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1. Introduction

The Winkler model is extensively employed by engineers to 

solve soil-structure interaction problems (Dutta and Roy, 2002; 

Bouzid et al., 2013; Yu et al., 2014; Woo et al., 2018). The model 

idealizes the soil consisting of closely spaced, identical but 

mutually independent springs. The modulus of subgrade reaction 

(MSR) is one of the key parameters in the Winkler model, and it 

is defined as the ratio of the traction applied at the ground-tunnel 

interface divided by the corresponding deformation. Since the 

MSR affects the behavior of the tunnel lining significantly, it is 

crucial to obtain its magnitude accurately for the tunnel design 

(Kog et al., 2013).

The MSR is not a fundamental property of soil, and it is 

influenced by many factors, such as the buried depth of tunnel 

(Chen et al., 2016), the deformation pattern of ground (Ghiasi et 

al., 2012; Avci and Gurbuz, 2018), the ground properties, and the 

lining stiffness. Generally, the MSR can be determined by plate 

loading tests (Terzaghi, 1955; Dincer, 2011), empirical or analytical 

relations (Elachachi et al., 2004; Jamil and Ahmad, 2019), and 

numerical approaches (Matsubara and Hoshiya, 2000; Avci and 

Gurbuz, 2018). In comparison, numerical methods could consider

more details, such as the plastic properties of soil (Ghiasi and 

Mozafari, 2018), the cracking of geomaterial (Zhang and Zhuang,

2018; 2019), and the failure of ground (Zhang et al., 2018, 2022). 

However, as the empirical or analytical relations could provide 

general solutions and are relatively simple, many empirical 

equations for determining the MSR have been proposed. Wood 

(1975) proposed an analytical solution to determine the MSR for 

a circular tunnel under an oval deformation pattern in elastic 

ground. Later, Luscher (1966), Okeagu and Abdel-Sayed (1984) 

developed similar relations for calculating the horizontal MSR 

for buried circular pipelines or tunnels. Matsubara and Hoshiya 

(2000) presented a solution for the longitudinal MSR of a buried 

pipeline for the seismic design. Based on the Wood's solution 

(1975), Zhang et al. (2014) used a Fourier series to describe the 
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radial deformation of tunnel, and presented a solution for the 

radial MSR. Guha et al. (2016) developed an analytical solution 

to determine the axial stiffness for pipelines and verified it by 

numerical analyses. Chen et al. (2016) assumed that the MSR 

increases linearly with the buried depth, and proposed a numerical 

approach for laterally loaded piles on elastic foundations. Basudhar 

et al. (2018) developed a new relation for the MSR by correlating 

the Winkler model and the maximum bending moments and 

deflection. In addition, many researchers (Kog et al., 2013; 

Prendergast and Gavin, 2016) discussed the suitability of different 

relations developed for determination of the MSR. As for the 

MSR in the tunnel design, the existing analytical studies mainly 

focus on deep tunnels in homogeneous ground, and the impact of 

the ground surface is neglected. However, the ground surface 

could affect the deformation pattern of shallow tunnels (Ghiasi 

and Koushki, 2020) and then the MSR. Besides, relatively little 

research concerning the effect of stratigraphic changes on the 

MSR has been undertaken. As a result, it is still difficult to 

calculate the appropriate magnitude of MSR for the structure 

design of shallow tunnels and tunnels close to the bedrock.

The main goal of this study was to establish analytical relations 

for the determination of the MSR for circular tunnels considering 

the effects of the bedrock and the ground surface. Two fundamental 

deformation patterns (uniform and oval) of circular tunnels 

(González and Sagaseta, 2001) were considered. The second 

objective was to investigate the influences of the bedrock and 

ground surface on the MSR. First, analytical solutions for the 

MSR for deep tunnels close to the bedrock and shallow tunnels 

near the ground surface were established using the complex 

variable method. Subsequently, the analytical solutions were 

validated by finite element (FE) analyses. At last, the effects of 

the ground surface and the bedrock on the MSR were analyzed 

by parametric studies. The analytical solutions could be used for 

obtaining the approximate magnitude of the MSR in the tunnel 

design.

2. Problem Description and Methodology

2.1 Problem Description

As shown in Figs. 1 and 2, a circular tunnel is located in a 

homogeneous and elastic soil, and the ground surface is flat and 

free of stress. A plane-strain condition is assumed. β is the angle 

between the bedrock surface and the horizontal plane; R is the 

radius of tunnel; hb is the distance from the tunnel center to the 

bedrock surface; hs is the depth of the tunnel center below the 

ground surface. Two cases were considered in this study: deep 

tunnels close to bedrock (see Fig. 1) and shallow tunnels near the 

ground surface (see Fig. 2). For the former case, it is assumed 

that the depth of tunnel is much larger than the radius of tunnel, 

hs>>R. Therefore, the influence of the ground surface can be 

neglected. Meanwhile, as the stiffness of the bedrock is much 

greater than that of the soil, the displacements at the bedrock 

surface owing to loads applied on the tunnel surface are nearly 

equal to zero. For the latter case, it is assumed that the tunnel is 

far from the bedrock, hb>>R. The bedrock has little effect on the 

MSR for shallow tunnels. However, the ground surface can

influence the stress and displacement in the soil around the 

tunnel and then the modulus of subgrade reaction. 

2.2 Complex Variable Method
In this study, the analytical solution to the above problem was 

developed using the complex variable method. In the complex 

variable method (Timoshenko and Goodier, 1951), the normal 

stresses (σxx, σyy) and the shear stress (τxy) in the region z could be 

depicted by two analytic functions, φ(z) and ψ(z) as follows:

(1)

where  refers to the conjugate operation; ' is the derivation 

operation; ; .

The displacements (ux, uy) in the region z expressed by the two 

analytic functions are

, (2)

where G is the shear modulus of ground; ; v is the 

Poisson’s ratio of ground.
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k 3 4v–=Fig. 1. A Deep Circular Tunnel Near the Bedrock: (a) The Original 
Region, (b) The Region of Conformal Transformation

Fig. 2. A Shallow Circular Tunnel Near the Ground Surface: (a) The 
Original Region, (b) The Region of Conformal Transformation



KSCE Journal of Civil Engineering 2595
The boundary condition involving the surface traction is 

expressed as:

, (3)

where tx and ty are the tractions along the surface in the x and y

directions, respectively; C is an constant.

The region z could be mapped conformally onto a ring in the 

region ζ shown in Figs. 1(b) and 2(b) (Verruijt, 1997), and the 

conformal transformation is 

, (4)

where

, (5)

where h = hb for deep tunnels close to bedrock and h = hs for 

shallow tunnels.

The outer boundary of the ring, , corresponds to the 

bedrock surface in Fig. 1 (or the ground surface in Fig. 2). The 

inner boundary of the ring, , corresponds to the tunnel 

surface, . Because the functions φ and ψ are analytic

in both the region z and the region ζ, they could be expressed by 

Laurent series expansions:

(6)

2.3 Boundary Conditions

2.3.1 Boundary conditions for Deep Tunnels Close to 

Bedrock
Because the stiffness of the bedrock is assumed to be much 

greater than that of the soil, the displacements at the bedrock 

surface owing to loads applied on the tunnel surface are nearly 

equal to zero. From Eqs. (2) and (4), the boundary condition in 

the region ζ can be expressed as:

, (7)

where  represents a circle with a radius of 1.0 in the 

region ζ.

Substituting Eqs. (4) − (6) into Eq. (7), the following equations 

can be obtained:

(8)

If a prescribed traction, t(z) = t[ω(ζ)] = T(ζ), is applied along 

the tunnel surface, from Eq. (3), the boundary condition in the 

region ζ can be written as:

. (9)

Similarly, the function, T(ζ), can be expressed as a Fourier 

series,

. (10)

Substituting Eqs. (4), (6), (8), and (10) into Eq. (9) gives

(11)

and

(12)

2.3.2 Boundary Conditions for Shallow Tunnels Near 
Ground Surface

The ground surface is flat and free of stress. From Eq. (3), the 

boundary condition in the region ζ can be written as:

. (13)

Substituting Eqs. (4) − (6) into Eq. (13), the following equations 

can be obtained:

(14)

If a displacement boundary, , is 

prescribed along the tunnel surface, and the function, D(ζ), can 

be expressed as a Fourier series,

. (15)

Verruijt (1997) has presented the coefficients as follows:
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and

(17)

2.4 Procedure for Determining MSR
The MSR can be determined by the following steps:

1. The coefficients Ak are determined by the boundary conditions 

applied on the tunnel surface. The formulations of the 

coefficients for the uniform and oval deformation patterns of 

circular tunnels will be established in the following section.

2. The series expansions of the functions, φ and ψ, should 

converge at infinity, by which the coefficient a0 can be 

determined. The process is as follows: assuming a0 = 0, the 

coefficient for deep tunnels close to the bedrock, 

, could be calculated by Eqs. (11) and (12). 

The coefficient for shallow tunnels, , could 

be calculated by Eqs. (16) and (17). Similarly, assuming 

, and calculating the coefficient, . 

The coefficient a0 can be determined by .

3. For deep tunnels close to the bedrock, the coefficients, ak

and bk, could be determined from the recurrent Eqs. (11) 

and (12). Subsequently, the coefficients, ck and dk, could be 

calculated from Eq. (8). For shallow tunnels, the coefficients, 

ak and bk, could be determined from Eqs. (16) and (17). 

Subsequently, the coefficients, ck and dk, could be obtained 

from Eq. (14).

4. After all the coefficients (ak, bk, ck, and dk) are determined, 

the functions φ and ψ can be obtained by Eq. (6). Subsequently, 

the stresses and displacements in the soil can be calculated 

from Eqs. (1) and (2), respectively. At last, the MSR can be 

determined by dividing the stress by the corresponding 

displacement.

For a tunnel in an infinite, elastic ground, from the theory of 

elasticity, both the radial and tangential moduli of subgrade 

reaction are equal to 2G/R (Zhang et al., 2014). In order to 

highlight the influence of the bedrock or the ground surface, the 

MSR is normalized by the magnitude, 2G/R, in this study.

3. Modulus of Subgrade Reaction for Different 
Deformation Patterns of Tunnel

As long as the coefficients of Fourier series, Ak, in Eqs. (10) or 

(15) are determined, the MSR can be calculated by the procedure 

presented in section 2.4. Therefore, the coefficients of Fourier 

series, Ak, for different deformation patterns of tunnel are 

presented in this section.

3.1 Solution for Deep Tunnels Close to Bedrock under a 

Uniform Deformation Pattern

3.1.1 Radial Modulus of Subgrade Reaction
If a uniform radial traction, , is applied on the tunnel 

surface, the function, T(ζ), in the region ζ is:

. (18)

Substituting Eq. (18) into Eq. (10) gives

(19)

3.1.2 Tangential Modulus of Subgrade Reaction
If a uniform tangential traction, , is applied on the 

tunnel surface, the function, T(ζ), in the region ζ can be written 

as:

. (20)

Substituting Eq. (20) into Eq. (10) gives

(21)

3.1.3 Validation of the Solution for Uniform 

Deformation Pattern
The analytical solutions in Eqs. (19) and (21) were validated by 

comparing them with the finite element (FE) solutions. A circular

tunnel with a radius of 1.0 m is assumed to be located in a 

homogeneous and elastic soil. The depth of tunnel is large 

enough. Therefore, the effect of the ground surface can be 

neglected. The tunnel is close to the bedrock, and the distance 

from the tunnel center to the bedrock surface is 2.0 m. The FE 

model and the soil property are shown in Fig. 3. The top boundary is 

assumed to be the bedrock surface, and a plane-strain condition 

is assumed. The displacements in both the horizontal and vertical 

directions are fixed along the top boundary, and a uniform radial 

or tangential traction is applied on the tunnel surface to calculate 

the radial or tangential modulus of subgrade reaction. The FE 

software ABAQUS was used to conduct the numerical analysis. 

As shown in Fig. 4, both the radial and tangential moduli of 
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subgrade reaction calculated by the analytical method agree with 

that by the FE approach, which verifies the accuracy of the 

analytical solution.

3.2 Solution for Shallow Tunnels under a Uniform 

Deformation Pattern

3.2.1 Radial Modulus of Subgrade Reaction
If a uniform radial displacement, , is prescribed on the 

tunnel surface, the coefficients of the Fourier series in Eq. (15) 

are

(22)

3.2.2 Tangential Modulus of Subgrade Reaction
If a uniform tangential displacement, , is prescribed on the 

tunnel surface, the coefficients of Fourier series in Eq. (15) are

(23)

3.2.3 Validation of the Solution for Uniform 

Deformation Pattern
The analytical solutions in Eqs. (22) and (23) were validated by 

comparing them with the FE solutions. A circular and shallow 

tunnel is considered here. The tunnel with a radius of 1.0 m is 

located in an elastic half space, and the depth of tunnel is 2.0 m. 

The ground surface is flat and free of tractions. The FE model 

shown in Fig. 3 is used to verify the analytical solution for 

shallow tunnels under a uniform displacement along the tunnel 

surface (ur = u0 or uθ = v0). The top boundary is assumed to be the 

ground surface, and the displacements in both x and y directions 

at outer boundary are fixed. It can be found from Fig. 5 that both 

the radial and tangential moduli of subgrade reaction calculated 

by the analytical method are consistent with that by the FE 

approach.

3.3 Solution for Shallow Tunnels under an Oval 
Deformation Pattern

The expressions of the coefficients of Fourier series, Ak, in Eq. 

(15) are derived for the oval deformation pattern of tunnel in this 

section. The detailed process is presented in Appendix.

3.3.1 Radial Modulus of Subgrade Reaction
If an oval radial displacement, ur = u0sin(2θ), is applied on the tunnel 

surface, the displacement boundary condition in the region ζ is

(24)

Substituting Eq. (24) into Eq. (15) and using series expansion 

gives (see Appendix)
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Fig. 5. Moduli of Subgrade Reaction for Shallow Tunnels Calculated 
By Numerical and Analytical Approaches under a Uniform 
Displacement



2598 W. Zhao et al.
Substituting Eq. (26) into Eq. (15) and using the derivation 

procession similar to that in Appendix gives

(27)

3.3.2 Tangential Modulus of Subgrade Reaction
When an oval tangential displacement, uθ = v0cos(2θ), is applied 

on the tunnel surface, the displacement boundary condition in the 

region ζ can be written as:

(28)

Substituting Eq. (28) into Eq. (15) and using the derivation 

procession similar to that in Appendix gives

(29)

Similarly, if an oval tangential displacement, uθ = v0sin(2θ), is 

applied on the tunnel surface, the displacement boundary condition

in the region ζ can be written as:

 (30)

Substituting Eq. (30) into Eq. (15) and using the derivation 

procession similar to that in Appendix gives

(31)

3.3.3 Linear Superposition of the Tunnel Deformation
Because the system is linear, the coefficients Ak in Eq. (15) for 

other deformation patterns can be determined by the linear 

superposition. For example, a circular tunnel is excited by a 

horizontal ground motion associated with vertically propagating 

shear-waves, the oval deformation along the tunnel surface can 

be written as:

(32)

If u0 = v0, the deformation pattern corresponds to the free-field 

deformation. The coefficients Ak in Eq. (15) for this deformation 

pattern can be determined by adding Eq. (25) plus Eq. (29) 

minus Eq. (23). 

3.3.4 Validation of the Solution for Oval Deformation 

Pattern
The analytical solution for the oval deformation pattern was 

validated by comparing it with the FE solution. A circular and 

shallow tunnel is considered. The tunnel with a radius of 1.0 m is 

located in an elastic half space, and the depth of tunnel is 2.0 m. 

The ground surface is flat and free of traction. The FE model 

shown in Fig. 3 is used to validate the analytical solution for the 

free-field deformation pattern in Eq. (32), u0 = v0. The top boundary 

(ground surface) is free from stress, and the displacements at the 

outer boundary are constrained. The calculated radial MSRs for 

this deformation pattern are shown in Fig. 6. It can be seen that 

the moduli calculated by the analytical solution agree with the 

FE solution, which indicates the analytical solution and the 

superposition method are correct.

4. Effects of Bedrock and Ground Surface on 

Modulus of Subgrade Reaction

4.1 Effect of Bedrock on Modulus of Subgrade Reaction
A parametric study was carried out to analyze the impact of the 

bedrock on the moduli of subgrade reaction. The FE model 

shown in Fig. 3 is considered, and the top boundary is assumed 

to be the bedrock surface. A uniform radial or tangential traction 

is applied on the tunnel surface. As shown in Fig. 7, the distribution 

of the MSR along the tunnel surface is non-uniform owing to the 
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bedrock. The radial moduli of subgrade reaction below the tunnel 

center are larger than 1.0, while the moduli above the tunnel center 

are nearly equal to 1.0. The maximum radial modulus occurs at 

the location closest to the bedrock surface, θ = 90°. The tangential

moduli at the locations, θ = 225° − 315°, are slightly smaller than 

1.0, and the moduli at other locations are larger than 1.0. The 

location where the maximum tangential modulus occurs varies 

for different cases. In comparison, the effect of the bedrock on 

the radial MSR is more remarkable than that on the tangential 

MSR. As the distance (hb) increases, both the radial and tangential 

moduli tend to be 1.0 that corresponds to the value for deep 

tunnels in the homogeneous ground. It can be seen from Fig. 8 

that for a given distance (hb /R = 2.0), as the Poisson’s ratio of the 

soil increases, the maximum radial MSR increases, while the 

maximum tangential MSR decreases. 

4.2 Effect of Ground Surface on Modulus of Subgrade 

Reaction
Parametric studies were carried out to examine the effects of the 

ground surface on the modulus of subgrade reaction under the 

uniform and oval deformation patterns. The FE model shown in 

Fig. 3 is considered, and the top boundary is assumed to be the 

ground surface. A uniform or oval deformation is applied on the 

tunnel surface. As shown in Fig. 9, despite the uniform deformation 

pattern, the MSR along the tunnel surface is not uniform owing 

to the ground surface. The radial MSR below the tunnel center is 

larger than 1.0, while the radial MSR above the tunnel center is 

smaller than 1.0. The tangential MSR below the knee of tunnel 

(θ = 225° − 315°) is slightly larger than 1.0, and it is smaller than 

1.0 at other locations. The minimum MSR occurs at the crown of 

tunnel, while the maximum modulus occurs at the invent of 

tunnel. As the depth of tunnel increases, both the radial and 

Fig. 7. Modulus of Subgrade Reaction versus the Distance from Tunnel Center to Bedrock Surface under a Uniform Traction: (a) Radial Modulus, 
(b) Tangential Modulus

Fig. 8. Variations of the Maximum Radial and Tangential Moduli of 
Subgrade Reaction for Deep Tunnels (hb /R = 2.0) with the 
Poisson’s Ratio of Soil

Fig. 9. Variations of Modulus of Subgrade Reaction with the Depth of Tunnel under a Uniform Deformation: (a) Radial Modulus under ur = u0, 
(b) Tangential Modulus under uθ = v0
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tangential MSRs tend to be 1.0. In comparison, the effect of the 

ground surface on the radial MSR is more remarkable than that 

on the tangential MSR. It can be seen from Fig. 10 that for a 

given depth of tunnel (hs/R = 2.0), as the Poisson’s ratio of the 

soil increases, both the radial and tangential moduli of subgrade 

reaction at the crown of tunnel increase, while the moduli at the 

invert of tunnel decrease. The result indicates that the MSR 

along the tunnel surface becomes more uniform with increment 

of the Poisson’s ratio.

Figure 11 presents the radial and tangential moduli of subgrade 

reaction for two oval deformation patterns. As shown, the radial 

or tangential MSR above the tunnel center is smaller than that 

below the tunnel center owing to the ground surface. However, 

the distribution of the radial MSR along the tunnel surface is 

different from that of the tangential MSR. In comparison with the 

uniform deformation pattern (see Fig. 9), significant differences can 

be found with respect to both the magnitude and the MSR 

distribution along the tunnel surface. The MSR distribution along

the tunnel surface is more non-uniform for oval deformation 

pattern, and the MSR changes suddenly at several locations such 

as the crown and the invert of tunnel for ur = u0sin(2θ), and the 

shoulder and the knee of tunnel for uθ = v0cos(2θ). When the 

depth of tunnel is large enough, the MSR for the oval deformation 

pattern is still greater than that for the uniform deformation pattern, 

which confirms that the deformation pattern could significantly 

affect the MSR.

5. Conclusions

Analytical solutions were developed to estimate the MSR for 

deep circular tunnels close to the bedrock and shallow circular 

tunnels near the ground surface under two fundamental deformation 

patterns (uniform and oval). The solutions were validated by FE 

analyses, and the effects of the bedrock and the ground surface 

on the MSR were investigated as well. The main conclusions are 

as follows:

1. For deep tunnels close to the bedrock, the bedrock has a 

significant effect on the MSR, and the effect on the radial 

MSR is more significant than that on the tangential MSR. 

Compared with the case without bedrock, the MSR becomes 

much larger on the side near the bedrock and slightly 

smaller on the other side under the uniform deformation 

pattern. The smaller the distance from the tunnel center to 

the bedrock, the more pronounced this effect is. As the 

Poisson’s ratio of the soil increases, the effect of the 

bedrock on the radial MSR becomes more significant, 

while the effect of the bedrock on the tangential MSR 

becomes less notable.

2. For shallow tunnels near the ground surface, the ground 

surface could greatly influence the MSR. Compared with 

deep tunnels in the homogeneous soil, both the radial and 

tangential moduli of subgrade reaction at locations above 

the tunnel center decrease, while they increase at locations 

below the tunnel center. The smaller the depth of tunnel and 

the smaller the Poisson’s ratio of soil, the more significant this 

effect is. In comparison with the MSR under the uniform 

deformation pattern, the MSR distribution along the 

tunnel surface under the oval deformation pattern is more 

non-uniform. Moreover, the distribution of the radial MSR 

along the tunnel surface is different from that of the tangential 

modulus. 

Fig. 10. Radial and Tangential Moduli of Subgrade Reaction at the 
Crown and Invert of Tunnel versus the Poisson’s Ratio of Soil 
under a Uniform Deformation Pattern

Fig. 11. Variations of Modulus of Subgrade Reaction with the Depth of Tunnel under an Oval Deformation: (a) Radial MSR under ur = u0sin(2θ),
(b) Tangential MSR under uθ = v0cos(2θ)
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3. The results confirm the significant effect of the tunnel 

deformation pattern on the MSR. Consequently, the MSR 

should be determined carefully based on the tunnel 

deformation in practice.

The analytical solutions were derived using the theory of 

elasticity in this study, which cannot describe the inelastic 

properties of soil. Besides, the tunnel lining was not considered 

in the derivation. In spite of the limitations, the analytical 

solutions may be used to obtain an approximate magnitude of 

the MSR for the preliminary design of circular tunnels. In 

addition, the analytical solutions can offer benchmarks to 

verify numerical results.
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Appendix 1. Derivation

If a radial displacement, ur = u0sin(2θ), is applied on the tunnel 

surface, the displacements in the x- and y- directions are

(33)

The boundary in the region z can be written as:

. (34)

From the conformal transformation in Eqs. (4) and (5), the 

equations can be obtained:

(35)

where σ = eiθ represents a circle with a radius of 1.0 in the region ζ.

Substituting Eq. (35) into Eq. (34) gives

 (36)

According to Eqs. (15) and (36) can be written as

 (37)

Using the Taylor series expansion, the following equations 

can be obtained,

, (38)

(39)

Substituting Eqs. (38) and (39) into Eq. (37) gives

 (40)

The coefficients of all powers of σ on the left and right sides 

of Eq. (40) are equal, by which Eq. (25) can be obtained.
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