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The optimal design of hydraulic fracturing parameters is the key to commercial exploitation of unconventional reservoirs. Hydraulic
fracturing test is one of the mainmethods for optimizing fracturing parameters. It is known that scale effect exists between laboratory
experiments and field treatments of hydraulic fracturing. However, studies on how to eliminate the scale effect are rarely reported. In
this work, we conduct sensitivity analysis on rock mechanical parameters and fracturing parameters at different scales by using the
dimensionless analysis method. The initiation and propagation process of field hydraulic fracturing is reproduced through
laboratory tests, and fracturing parameters are analyzed by using numerical simulation. Our results show that the fracture
propagation in the laboratory is inconsistent with that in the field fracturing. The fracture initiation and propagation in the field
can be reproduced in experiments by using samples with high modulus and low toughness as well as high-viscosity fracturing
fluid. Microcracks are created before the breakdown pressure is reached, and hydraulic fractures extend perpendicular to the
direction of the minimum principal stress. The Carter’s leak-off coefficient has little effect on breakdown pressure and
propagation pressure, but the injection rate and the horizontal principal stress have significant effects on breakdown pressure.
This study provides a theoretical basis and guidance for the design of fracturing parameters both in the laboratory and in the field.

1. Introduction

The optimal design of hydraulic fracturing parameters is the
key to commercial exploitation of unconventional reservoirs
[1–4]. Therefore, it is important to clarify the influence mech-
anism of rock mechanical parameters and fracturing opera-
tional parameters on fracture propagation during hydraulic
fracturing. The dynamic propagation behavior of hydraulic
fractures is influenced by mechanical properties of the reser-
voir, fracturing fluid parameters, and fracturing operations.

Among these factors, rock modulus, fracture toughness, injec-
tion rate, fracturing fluid viscosity, and fracturing time are
important parameters that determine fracture length and frac-
ture aperture [5–11]. It is also important to determine the frac-
ture initiation pressure and propagating pressure.

Hydraulic fracturing is a complex process that involves
multifield and multiscale coupling [12–14]. It involves frac-
ture initiation and propagation in the near wellbore region
[15], and in the far field, multiple hydraulic fractures interfere
with each other [16, 17]. In other words, the time scale, spatial
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scale, and main control factors involved in each hydraulic
fracturing process are different. These factors can cause
hydraulic fractures to propagate in any direction and form
complex fracture networks. When hydraulic fractures propa-
gate in the near wellbore region, patterns such as turning frac-
tures, T-shaped fractures, and multiple parallel fractures can
occur with asymmetric and nonplanar propagation and com-
petition between perforations [11, 18–21]. Multistage fractur-
ing has been widely used in the field [22]. Competitive
propagation and fracture diversion can occur during hydrau-
lic fracturing due to stress shadow effects [23]. In addition,
because of the lack of accurate characterization of reservoir
properties and effective simulation of complex fracture net-
works, the actual fracturing process still heavily depends on
experience [24, 25]. Therefore, the accurate prediction of
hydraulic fracture geometry remains an unsolved problem.

Fracturing design is the basis for fracturing operations,
which has an important impact on oil and gas production.
Researchers have studied hydraulic fracturing through theo-
retical analyses, laboratory experiments, and numerical simu-
lations [13, 22, 23, 26–33]. The classical KGD model, PKN
model, and radial model are mainly used for fast calculation
of hydraulic fracture geometries in theoretical analysis [34,
35]. Furthermore, scholars have established quasi three-
dimensional (3D) models, planar 3D models, and full 3D
models [31, 36–39]. In the past decade, remarkable progress
has been made in the numerical simulation of hydraulic frac-
turing with the rapid development of unconventional
resources. These numerical methods can be divided into sev-
eral categories depending on the theoretical context. From
the perspective of continuum mechanics, finite element
methods include the cohesive method, the extended finite ele-
ment method, and the boundary element method [3, 11, 22,
30, 40, 41]. From the perspective of discretization, numerical
methods include the block discrete element method, the parti-
cle discrete element method, and the 3D lattice method [10,
15, 42, 43]. In addition, some new numerical methods are also
used to model hydraulic fracturing, such as the material point
method, the peridynamics method, the finite-discrete element
method, and the phase field method [44–47].

The current numerical simulations, however, are mainly
aimed at two-dimensional (2D) and quasi 3D approximate
simulations, and limited studies exist on complex 3D non-
planar fracture propagation [3, 33, 48, 49]. In addition, cur-
rent theoretical analyses cannot describe the complex
nonplanar propagation process of multiple hydraulic frac-
tures. For monitoring technology, it is difficult to monitor
the complex propagation process of fractures and accurately
evaluate the fracturing effect. As a result, hydraulic fractur-
ing testing in the laboratory has become a useful method
[50]. Compared with fracturing parameters in the field,
some parameters in the laboratory tests are very small.
Therefore, scale effects exist between laboratory experiments
and field treatments of hydraulic fracturing. For example,
the length of hydraulic fracture in the experiment is nor-
mally less than 1m, while the field scale is in the order of
kilometer [51, 52]. The injection rate in the laboratory tests
is generally in the order of ml/min, while the field injection
rate can reach 18 m3/min.

Studies on how to eliminate scale effects are rarely
reported. To this end, we discuss the sensitivity of rock
mechanical parameters and fracturing parameters at differ-
ent scales by using dimensionless time parameter τ and
dimensionless leak-off parameter ϕ. This paper is organized
as follows. First, we introduce the solutions in different
propagation regimes based on the dimensionless analysis
method. Next, we perform parameter sensitivity analysis at
the laboratory and field scales. Subsequently, we conduct
experiments simulating the initiation and propagation of
hydraulic fractures based on the dimensionless analysis
method. Finally, the fracturing parameters under confining
stress are analyzed based on the 3D lattice method, which
can simulate complex nonplanar fractures.

2. Solutions for a Penny-Shaped Hydraulic
Fracture in Different Propagation Regimes

Hydraulic fracturing involves rock deformation, fracture prop-
agation, fluid flow, and leak-off [29]. Therefore, it is a fluid-solid
coupling problem with multiscale, nonlinear, and moving
boundaries [12]. A variety of hydraulic fracturing theoretical
models have been proposed, such as the PKN model, the
KGD model, and the penny-shape model [34, 35, 53]. The the-
oretical solutions are different under different rock mechanical
parameters, injection fluid parameters, and boundary condi-
tions. The controlling parameters for the propagation of a
penny-shaped hydraulic fracture are determined from scaling
laws that recognize the existence of three dissipation processes:
dissipation in the fracturing fluid (viscosity), fracturing of the
rock (toughness), and fracturing fluid leak-off (leak-off) [12,
53, 54]. The energy dissipated by fracturing fluid flow domi-
nates over the energy consumed by the creation of new fracture
surfaces in the viscosity-dominated regime. The opposite holds
for the toughness-dominated regime. In the leak-off dominated
regime, most of the fracturing fluid leaks into the rock. For
instance, in the toughness leak-off regime, leak-off is high, and
toughness dominates over viscosity. The solutions are deter-
mined by the dimensionless time parameter τ and the dimen-
sionless leak-off ϕ. These limiting fracture propagation
regimes based on three energy-dissipating processes can be
visualized on a rectangular phase diagram [53], as shown in
Figure 1. M and K represent the viscosity-dominated regime
and the toughness-dominated regime, respectively. ~M and ~K
represent the leak-off viscosity-dominated regime and the
leak-off toughness-dominated regime, respectively. The transi-
tion regime lies in between the limits.

The following material parameters are defined in order
to describe the solutions:

μ′ = 12μ,

E′ = E
1 − ν2

,

K ′ = 4 2
π

� �1/2
KΙc,

C′ = 2CL:

ð1Þ
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where E is the modulus of the rock, ν is Poisson’s ratio, K Ic is
the mode I fracture toughness of the rock, and CL is the
Carter’s leak-off coefficient.

For a penny-shaped hydraulic fracture, the dimension-
less time τ and the dimensionless leak-off ϕ are defined as
[29, 53]

τ = t
μ′5E′13Q0

3

K ′18

 !−1/2

, ð2Þ

ϕ = μ′3E′11C′4Q0

K ′14
: ð3Þ

Without leak-off, the hydraulic fracture propagates in
the toughness-dominated regime if τmk ≥ 2:59 × 106, in the
viscosity-dominated regime if τmk ≤ 4:54 × 10−2, and in the
transition regime if 4:54 × 10−2 ≤ τmk ≤ 2:59 × 106.

When the hydraulic fracture propagates from the
viscosity-dominated regime to the leak-off viscosity-
dominated regime, the propagation is in the viscosity-
dominated regime if τm~m ≤ 7:41 × 10−6, in the leak-off
viscosity-dominated regime if τm~m ≥ 7:2 × 102, and in the
transition regime if 7:41 × 10−6 ≤ τm~m ≤ 7:2 × 102.

When the hydraulic fracture propagates from toughness-
dominated regime to leak-off toughness-dominated regime,
the propagation is in the toughness-dominated regime if
τk~k ≤ 5:96 × 10−8, in the leak-off toughness-dominated
regime if τk~k ≥ 4:81 × 102, and in the transition regime if
5:96 × 10−8 ≤ τk~k ≤ 4:81 × 102.

When the hydraulic fracture propagates from leak-off
viscosity-dominated regime to leak-off toughness-dominated
regime, the propagation is in the leak-off viscosity-
dominated regime if τ~m~k ≤ 4:18, in the leak-off toughness-
dominated regime if τ~m~k ≥ 2:01 × 1011, and in the transition
regime if 4:18 ≤ τ~m~k ≤ 2:01 × 1011.

The approximate solution for the viscosity-dominated
regime is expressed as [19, 53]

wm ρ, tð Þ = 1:1901 μ′2Q3
0t

E′2

 !1/9

1 + ρð Þ0:487 1 − ρð Þ2/3,

Rm tð Þ = 0:6944 Q3
0E′t4
μ′

 !1/9

,

Pm ρ, tð Þ = 2:4019 μ′E′2

t

 !1/3

F ρ, 0:487, 23

� �
,

ð4Þ

where R is the fracture radius, ρðρ = r/RÞ is the normalized
coordinate along the fracture radius, and r is the distance
between the calculation point and the injection point. Fðρ,
λ, χÞ = ð1/21+λπÞÐ 10ð∂Mðρ, sÞ/∂sÞð1 + sÞλð1 − sÞχds:. s = R − r
is the distance from a point inside the fracture to the tip,
and χ is a slowly varying function.

M ρ, sð Þ =

1
ρ
K

s2

ρ2

� �
+ ρ

s2 − ρ2
E

s2

ρ2

� �
, ρ > s,

s
s2 − ρ2

E
s2

ρ2

� �
, ρ < s,

8>>><
>>>:

, ð5Þ

where functions Kð·Þ and Eð·Þ denote the complete elliptic
integrals of the first and the second kind, respectively.

The approximate solution for the leak-off viscosity-
dominated regime is expressed as [53, 55]

w~m ρ, tð Þ = 1:0574 μ′4Q6
0t

E′4C′2

 !1/16

1 + ρð Þ0:397 1 − ρð Þ5/8, ð6Þ

R~m tð Þ = 0:4502 Q2
0t

C′2
� �1/4

, ð7Þ

P ~m ρ, tð Þ = 3:0931 μ′4E′12C′6

Q2
0t

3

 !1/16

F ρ, 0:397, 58

� �
:

ð8Þ
The approximate solution for the toughness-dominated

regime is expressed as [53, 56]

wk ρ, tð Þ = 0:6537 K ′4Q0t

E′4

 !1/5

1 − ρ2
� �1/2,

Rk tð Þ = 0:8546 E′Q0t

K ′

 !2/5

,

Pk ρ, tð Þ = 0:3004 K ′6

E′Q0t

 !1/5

:

ð9Þ
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Figure 1: Parametric diagram of limiting fracture propagation
regimes versus τ and ϕ for a penny-shaped hydraulic fracture [53].
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The approximate solution for the leak-off toughness-
dominated regime is expressed as [53, 57]

w~K ρ, tð Þ = 0:4744 K ′8Q2
0t

E′8C′2

 !1/8

1 − ρ2
� �1/2, ð10Þ

R~K tð Þ = 0:4502 Q2
0t

C′2
� �1/4

, ð11Þ

P~K ρ, tð Þ = 0:4139 K ′8C′2

Q2
0t

 !1/8

: ð12Þ

The approximate solution for the transition regime does
not have an explicit expression, see Dontsov [53] for more
details.

3. Sensitivity Analysis of Parameters at
Different Scales

Parametric design has always been the focus of experiments
and has a significant impact on the results of hydraulic frac-
turing, which can serve as an important reference for field
hydraulic fracturing design. Fracturing parameters in exper-
iments differ significantly from field hydraulic fracturing
operations. Therefore, we perform sensitivity analysis on
rock mechanical parameters and fracturing parameters at
different scales by using dimensionless time parameter τ
and dimensionless leak-off parameter ϕ. In the sensitivity
analysis, only one variable changes at a time, and the other
parameters remain the same.

3.1. Sensitivity Analysis of Parameters in Experiments.
Table 1 shows the benchmark parameters and parameters
ranges in laboratory experiments. According to Equations
(2)-(12), the dimensionless time parameter τ and dimen-
sionless leak-off parameter ϕ for benchmark parameters in
experiments can be obtained, which are 9:65 × 105 and
6:27 × 10−5, respectively. The fracture radius, the aperture,
and the injection point pressure are 0.33m, 0.07mm, and
2.87MPa, respectively. Therefore, the hydraulic fracture cor-
responding to the benchmark parameters of the experiment
propagates in the transition regime, which is more inclined

to the leak-off toughness-dominated regime, as shown in
Figure 2. The influence of Young’s modulus, fracture tough-
ness, Carter’s leak-off, injection rate, viscosity, and injection
time on fracture radius, aperture, and pressure at the injec-
tion point at the experimental scale are listed in Table 1.
The rangeability represents the range value divided by the
benchmark value.

Figure 3(a) shows the relationship between fracture
radius and dimensionless time parameter τ in laboratory
experiments, and Figure 3(b) shows the relationship between
fracture radius and dimensionless leak-off parameter ϕ. The
results show that most of the fracture propagation in the lab-
oratory is in the leak-off toughness-dominated regime, and
part is in the leak-off viscosity-dominated regime. As can
be seen from Table 1, Carter’s leak-off coefficient has the
greatest impact on fracture radius, and the range and range-
ability of the fracture radius are 0.76~0.19m and 173%,
respectively. According to Equations (2)-(3), Carter’s leak-
off is related to ϕ, but not to τ. ϕ increases as the Carter’s
leak-off coefficient increases, so the fracture radius decreases
as Carter’s leak-off coefficient increases, as shown in
Figure 3(b). The second is the effect of injection rate on

Table 1: Sensitivity analysis results of laboratory experimental parameters.

Modulus/
GPa

Toughness/
MPa·m0.5

Carter’s leak-off
coefficient/m·s-0.5

Injection rate
(same volume)/ml·min-1

Viscosity/cp Time/s

Benchmark parameters 30 1.5 6 × 10−5 120 5 300

Parameters range 10~50 0.5 ~ 3 1 × 10−5 ~ 2 × 10−4 30~1200 0.01~500 30~600
Fracture radius/m 0.32~0.33 0.33~0.32 0.76~0.19 0.23~0.56 0.33~0.32 0.18~0.39
Rangeability of fracture radius 3% 3% 173% 100% 3% 64%

Aperture at injection point/mm 0.18~0.05 0.04~0.12 0.1~0.05 0.05~0.10 0.06~0.14 0.05~0.07
Rangeability of aperture 186% 114% 71% 71% 114% 29%

Pressure at injection point/MPa 2.37~4.08 3.1~4.76 1.69~4.22 2.87~3.33 2.33~9.90 4.32~2.56
Rangeability of pressure 60% 70% 88% 16% 264% 61%
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Figure 2: Phase diagram location of limiting fracture propagation
regimes versus dimensionless time τ and dimensionless leak-off
parameter ϕ for benchmark parameters of the experiment [53].
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fracture radius, and the range and rangeability of the frac-
ture radius are 0.23~0.56m and 100%, respectively. With
the increment of injection rate, τ decreases, while the frac-
ture radius and ϕ increase. Then next is the effect of injection
time on fracture radius. The range and rangeability of the
fracture radius are 0.18~0.39m and 64%, respectively. The
fracture radius and τ increase over time, and ϕ is indepen-
dent of time. Therefore, the range of total injected fluid has
little impact on energy dissipation, and the energy dissipated
by creating new fracture surfaces and leak-off is mainly used
for fracture propagation. However, in laboratory experi-
ments, the total injected fluid has a significant impact on
fracture radius. Modulus, toughness, and fluid viscosity have
little effect on fracture radius, as shown in Figure 3. But the
fluid viscosity and toughness have significant impacts on τ
and ϕ. The dominant energy dissipation by fracturing fluid
viscosity may shift towards the dominant energy dissipation

on creating new fracture surfaces as the fluid viscosity
changes.

Figure 4(a) displays the relationship between the aper-
ture at injection point and dimensionless time parameter τ
in laboratory experiments, and Figure 4(b) displays the rela-
tionship between the aperture at injection point and dimen-
sionless leak-off parameter ϕ. The results show that modulus
has the greatest influence on aperture. When the rock mod-
ulus varies in the range of 10~50GPa, the range and range-
ability of aperture are 0.18~0.04mm and 186%, respectively.
It can be inferred from Equations (2)-(3) that the aperture
and τ decrease with increasing modulus. This is followed
by the effect of toughness and fluid viscosity on aperture,
both of which have a 114% rangeability of aperture. The
aperture increases with increasing toughness and fracturing
fluid viscosity. When the fracture propagation is in the
leak-off toughness-dominated regime, it can be seen from
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Figure 3: Fracture radius versus (a) dimensionless time parameter τ and (b) dimensionless leak-off parameter ϕ in laboratory experiments.
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Equation (10) that viscosity has no effect on the aperture.
Therefore, when the viscosity is smaller than 5cp, the aper-
ture change is small. The influence of injection rate, Carter’s
leak-off coefficient, and injection time on the fracture aper-
ture ranks the last. Therefore, it is important to pay attention
to the influence of rock modulus, fracture toughness, and
fracturing fluid viscosity when proppant transport is carried
out in hydraulic fracturing experiments.

Figure 5 shows the relationships between injection point
pressure and dimensionless time parameter τ and dimen-
sionless leak-off parameter ϕ in laboratory experiments. It
can be seen that the fracturing fluid viscosity has the greatest
impact on pressure. The range and rangeability of pressure
are 2.33~9.90MPa and 264%, respectively. The pressure
increases significantly with the increase of viscosity when
the viscosity is greater than 1 cp. However, when the viscos-
ity is less than 1 cp, the fracture propagation mechanism is
in the leak-off toughness-dominated regime, and Equation
(12) indicates that the pressure in the fracture is indepen-
dent of viscosity. The second impactful parameter on pres-
sure is the Carter’s leak-off, and the range and rangeability
of pressure are 1.691~4.221MPa and 88%, respectively.
Equations (8) and (12) indicate that pressure increases with

Carter’s leak-off coefficient. The next parameter that has an
impact on pressure is toughness. The range and rangeability
of pressure are 2.76~4.76MPa and 70% when the toughness
varies in the range of 0.5~3MPa·m0.5. In addition, the frac-
turing propagation mechanism changes from leak-off
viscosity-dominated regime to leak-off toughness-
dominated regime. Therefore, when the toughness is less
than 1.2MPa·m0.5, the hydraulic fracturing propagation
mechanism is close to the leak-off viscosity-dominated
regime, and the pressure in the fracture decreases slightly
with increasing toughness. When the toughness is greater
than 1.2MPa·m0.5, the hydraulic fracturing propagation
mechanism is close to the leak-off toughness-dominated
regime, and the pressure increases with the toughness, as
shown in Figure 5. The last impactful parameter on pressure
is the injection time, modulus, and injection rate. Therefore,
the effect of fracturing fluid viscosity on pressure should be
emphasized in experimental hydraulic fracturing design.

3.2. Sensitivity Analysis of Field Hydraulic Fracturing
Parameters. Table 2 lists the benchmark parameters and
the parameter ranges for field hydraulic fracturing. The
dimensionless time parameter τ and dimensionless leak-off
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Figure 5: Pressure at injection point versus (a) dimensionless time parameter τ and (b) dimensionless leak-off parameter ϕ in laboratory
experiments.

Table 2: Sensitivity analysis results of field hydraulic fracturing parameters.

Modulus/
GPa

Toughness/
MPa·m0.5

Carter’s leak-off
coefficient/m·s-0.5

Injection rate
(same volume)/m3·min-1

Viscosity/
cp

Time/s

Benchmark parameters 30 1.5 6 × 10−5 3 5 6000

Parameters range 10~50 0.5~3 1 × 10−5 ~ 2 × 10−4 1~16 0.01~500 1800~10800
Fracture radius/m 100.8~107.4 106.5~104.4 188.2~61.4 84.2~137.0 109.5~93.7 75.2~125.1
Rangeability of fracture radius 6% 2% 119% 50% 15% 47%

Aperture at injection point/mm 3.77~2.05 2.31~2.71 2.76~2.03 1.71~3.78 1.15~7.12 2.15~2.45
Rangeability of aperture 73% 17% 31% 88% 254% 13%

Pressure at injection point/MPa 0.21~0.75 0.51~0.46 0.31~0.77 0.45~0.63 0.13~1.75 0.65~0.45
Rangeability of pressure 108% 10% 92% 36% 324% 40%
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parameter ϕ for benchmark parameters in field hydraulic
fracturing are 4.88 and 1.17, respectively. The fracture
radius, aperture and injection point pressure are 106.3m,
2.35mm, and 0.5MPa, respectively. Therefore, field hydrau-
lic fracture corresponding to the benchmark parameters
propagates in the transition regime, which is more inclined
to the leak-off viscosity-dominated regime, as shown in
Figure 6.

Figure 7 shows the relationships between the fracture
radius and dimensionless time parameter τ and dimension-
less leak-off parameter ϕ in the field hydraulic fracturing. It
can be seen that the fracture propagation in the field is
mainly in the leak-off viscosity-dominated regime, and part
is in the leak-off toughness-dominated regime. Equations
(7) and (11) show that fracture radius is mainly related to
Carter’s leak-off coefficient, injection rate, and injection
time, but not related to modulus, toughness, and fluid vis-
cosity. Therefore, the Carter’s leak-off coefficient has the
greatest impact on the fracture radius, and the fracture
radius decreases with increasing Carter’s leak-off coefficient.
The range and rangeability of fracture radius are
188.2~61.4m and 119%, respectively. The second parameter
that affects fracture radius is the injection rate, and the range
and rangeability of fracture radius are 84.2~137.0m and
50%, respectively. The impact of injection time on fracture
radius ranks the next, and the range and rangeability of frac-
ture radius are 75.2~125.1m and 47%, respectively. In sum-
mary, the modulus, toughness, and fluid viscosity have
significant impacts on τ and ϕ. Therefore, the sensitivity
order of the parameters to fracture radius is the same for
field and laboratory hydraulic fracturing.

Figure 8 shows the relationship between aperture at
injection point and dimensionless time parameter τ and
dimensionless leak-off parameter ϕ in field hydraulic frac-
turing. Clearly, the fracturing fluid viscosity has the greatest
influence on aperture. When the viscosity of the fluid
changes in the range of 0.01 to 500 cp, the fracturing prop-
agation changes from leak-off toughness-dominated regime
to leak-off viscosity-dominated regime. Fracture aperture

increases with increasing fluid viscosity. The range and ran-
geability of aperture are 1.15~7.12mm and 254%, respec-
tively. The second factor affecting the aperture is the
injection rate, and the aperture increases with the injection
rate. The range and rangeability of the aperture are
3.77~2.05mm and 73%, respectively. The least impactful
parameters influencing aperture are Carter’s leak-off coeffi-
cient, toughness, and time. In the laboratory experiment,
injection rate, fluid viscosity, and toughness have significant
effects on fracture width. However, in field hydraulic fractur-
ing, the aperture is mainly affected by the fracturing fluid
viscosity, injection rate, and modulus, while toughness has
little effect on fracture aperture. Therefore, the sensitivity
order of parameters in field hydraulic fracturing is inconsis-
tent with that in laboratory experiments.

Figure 9 shows the relationships between injection point
pressure and dimensionless time parameter τ and dimen-
sionless leak-off parameter ϕ in field hydraulic fracturing.
Similarly, the fracturing fluid viscosity has the greatest influ-
ence on pressure. Specifically, pressure decreases with the
decrease of fluid viscosity. The range and rangeability of
pressure are 0.13~1.75MPa and 324%, respectively. The sec-
ond impactful parameter is the modulus, and the corre-
sponding range and rangeability of pressure are
0.206~0.745MPa and 108%, respectively. Then there is the
effect of Carter’s leak-off coefficient on pressure, and the
range and rangeability of pressure are 0.313~0.772MPa
and 92%, respectively. Finally, the least impactful parameters
are time, injection rate, and modulus. The results of the field
hydraulic fracturing show that the pressure range is large,
but the pressure range is small. The reason may be that the
propagation pressure is stabilized due to prolonged fractur-
ing. Laboratory experiments are limited by sample size and
fracturing time, so the propagation pressure is much higher
than that of field fracturing.

3.3. Results Analysis. According to the above analyses, the
fracturing fluid viscosity has an important effect on hydrau-
lic fracture length, fracture aperture, and pressure in labora-
tory experiment and has a significant effect on the
dimensionless time parameter τ and dimensionless leak-off
parameter ϕ. More energy is dissipated by fracturing fluid
when the toughness of the sample decreases and the viscos-
ity of the fracturing fluid increases. Therefore, the laboratory
tests with small toughness and high fluid viscosity can be
used to simulate field hydraulic fracturing (leak-off
viscosity-dominated regime). In hydraulic fracturing experi-
ments with proppant transport, the effects of rock modulus,
fracture toughness, and fracturing fluid viscosity should be
carefully considered. When using low-viscosity fracturing
fluid (such as supercritical CO2) in experiment, the hydrau-
lic fracture propagation is in the leak-off toughness-
dominated regime. Therefore, small fracture apertures and
uniform fracture pressures can lead to complex hydraulic
fractures. Similar results are obtained by numerical simula-
tions and experiments [4, 58, 59].

The energy dissipation during field hydraulic fracturing is
mainly consumed by fracturing fluid flow and leak-off. There-
fore, the fracture propagation in tight reservoirs is in viscosity-

–5–10
–30

–20

–10lo
g 1

0 (
𝜙

) 0

10

20
𝜏 = 4.88, 𝜙 = 1.17

M

K

0 5
log10 (𝜏)

10 15 20

M
~

~
K

Figure 6: Phase diagram location of limiting fracture propagation
regimes versus dimensionless time τ and dimensionless leak-off
parameter ϕ for field hydraulic fracturing [53].
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dominated regime for small Carter’s leak-off coefficient. High-
viscosity fracturing fluid can be used in the early stage to create
simple hydraulic fractures in the near-wellbore area to reduce
twisted fracture geometries and energy dissipation in tight res-
ervoirs. In the later stage, low-viscosity fracturing fluid can be
used to create complex hydraulic fracture networks. Most of
the fracturing fluid leaks into unconsolidated sandstone reser-
voirs with high Carter’s leak-off coefficient. Therefore, low-
viscosity fracturing fluids should be avoided in order to create
high-conductivity hydraulic fractures.

4. Physical Testing and Numerical
Simulation of Hydraulic Fracturing

4.1. Physical Testing of Hydraulic Fracturing. The above
results show that due to the size effect of laboratory experi-
ments, hydraulic fracture propagation is generally in the

transition regime between the toughness-dominated regime
and the leak-off toughness-dominated regime, as shown in
Figure 2. However, field hydraulic fracture propagation is
mainly in the transition regime between viscosity-
dominated regime and leak-off viscosity-dominated regime,
as shown in Figure 6. Therefore, existing hydraulic fractur-
ing experiments cannot truly simulate the dynamic initiation
and propagation of field hydraulic fracturing. After the
above parameter analysis, hydraulic fracturing test with high
fracturing viscosity is carried out by using a true triaxial
hydraulic fracturing apparatus. We monitor the real-time
dynamic evolution of hydraulic fractures through acoustic
emission to guide the design of field hydraulic fracturing.
The dimension of the sample with an open-hole wellbore
is 762mm × 762mm × 914mm. The parameters of wellbore
and samples are shown in Figure 10. The bottom of the well
is sealed with glue to prevent fractures from initiating along
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the microfractures. The rock mechanical parameters and
confining stresses are listed in Table 3. The high viscosity
of the fracturing fluid is 1000cp. To observe the fluid leak-
off, the initiation, reinitiation, and propagation of fractures,

a variable injection rate of 0~150ml/s is used. When the
injection rate is 0.42ml/s and the injection time is 500 s,
the dimensionless time parameters τ is 47.5 and dimen-
sionless leak-off parameters ϕ is 0.0018. The results show
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Table 3: Experimental parameters.

Parameters Modulus/GPa Toughness/MPa·m0.5 Permeability/md Compressive strength/MPa
Maximum horizontal
principal stress/MPa

Value 16 1 0.1 80 14

Parameters Poisson’s ratio Frictional angle/° Cohesion/MPa Tensile strength/MPa
Minimum horizontal
principal stress/MPa

Value 0.19 40 6 2 7

Parameters Density/g·cm-3 Viscosity/mPa·s Injection rate/ml·min-1 Vertical stress/MPa

Value 2.7 1000 5~150 21
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that the hydraulic fracture propagation is in the transition
regime between viscosity-dominated and leak-off viscosity-
dominated regimes, which is similar to the field case.

Figure 11 shows the evolution of injection pressure dur-
ing the experiment. The hydraulic fracture profile and the
acoustic monitoring results on the right-side of the sample
are shown in Figure 12. In addition, the hydraulic fracture
radius and pressure at different times are monitored. The
monitoring data are listed in Table 4. On Figure 11, before
point O, the confining stress is gradually applied, and the
acoustic velocity correction is performed. In the OA period,

the injection begins at 30ml/min until the injected fluid
fills the wellbore. At this point, the wellbore pressure is
0.52MPa. In the AB period, the injection is stopped. It is
observed that the fracturing fluid leak-off is little and the well-
bore pressure remains stable. Then we continue to inject at
5ml/min, and the wellbore pressure increases slowly. The
injection rate is then increased to 10ml/min, and then
15ml/min and remains stable. The wellbore pressure
increases rapidly and reaches the initial breakdown
(22.31MPa), forming an artificial fracture with a radius of
0.1m. Immediately after the initiation of the fracture, the
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Figure 12: Physical test results, (a) hydraulic fracture geometry, and (b) acoustic emission events.

Table 4: Hydraulic fracture radius and borehole pressure at different periods.

Stage Injection rate/ml·min-1 Injected fluid volume in each period/ml Hydraulic fracture radius/m Borehole pressure/MPa

O-A 30 340.37 0 0.52

A-B 0-5-10-15 159.55 0.10 20.31

B-C 0 0.11 0.10 7.38

C-D 15 134.61 0.13 13.21

D-E 25 374.29 0.21 11.77

E-F 50 34.88 0.23 12.28

F-G 100 196.97 0.33 11.66

G-H 150 655.14 0.38 10.96
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pump is stopped. The acoustic monitoring signals are
observed in the BC period. The wellbore pressure gradually
drops to 7.38MPa, and the hydraulic fracture does not prop-
agate outward. The fracture initiation is too fast in the early
stage, resulting in a fluid lag. After the pump is stopped, the
fracturing fluid gradually flows from the front of the fracture
to the fracture tip. At the same time, the internal stress of
the sample is redistributed, causing defects in the sample to
be ruptured and resulting in a small number of acoustic
emission events. After point C, we continue to inject again
at a rate of 15ml/min. The breakdown pressure for the
refracturing (14.35MPa) is significantly lower than the ini-
tial breakdown pressure (22.31MPa), and hydraulic frac-
tures slowly extend during the CD period. For the D-E-
F-G-H period, the injection rate is gradually increased.
The results show that as the injection rate is increased,
the wellbore pressure increases slightly during the initial
stage but then decreases, indicating that the hydraulic frac-
ture has propagated steadily perpendicular to the direction
of the minimum horizontal stress. Finally, a uniform and
symmetrical hydraulic fracture is formed.

The dynamic evolution of initiation and propagation of
hydraulic fractures is reproduced through laboratory tests.
During the initiation of hydraulic fractures, the fluid injected
into the hydraulic fractures is less than the injection velocity
of the fluid in the wellbore, so the wellbore pressure will
continue to increase. When the fluid injected into the frac-
ture is greater than or equal to the fluid injected into the
wellbore, the wellbore pressure rises to the fracture pres-
sure. Therefore, the experimental results show that micro-
cracks are created before the injection pressure reaches the
breakdown pressure. Deep perforation with large aperture
can reduce the initial breakdown pressure. High-viscosity
fracturing fluid is recommended to be used in the early
stage of fracturing. After a stable primary fracture is gener-
ated, the high-viscosity fracturing fluid can be replaced with
a low-viscosity fluid to reduce cost.

4.2. Numerical Analysis of Hydraulic Fracturing

4.2.1. Numerical Model Verification. Based on the physical
experimental data in Figure 11, we use the 3D lattice method
to establish a numerical fracturing model. The 3D lattice
method is described in Appendix. In the physical experi-
ment, the fracturing fluid is injected at a variable rate of
15~150ml/min. In the numerical simulation, a constant
injection rate of 25ml/min in the DE period of the physical
experiment is used to simulate hydraulic fracturing. The
rock mechanical parameters, confining stresses, and other
injection parameters in the numerical model are consistent
with the physical experiment, and the Carter’s leak-off coef-
ficient is 5:49 × 10−6 m/s1/2. Figure 13(a) shows the fracture
profile from the numerical model. The hydraulic fracture is
symmetrical and radial, which is basically consistent with
that of the physical experiment. Figure 13(b) shows a com-
parison of pressure between the numerical simulation and
the physical experiment. The injection rate difference leads
to a propagation pressure difference of 1MPa between the
numerical simulation and the experiment, with an error of
about 8.5%. Therefore, the results from the numerical model
are in good agreement with the experimental results.

4.2.2. Parametric Analysis Using the Numerical Model. The
sensitivity analysis of fracturing parameters has been carried
out using theoretical solutions; however, the fracturing
parameters in the theoretical solutions are solved with zero
confining stress. Therefore, in this section, we analyze and
study the fracturing parameters under nonzero confining
stress condition through the numerical model. We focus
on the effects of Carter’s leak-off coefficient, injection rate,
and confining stress on fracture propagation.

Three different Carter’s leak-off coefficients
(5:49 × 10−6 m/s1/2, 7:62 × 10−6 m/s1/2, and 9:14 × 10−6 m/s1/2)
are selected. Figures 14 and 15 show fracture profiles and
pressure data for these three different cases. The larger the
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Carter’s leak-off coefficient, the greater the fluid loss during
fracturing, the smaller the nonuniformly asymmetric frac-
ture. During the fracture initiation stage, the fracturing fluid

is filtered around the wellbore, reducing the effective stress
around the wellbore. But the initiation time is short, so fluid
filtration is relatively small. As a result, increasing Carter’s
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leak-off coefficient will reduce the breakdown pressure
slightly. However, when the hydraulic fracture extends
steadily, the propagation pressure increases slightly as
Carter’s leak-off coefficient increases.

Assuming that the total injected volume is the same,
numerical simulations are performed with three injection

rates of 25ml/min, 50ml/min, and 150ml/min. Figures 16
and 17 show the fracture profiles and pressure histories
under different injection rates. When the injection rates are
25ml/min and 50ml/min, the breakdown pressure are
33.55MPa and 29.63MPa, respectively. The hydraulic frac-
tures in these cases are uniform. When the injection rate is
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Figure 18: Hydraulic fracture profiles with different horizontal principal stress differences.
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150ml/min, the hydraulic fracture propagates dominantly to
the left. Therefore, when the injection rate is significantly
increased, the hydraulic fracture propagates unevenly. As
the injection rate increases, the breakdown pressure
increases, and the propagation pressure decreases. There-
fore, low injection rate is recommended in the initial stage
of fracturing in deep or ultradeep reservoirs to reduce the
breakdown pressure.

To study the influence of confining stress on fracture
propagation, three cases with different stresses (7-9MPa,
7-14MPa, and 12-14MPa) are selected for numerical simu-
lation. Figures 18 and 19 show the fracture profiles and
pressures curves with different horizontal principal stresses.
We find that the smaller the horizontal principal stress dif-
ference, the larger the likelihood a nonplanar asymmetric
fracture is created. Under the same horizontal principal
stress difference, the larger the minimum principal stress,
the more pronounced the asymmetric propagation, and
the higher the breakdown pressure and propagation pres-
sure. When the minimum principal stress is the same, the
larger the horizontal principal stress difference, the higher
the breakdown pressure, but the increase of propagation
pressure is relatively small. Therefore, when the principal
stress difference is small, the propagation of hydraulic frac-
ture is easily affected by the physical properties of the reser-
voir, resulting in complex nonplanar fractures. If multiple
fractures propagate simultaneously, a complex induced
stress field is created, resulting in competitive complex frac-
ture morphologies.

5. Conclusions

In this paper, we conducted parameter sensitivity analysis at
laboratory scale and field scale by using the dimensionless
analysis method. Based on the results, the initiation and
propagation process of the field hydraulic fracturing was
reproduced in the laboratory by adjusting the fracturing
parameters. Fracturing parameters in the numerical simula-
tion were analyzed under nonzero confining stress condi-
tion. The main conclusions of this paper are as follows.

(1) Sensitivity analysis results at different scales show
that fracture propagation is affected by many factors.
The sensitivity of the fracture propagation velocity,
aperture, and pressure distribution in the fracture is
different. The fracture propagation in the laboratory
is primarily in the leak-off toughness-dominated
regime, while the fracture propagation at the field
scale is primarily in the leak-off viscosity-dominated
regime

(2) The effects of parameters on fracture radius are con-
sistent between the results from the field scale and
the laboratory scale, while the effect on fracture aper-
ture and pressure differs. Fluid viscosity has a signif-
icant effect on fracture aperture and pressure at
different scales. Therefore, the influence of fluid vis-
cosity on hydraulic fracturing should be emphasized
in the experimental hydraulic fracturing design

(3) The real-time dynamic evolution of hydraulic frac-
tures is characterized by using the acoustic emission
technique. The results show that microcracks are
generated before breakdown pressure is reached.
Numerical simulation results show that Carter’s
leak-off coefficient has little effect on breakdown
pressure and propagation pressure. Injection rate
and horizontal principal stress have significant
effects on breakdown pressure

Appendix

A. The Three-Dimensional Discrete
Lattice Method

The three-dimensional discrete lattice method is a simplified
bonded particle model based on the discrete element method
[23, 60]. The lattice is composed of a spring connected
quasi-random array of three-dimensional nodes with mass,
similar to the interconnected structure between particles in
the bonded particle model. Springs are equivalent to con-
tacts between particles, and particles are equivalent to mass
nodes. Compared to the discrete element model, the discrete
lattice method greatly improves the computational effi-
ciency, as shown in Figure 20. Natural fractures can be
inserted into the discrete lattice model arbitrarily. Fluid
flows in the pipe network between fluid elements. The fluid
element is located in the middle of two nodes. The flow
channel connecting adjacent fluid elements is called pipe.
Multiple connected pipes form a pipe network. Newly cre-
ated fluid elements at new microfractures are automatically
connected to existing fluid elements to generate new pipes
while updating the pipe network.

The opening and closing of cracks and joints are highly
nonlinear; hence, we use an explicit method to solve the
model. Each node consists of three translational degrees of
freedom and three angular degrees of freedom. The central

PipeMicro crack

Broken spring

Fluid element Node

Figure 20: Schematic diagram of a 3D discrete lattice model of
hydraulic fracturing [15, 23].
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difference formulation of translational degrees of freedom is
expressed as

_u t+Δt/2ð Þ
i = _u t−Δt/2ð Þ

i +〠F tð Þ
i Δt/m,

u t+Δtð Þ
i = u tð Þ

i + _u t+Δt/2ð Þ
i Δt,

ðA:1Þ

where _ui
t is the velocity of the component i (i = 1, 2, and 3)

at time t, ui
t is the displacement of the component i (i = 1, 2,

and 3) at time t, ∑FðtÞ
i is the resultant force of the compo-

nent i (i = 1, 2, and 3) acting on the node with mass m at
time t, and Δt is the time step.

To eliminate the unbalanced moment, the angular
degree of freedom needs to be calculated as

ωi
t+Δtð Þ = ωi

t‐Δt/2ð Þ + ∑Mi
tð Þ

I
Δt, ðA:2Þ

where ∑Mi
ðtÞ is the resultant moment of the component i

(i = 1, 2, and 3) at time t and I is the moment of inertia.
The changes in the spring normal force and tangential

force are calculated by the relative displacement of the
nodes as

FN ⟵ FN + _uNkNΔt,

Fi
s ⟵ Fi

s + _ui
sksΔt,

ðA:3Þ

where kN is the normal stiffness of the spring and ks is the
tangential stiffness.

When FN exceeds the tensile strength or FS exceeds the
shear strength, the spring breaks. Therefore, there are two
failure modes, including tensile failure and shear failure.
Microcracks are generated after the breakage of the spring.
At this point, FN = 0 and FS = 0.

Prefabricated fractures and newly generated fractures are
connected by pipes in the fluid network. The classical lubri-
cation equation is used to describe the fluid flow in the pipe.
The flow rate from fluid node A to node B is written as

q = βkr
a3

12μ pA − pB + ρwg zA − zB
� �� �

, ðA:4Þ

where β is a dimensionless correction parameter, kr is the
relative permeability, which is a function related to satura-
tion, pA and pB are the pressures at nodes A and B, respec-
tively, zA and zB are the heights at nodes A and B,
respectively, ρw is the fluid density, and g is the acceleration
of gravity.

The explicit numerical method is used to solve the flow
model. The pressure increment ΔP with a fluid time step
Δt f is calculated as

ΔP = Q
V

�KFΔt f , ðA:5Þ

where �KF is the fluid modulus, V is the fluid volume at
the node, and Q is the sum of all flow rates in the pipes
connected to the node.
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