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Observation of Emergent Dirac Physics at the Surfaces of
Acoustic Higher-Order Topological Insulators

Fei Meng, Zhi-Kang Lin, Weibai Li, Peiguang Yan, Yun Zheng, Xinping Li, Jian-Hua Jiang,*
Baohua Jia,* and Xiaodong Huang*

Using 3D sonic crystals as acoustic higher-order topological insulators
(HOTIs), 2D surface states described by spin-1 Dirac equations at the
interfaces between the two sonic crystals with distinct topology but the same
crystalline symmetry are discovered. It is found that the Dirac mass can be
tuned by the geometry of the two sonic crystals. The sign reversal of the Dirac
mass reveals a surface topological transition where the surface states exhibit
zero refractive index behavior. When the surface states are gapped, 1D hinge
states emerge due to the topology of the gapped surface states. The zero
refractive index behavior and the emergent topological hinge states are
confirmed experimentally. This study reveals a multidimensional Wannier
orbital control that leads to extraordinary properties of surface states and
unveils an interesting topological mechanism for the control of surface waves.

1. Introduction

Topological insulators (TIs) are intriguing materials which be-
have as insulators in the bulk but as conductors on the edges.[1,2]

For instance, 2D TIs host topologically protected 1D edge
states, while 3D TIs host 2D topological surface states. In
the past years, HOTIs extend the conventional bulk-edge cor-
respondence to higher-order bulk-boundary correspondences,
leading to rich multidimensional topological phenomena.[3–9]

For instance, a d-dimensional HOTI can host (d-1)- and
(d-2)-dimensional boundary states simultaneously. Recently,
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the concept of HOTI is generalized
to classical systems such as mechan-
ical metamaterials,[10–14] electrical
circuits,[15–24] sonic crystals,[25–35] and
photonic crystals.[36–49] Because of their
macroscopic controllability and the con-
venience in the excitation and detection
of acoustic waves, sonic crystals stand out
as a versatile platform for higher-order
topological physics.[18–23,25–27] By designing
the solid or fluid scatters/resonators in
sonic crystals, we can conveniently form
the desired energy bands, and the entire
spectrum is easily accessible comparing to
electronic systems. This allows us to realize
some special manipulation of sound waves
in acoustic HOTIs.

Here, we report on the experimental discovery of surface topo-
logical transitions and the emergent spin-1 Dirac physics at the
interfaces between two 3D acoustic HOTIs, which are triggered
by the tunable higher-order topology through the geometry con-
trol of the sonic crystals. Two acoustic HOTIs are created by us-
ing sonic crystals of the same crystalline symmetry but distinct
higher-order topology due to different geometry. We find that the
2D boundary states emerging at the interfaces between the two
acoustic HOTIs can be described by the spin-1 Dirac equation.
The emergent surface Dirac physics is determined by the con-
figurations of the Wannier orbitals in the two HOTIs. By tuning
the geometry of two acoustic HOTIs, the Dirac mass of the 2D
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Figure 1. 3D sonic crystals and topological surface states. a,b) Illustrations of the unit cell structures for SC1 and SC2 when h1 = h2 = 0.175a. c) Identical
acoustic band structures of SC1 and SC2. A complete band gap appears from 9.53 to 16.13 kHz. Here, + (–) denotes even (odd) parity of the acoustic
Bloch states at the Γ and X points (their wavefunctions are shown in Section S2, Supporting Information). Yellow (green) symbols are for SC1 (SC2). d)
The supercell S1 consists of SC1 and SC2. It is finite in the z direction but periodic in the x and y directions. e) 2D acoustic band structure of S1. Three
surface bands emerge in the bulk band gap. They are labeled as DI1, DI2, and MO according to their parity properties at the M̄ point of the surface
Brillouin zone (see the inset). f) Acoustic wavefunctions (i.e., acoustic pressure, p, profiles) of the surface states at the M̄ point. Left: 3D view. Right:
wavefunctions on the interface between SC1 and SC2.

surface states can be tuned to experience a topological transition
(i.e., a sign reversal of the Dirac mass). At the transition point, the
surface states become 2D massless Dirac waves in the bulk band
gap, which exhibit extraordinary properties such as zero refrac-
tive index behavior. As the 2D Dirac mass becomes finite, topo-
logical hinge states emerge due to the topology of the gapped sur-
face states. We experimentally confirm the zero refractive index
behavior and 1D sound wave propagation via topological hinge
states. The findings demonstrate the rich physics and phenom-
ena in higher-order topological materials.

2. 3D Acoustic HOTIs

We design two sonic crystals (SC1 and SC2) of the same spatial
symmetry to realize different topological properties. The unit cell
of SC1 has six acoustic resonators on the faces of a cubic by cou-
pling them via the overlapped air regions. Then SC2 is realized
through shifting the unit cell of SC1 by the vector (0.5a, 0.5a,
0.5a). a = 16 mm is the lattice constant. Each acoustic resonator
consists of two overlapping pyramid air regions with base length
b1, b2, and height h1, h2, as shown in Figure 1a. In this work, b1
and b2 are fixed as 0.955a and 0.675a, respectively, while h1 and
h2 varies. Figure 1b illustrates the air regions in SC1 and SC2 for

h1 = h2 = 0.175a (see details in Section S1, Supporting Informa-
tion). The sonic crystal structures are fabricated by photosensitive
resin using the 3D-printing technology. SC1 and SC2 exhibit the
simple cubic lattice symmetry, that is, the space group Pm3̄m.

With such constructions, SC1 and SC2 have the same acoustic
band dispersion (Figure 1c). However, the symmetry properties
of acoustic bands are different. In particular, the parity eigenval-
ues of the Bloch states at the high symmetry point X are different
for SC1 and SC2, which leads to distinct topology. The difference
is first characterized by the total bulk polarization of the bands
below the first band gap, P = (Px, Py, Pz). The symmetry of the
simple cubic lattice guarantees Px = Py = Pz and quantizes Pi (i =
x, y, z) to either 0 or 1/2. We find that P= (0, 0, 0) for SC2, whereas
P = (1/2, 1/2, 1/2) for SC1 (see details in Section S2, Supporting
Information).[22] To fully understand the higher-order topology, it
is necessary to explore the Wannier orbitals in both acoustic HO-
TIs. We find that the Wannier orbitals are s-like orbitals, yet they
locate at different positions for the two sonic crystals. For SC1,
the Wannier centers locate at the six surface centers of the unit
cell. For SC2, the Wannier centers locate at the 12 hinge centers
of the unit cell (see Section S3, Supporting Information).

To study the 2D topological surface states, we construct a
ribbon-like supercell shown in Figure 1d. The supercell (denoted
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Figure 2. Surface topological transition. a) Frequencies of monopolar and dipolar states at the M̄ point as a function of h2. Note that we consider the
change of h2 in either SC1 (left) or SC2 (right), while other parameters remain unchanged. Gray areas denote the regions with a complete acoustic band
gap for the surface states. The closing and reopening of the surface band gap accompany the sign change of the Dirac mass and the parity inversion of
the surface bands at h2 = 0.265a for SC1. b) The expanded supercell (left) and its band diagram (right), leading to a Dirac cone at the Γ̄ point associated

with the surface states in the bulk band gap. c) Conical dispersion in the vicinity of the Dirac point. a′ =
√

2 a is the lattice constant of expanded supercell
in the x–y plane. d) Acoustic wavefunctions of the surface states on the interface plane between SC1 and SC2. e) The effective mass density and effective
inverse bulk modulus. We use the density 𝜌0 and bulk modulus K0 of air to normalize the effective parameters for better graphic presentations (𝜌0 =
1.21 kg m−3, K0 = 1.42 × 105 Pa). Dashed line indicates the frequency of the Dirac point, f0= 13.87 kHz.

as S1) is finite in the z direction, but periodic along the x and y
directions. The calculated acoustic band structure for S1 is pre-
sented in Figure 1e. In the bulk band gap, three surface bands
emerge, which can be described by the spin-1 Dirac equation
around the M̄ point of the surface Brillouin zone, as shown in
Figure 1f.

The emergence of spin-1 Dirac physics at the interfaces be-
tween SC1 and SC2 is triggered by the topological properties
of the two sonic crystals. According to topological theory,[2] the
Wannier centers exposed at the interface form the surface bands.
There are in total three such Wannier centers located at the center
and the two edge centers of the interface unit cell (see Section S3,
Supporting Information). The former comes from SC1, while the
latter two come from SC2. These Wannier centers form an emer-
gent Lieb lattice at the interface leading to spin-1 Dirac physics
at the M̄ point. We find that the Dirac mass is controlled by the
energy of these Wannier orbitals. When they have the same en-
ergy, a massless spin-1 Dirac cone emerges. In other situations,
the spin-1 Dirac mass is finite, and the surface states are gapped
(see Section S4, Supporting Information).

The symmetry properties of the surface bands can be reflected
by acoustic pressure fields at the M̄ point, which is shown in the
insets of Figure 1f. The acoustic wavefunctions indicate that there
are one s-like mode (labeled as MO) and two p-like modes (la-
beled as DI1 and DI2) at the M̄ point, which are consistent with

the interface symmetry. Exploiting a k ⋅ p theory in the basis of the
MO, DI1, and DI2 states, we find that the effective Hamiltonian
for phonons around the M̄ point is given by

H (q) =
⎡⎢⎢⎣

0 iqxv iqyv
−iqxv m 0
−iqyv 0 m

⎤⎥⎥⎦
+ f0 (1)

where m and v are the Dirac mass and velocity, respectively. f0 is
the frequency of the Dirac point. The above analysis is also sup-
ported by an effective 2D theory based on a tight-binding Lieb
lattice model (see Section S5, Supporting Information), confirm-
ing the intriguing emergent Dirac physics at the 2D interfaces.

Calculations show that the frequencies of MO and DI states
can be tuned by controlling the geometry of SC1 and SC2. The
results are presented in Figure 2a where we choose to keep h1
fixed and change h2 for either SC1 or SC2. Such tuning can flip
the frequency order of the MO and DI states at the M̄ point. The
results indicate that the Dirac mass can be tuned to undergo a
sign reversal, leading to a surface topological transition. We find
that the positive Dirac mass phase is trivial and has a Wannier
center at the center of the interface unit cell. The negative Dirac
mass phase is topological and has two Wannier centers at the
edge centers of the interface unit cell. The above picture reveals
the underlying principles of the emergent Dirac physics at the
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surface of the HOTIs and opens a pathway for engineering the
topological interface states.

3. Zero-Index Conical Surface States

When the Dirac mass of the surface states vanishes, a conical dis-
persion emerges in the surface states at the corner of the surface
Brillouin zone (i.e., the M̄ point). Previous research[50] indicates
that, the accidental degenerated Dirac cone dispersion at the cen-
ter of the Brillouin zone can lead to zero refractive index behavior
of waves. Therefore, to trigger the zero refractive index behavior,
we employ the Brillouin zone folding technique (see Section S6,
Supporting Information) to bring the conical dispersion to the
center of the Brillouin zone.[34] It is realized by doubling the in-
terface unit cell size to construct an expanded supercell, param-
eters h1 = h2 = 0.27a for SC1 and SC2. With such an expanded
supercell, we create gapless surface acoustic bands (see Section
S7, Supporting Information) with a spin-1 Dirac cone at the sur-
face Brillouin zone center (see Figure 2b–d). The Dirac point has
a frequency of 13.87 kHz, which is near the middle of the bulk
band gap. Protected by the bulk gap, such a surface Dirac cone
with a clean dispersion creates an unprecedented realm for the
manipulation of surface acoustic waves, as shown below.

Using the effective media theory,[50–53] we calculate the effec-
tive mass density 𝜌 and the effective inverse bulk modulus 1/K
(i.e., the compressibility) for the surface acoustic waves near the
Dirac point[35,36] (see details in Section S8, Supporting Informa-
tion). We find that these quantities undergo simultaneous sign
changes at the Dirac point (Figure 2e). The simultaneous zero
effective mass density 𝜌 and zero effective inverse bulk modulus
1/K at the surface Dirac point indicate the zero refractive index
property.[50–53] This property can be used to collimate the surface
acoustic waves emitting from a straight edge of the interface. Our
experimental setup is illustrated in Figure 3a. The sample is a
block with 16 × 5 expanded supercells (i.e., the supercell illus-
trated in Figure 2b). The left surface of the sample is glued by
an acrylic slab to seal the airborne sound waves. We drill a small
hole with a diameter of 5 mm in the center of the slab. The acous-
tic wave from the source is guided into the system via a plastic
tube connected to the hole. For acoustic waves with a wavelength
larger than 5 mm, the hole can be regarded as a point-like source
on the surface, which excites all possible surface states according
to their frequencies. Near the surface Dirac point, such an excita-
tion gradually merges into the excitation of the Dirac point state.
The propagation of the state exhibits zero-index feature, which
can be detected by the acoustic pressure profile at the surface on
the other side of the sample (see Figure 3a). As shown in Fig-
ure 3b, when the excitation frequency is 14.00 kHz, being close
to the frequency of the Dirac point (f0= 13.87 kHz), both the sim-
ulated and measured acoustic pressure and phase profiles show
the planar wavefront parallel to the edge of the sample. This in-
dicates excellent surface wave collimation, even a point source is
used in the experiments. Furthermore, the consistency between
the simulation and the measurement confirms the wave collima-
tion due to the surface Dirac point. In contrast, when the exci-
tation frequency is set to 12.00 kHz (i.e., being away from the
Dirac point frequency), the simulated and detected wave patterns
do not show this phenomenon, which is due to the coexistence of
many surface states being excited simultaneously. Such a drastic

Figure 3. Visualization of the double-zero-index property of the surface
Dirac cone. a) The fabricated sample and the experiment setup. The hole
in the acrylic plate is used to guide acoustic waves into the system, while
the detection is on the other side of the sample to detect the acoustic
waves travel across the sample via the x–y interface in the middle. b,c) The
simulated and the measured acoustic pressure and phase profiles in the
detection x–y plane when the excitation frequency is 14.00 and 12.00 kHz,
respectively.

contrast supports that the surface wave collimation is caused by
the zero-index property of the surface Dirac point.

4. 1D Hinge States Induced by Surface Topological
Band Gaps

When the surface Dirac mass is finite, topological sound trapping
at the 1D hinges can emerge due to the topology of the surface
bands. As shown in Figure 2a, when the surface Dirac cone opens
a band gap, it has either positive or negative Dirac mass. These
two types of band gaps have distinct topology.[54,55] Protected by
the fourfold rotation (C4) symmetry of the interface, the topolog-
ical surface band gap has a nontrivial topological index and Wan-
nier centers at the edges of the interface unit cell, whereas the
trivial surface band gap has the vanishing topological index and
the Wannier center at the interface unit cell center. When a do-
main wall between such two interfaces is formed, 1D topological
hinge states emerge due to the surface band topology, and it is
robust against imperfections around and on the hinge (Section
S9, Supporting Information).

To confirm this scenario, we use two supercells S2 (h1 =
0.175a, h2 for SC1 = 0.45a) and S3 (h1 = 0.175a, h2 for SC2 =
0.45a), as introduced in Figure 2a, to form such a domain wall.
The structures of S2 and S3 are illustrated in Section S1, Support-
ing Information. Their acoustic band structures are presented in
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Figure 4. 1D hinge state originates from inverted topological surface bands. a,b) Band diagrams of supercell S2 and S3 with gapped topological surface
bands. c) The slab-like hinge supercell consisted of S2 (right half) and S3 (left half). Zones 1 and 3 are the trivial sonic crystals in S2 and S3. Zones 3 and
4 are the non-trivial sonic crystals in S2 and S3. The boundaries between zone 1 and 2 (3 and 4) are the topological interface. A hinge is formed in the
center of the hinge supercell. d) Band diagram of the hinge supercell. The hinge states, surface states, and bulk states are denoted by the purple, orange,
and black lines, respectively. The eigenstates around the hinge at ky = 0 (frequency 11.88 kHz) are illustrated in the inset. e) The fabricated sample and
experiment setup. f) The simulated and measured sound pressure field on the scan area at 11.40 kHz.

Figure 4a,b, respectively. For S2, the surface band gap is trivial,
whereas the surface band gap for S3 is topological.

We build a slab-like supercell consisting of six S2 supercells
and six S3 supercells to reveal the hinge states (see Figure 4c).
We denote the two sonic crystals comprising the S2 supercell as
1 and 2, and the two sonic crystals comprising the S3 supercell as
3 and 4. The slab-like supercell is periodic in the y direction, but
finite in both the x and z directions. A 1D hinge boundary along
the y direction is shared by the 1, 2, 3, and 4 regions. Due to the
distinct interface states at the (1, 2) and (3, 4) interfaces, topolog-
ical boundary states emerge at the 1D hinge. As shown by the
acoustic band structure in Figure 4d, there are surface states and
hinge states in the bulk band gap. In particular, the hinge states
emerge in the surface band gap, confirming the above picture of
surface topology driven hinge states.

To verify these results in experiments, we fabricate a sample
consisting of eight layers of the slab-like supercell (see Figure 4e).
A speaker is used to generate sound waves impinging on the left
side of the sample through a square tube (side length 5a). The
sound pressure field at the x–z plane 1 mm away from the right
surface is scanned. At the excitation frequency of 11.40 kHz, the
simulated and measured acoustic pressure profiles are shown
in Figure 4f. Both acoustic pressure profiles consistently show
the emergence of hinge localized states. At frequencies higher

or lower (such as 13.30 and 10.80 kHz), sound waves propagate
through the sample two-dimensionally via the topological sur-
face states of supercell S2 or S3 (see the Experimental Results
in Section S10, Supporting Information). These results confirm
the emergence of the topological hinge states due to the distinct
topology of the positive and negative Dirac mass surface states.

5. Conclusion

In this research, we design specifically a 3D acoustic higher-
order TI with three topological surface bands. The 2D topological
surface states can be described by the spin-1 Dirac equation. The
surface bands and the corresponding Dirac mass can be tuned by
changing the geometry of the sonic resonators. Accompanying
the closing and reopening of surface band gap, there is a sign
reversal of the Dirac mass and hence the topological transition.
At the transition point, the surface Dirac physics emerges in the
bulk band gap, and the surface states become 2D massless Dirac
waves. The simultaneous zero effective mass density and infinite
bulk modulus at the Dirac point are experimentally validated.
Topological hinge states emerge when the 2D Dirac mass of
the gapped surface states changes from positive to negative.
1D sound wave propagation via the topological hinge states
and the dimensional change of sound waves are realized and
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experimentally verified. Our findings reveal the intriguing Dirac
physics in higher-order topological materials, which can lead to
practical applications to manipulate acoustic waves.

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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