and
it is not infinite. Then the method of fundamental solution is used to
solve the origin singular intensity factor. In the present work, the mixed
mode displacement, stress field of crack tip are used as the simple field
functions, which can be given as

K r 0 .20 K ro. 0 6
Xzz—li ZCOSE(K—l+251n2§)+2—:‘1531n§(1(+1+200525)
(22)
K K
uy=2—; ésin%(r+1—2c032§)—Tgwlécosg(x—l—kng)
(23)
K K
0, = —L cosg(l _singsinﬁ)+Jsing(2+cosgcosﬁ) (24)
2rr 2 2 2 2xr 2 2 2
K K
o, = ! cosg(l + singsinﬁ) + sin2coscos 22 (25)
2rr 2 2 2 2rr 2 2 2
K K
Ty = L gin2cos? cos 22 + 1L cosg(l - singsin%> (26)
2xr 2 2 2 2xr 2 2 2

in which K; = 1, K;; = 1 are used in the present method.

In order to solve the OSIF, some calculating points are arranged in
the calculating domain, and it is assured that the distances from calcu-
lating points to the source points are larger than half of the adjacent
nodal distance of boundary nodes, and the calculating node number is
N,, which is much larger than the total number of boundary nodes N, in
other words, N, > N. In this case, an interpolation scheme based on the
method of fundamental solution can be built, which can be given as

ue(z,) = Z U(z,-,Z,)OlJ

@7
J=1
N

te(z) = Y\ T(zi25) By 28)
J=1
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Substituting Egs. (22) and (23) into Eq. (27), one can get

U(Zlazl) Uz, 2, U(ZI’ZN) a ”c(zl)
U(z2.21) U(z3,2) U(zzn)  fa | Jte(22)
U(zNC,zl) U(zNC,zz) U<ZNC,ZN) (;:N uc(ch>

(29)

From Eq. (27), one can easily obtain the interpolation coefficient,
then one can get the OSIF of displacement, which is

Ue (ZI) - Z.]IV=1,J#I U(z,, zJ)"‘J

ar

OIFU(z;,z;) = (30

Using the same method, one can easily get the interpolating coeffi-
cient, then the OSIF of stress can also be obtained as

oe(zy) = Z.]IV=I,J;H Gy(z1,25)By

orretenz) = 7 31)
I
Zr) — N_ G,(z7,z5)B
OIFG,(z;.2;) = oy (z1) 21—1;# (z1.21)B; o)
1
xy\Zr) — N_ Gx Zr, 2 ﬂ
OIFG,,(z;.2;) = Toy(21) D o(21:27) s o)

Br

Based on OIFT(z;,2;) = OIFG;;(z},2,)n;, one can get the origin intensity
factor of traction.

3.3. Singular hybrid boundary node method

According to the hybrid displacement variational theory, the local
boundary integral equation can be given as

F/ (t=1)h;(Q)dT =0 (34)

S

r/ (u—h;(Q)dlI' =0 (35)
S
in which h;(Q)is the test function, and the complete function can be
referred as references [11-13], u, t are displacement and traction on
internal points, which are interpolated by Eqgs. (19)-(21), &, 7 are dis-
placement and traction on boundary nodes, which are interpolated by
RPIM, and they are based on Egs. (17) and (18).

Substituting Egs. (17) — (21) into Egs. (34) and (35), one can get the
linear system equation of the present method, which are

Tx = Ht (36)

Ux = Hu (37)

in which matrices T, U, H can be referred in references [11-13].
Based on Egs. (19)-(21), one can get the field function of stress, dis-
placement on any points, which can be written as

N
u,-(z,): Z Ui(z,,zj)xj+OIFU(z,,z,)x, (38)
J=1J#1
N
ti(zr)= Y Gi(zp.2;)x; +OIFT (z1,21)x; (39)
J=1J#]

Different from the traditional hybrid boundary node method, only
boundary nodes are needed in the present method, and the zero traction
on crack surfaces can be automatically satisfied, and no crack surface
elements are needed.
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Fig. 2. Pure mode I central cracked plane.

4. Implementation for SBNM

For linear fracture problems, the main problem is calculating stress
intensity factor. Different from some other methods, it can be seen in
Eq. (4) that the fundamental solution of stress intensity factor can be
obtained from the Erdogan fundamental solutions. Based on Egs. (19)-
(21), one can get

N
Ki(zr) = Z IE(ZI’ZJ)XJ (40)
J=1
N
Kir(zr) = X, Kfy(z0.2)%, @1
J=1

in which KF(z;,z,), KF (2, z;) are the Erdogan fundamental solutions
of stress intensity factor, x; is the interpolating coefficient. Because the
calculating points are located in the internal of calculating domain, then
no singular is occurred all over the interpolating process, then no OSIF
for stress intensity factor is needed.

In the Erdogan fundamental solutions, the analytical functions can
not be easily obtained from Egs. (1)-(12). In other words, the analytical
function is not needed for calculating. Only the values on different points
are needed for the whole calculating, then, one can only substitute the
coordinate of the source points and the field points into Egs. (1)-(12),
and using the theory of complex function, each different values of the
Erdogan fundamental solutions can be separated by Egs. (1)-(20).

For simplification, a dimensionless stress intensity factor is defined,
which is
Ky

o4/mag

in which o is the far field stress, and a is the total length of crack.

K= (42)

5. Numerical examples

In this section, several numerical examples are given to illustrate the
accuracy and effectiveness of the present method.

5.1. Mode I central cracked plane

A pure mode I central cracked plane is considered in this example,
which can be seen in Fig. 2, and 2a, 2W, 2H are crack length, width
and height of the crack plane, and ¢ = 1 is considered in this section.
Besides, different crack lengths are considered for comparison purpose.

Fig. 3 plots the relative errors for different crack lengths and different
boundary node numbers, it can be seen in this figure that convergence of
the present method is quick, and the accuracy of the present method is
high, and when the boundary node number is more than 90, the relative
error decreases much slower.

Fig. 4 shows the dimensionless stress intensity factor for different
crack lengths, and it can be seen that the present method is very close
to the analytical solution and results by Spline fictitious boundary ele-
ment method (SFBEM) [37], which illustrates that the present method
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Fig. 3. Relative errors for different boundary node numbers and different crack
lengths.

2.00
Analytical
175 o The present method
: s SFBEM[37]

w 1.50 4
n
[2]
®
2 1254
K]
[2]
C
g 1.00-
=

0.75 1

0.50 T T T 1

0.00 0.25 0.50 0.75 1.00
a/W

Fig. 4. Dimensionless SIF for different crack lengths.

is accurate and effective, compared to the traditional hybrid boundary
node method, only boundary nodes are arranged for calculating, and no
crack surface nodes are needed, and the zero traction boundary condi-
tion for crack surfaces is automatically satisfied.

5.2. Single-sided inclined crack rectangular plate

A rectangular plate with a single-sided inclined crack is considered
in this example, which can be seen in Fig. 5. a is crack length, W is width
of the plate, the plate height is 2.5H, ¢ = 1, and the inclined angle to
vertical direction is 0° < # < 90°, representing a mixed mode fracture
problem.

In the present method, a total of 144 boundary nodes are used in
this example, crack inclined angles g = 45°, f = 67.5° and g = 90° are
considered, which are the same as the above example. Results by SFBEM
[37] are employed for comparison.

Figs. 6 and 7 plot the results of dimensionless stress intensity factor
by the present method, SFBEM and analytical solution, in which a great
agreement can be achieved, which illustrates that the present method is
accurate and effective. Compared to the traditional method, no meshing
is needed on crack surfaces in the present method.
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Fig. 5. Single-sided inclined crack rectangular plate.
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5.3. A central inclined cracked plate

Fig. 8 shows an angle-cracked plate with the length 2b = 20m and
the width 2h = 30m. The crack length is 2a = 3m, and the angle between
crack direction and vertical direction is a. The far field tensile is ¢ = 1Pa.

Fig. 9 shows the stress intensity factor K; and Kj; for different in-
clined angles a, it can be seen that results by the present method are very
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Table 1
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Dimensionless stress intensity factors for a central inclined plate.

k,:K,/Kf Kll:Kll/Kfl
Angl
gle « Present method HBNM[23] XFEM[39] Present method HBNM[23] XFEM[39]
15 0.983 1.021 1.034 0.988 1.013 0.979
30 1.010 1.009 1.011 1.007 1.005 1.006
45 1.005 1.007 0.991 1.012 1.028 0.922
60 1.009 1.011 1.017 1.008 1.007 1.013
75 0.985 1.014 1.019 0.983 1.020 1.033
c c
A bttt
=
N
=0=
a a
w
T Id
Fig. 10. Panel with a doubly cracked hole.
Table 2
Stress intensity factors for the doubly cracked hole.
Fig. 8. Central inclined cracked plate under tensile. Method K, jo/r T D
2.4 - The present method 1.5633
Analytical DHBNM with Quadratic basis [23]  1.6029
_ o HBNM [23] & DHBNM with enriched basis [23] 1.5632
204 | o XFEM[39] DEM by e 4 1 Meatt20) 12636
"g e The present method Y :
> 1.6
v .
5 lating domain is given as: 2h/W = a/r = 1, and r + a = W/4. Results
N
2 1.2 1 by Chang and Mear [40], Pan [41] are given for comparison, and the
: continuous-discontinuous hybrid boundary node method results by Yan
= 0.8 - et al. [23] are also presented in this section.
§ ’ The stress intensity factor for the doubly-cracked hole is shown in
| Table 2, in which results by some other methods are given for compar-
g 044 ison. It can be seen that the results obtained by the present method are
g well agreed between those four different methods. For simplification, a
0.0 . . . . . . . \ half model of Fig. 10 is considered in the present work, and a total of
10 20 30 40 50 60 70 80 90 101 boundary nodes are used for calculating, and in the present method

Inclined angle o

Fig. 9. Stress intensity factor for a central inclined plate on different inclined
angles.

close to analytical solutions, results by extended finite element method
(XFEM) [39] and the traditional hybrid boundary node method [23],
which reveals that the present method can achieve a great accurate and
effective, because only 88 boundary nodes are needed for the whole
calculating, but 120 boundary nodes are needed on boundary and crack
surfaces by the traditional hybrid boundary node method. Table 1 shows
the dimensionless stress intensity factors, in which results by the tradi-
tional hybrid boundary node method and XFEM are also given for com-
parison, and one can see that the present method can get much more
accurate results compared to the other two methods.

5.4. Panel with doubly cracked hole
In this section, a panel which contains a doubly-cracked hole is con-

sidered, which is shown in Fig. 10, and a uniaxial tensile ¢ is imposed
on the upper and bottom sides of the plate. The geometry of the calcu-
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no crack surface nodes are needed. For the traditional hybrid boundary
node method, a total of 150 boundary nodes were used [23], and crack
surface elements are inevitable for zero traction boundary conditions.

6. Conclusions

In the present work, the Erdogan fundamental solutions for infinite
cracked plates are introduced to the hybrid boundary node method, and
a new hybrid boundary node method for linear fracture problems is
proposed. Firstly, the concept of the origin singular intensity factor is
employed into the present method, in which the OSIF for the Erdogan
fundamental solutions is developed to overcome the singular when the
field points coincide with the source points, and no virtual source points
are needed, and a new scheme for calculating the values of OSIF for the
Erdogan fundamental solutions is proposed. Because the zero traction
boundary condition on crack surfaces is naturally and strictly satisfied,
no nodes are arranged on the crack surfaces in the entire calculating
process, and no special deal is needed for stress boundary condition on
crack surfaces. Based on the Erdogan fundamental solution of stress in-
tensity factor for the mixed mode crack, the stress intensity factor of the
present method can be easily and directly interpolated by the Erdogan
fundamental solutions, and no complex scheme for calculating stress
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intensity factor is needed. Based on the aforementioned theories and
methods, the proposed method is applied to analyze some linear crack
problems, and numerical examples are given to illustrate that the com-
putational accuracy, convergence rate and the versatility of the present
method are very high, and it can be further used for practical engineer-
ing operations.
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