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Abstract To accurately describe the damage creep
properties of marble, especially during the acceleration
creep phase, creep testing was performed on the marble in
the Jinping II hydropower station in China. Based on the
experimental results, a time-dependent damage constitutive
model was proposed in terms of fractional calculus theory
and damage variables to describe these time-dependent
damage characteristics. The time-dependent constitutive
equations were derived for constant loading levels below
and above the marble’s long-term strength. The robustness
and parameter sensitivity of the proposed model were
analysed by utilizing data of creep testing. The results of
the analysis showed that the proposed model could
describe not only the attenuation and steady-state creep of
marble but also the acceleration creep characteristics and
negative exponential attenuation law of the yield strength
over time when the constant loading was above the long-
term strength. These are crucial to failure prevention dur-
ing rock engineering construction and operating periods.
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Introduction

Rock is a complex heterogeneous natural geological
material containing cracks, joints and various defects that
give it a wide range of different time-dependent charac-
teristics and constitutive relationships (Chen and Feng
2008). Many time-dependent constitutive models of rocks
have been proposed by researchers in the past decades
(Jin and Cristescu 1998; Deng 2001; Zhou 2011; Wang
2004). Traditional time-dependent constitutive models
(such as the generalised Kelvin model, Burgers model,
Nishihara model and a combination of the spring, dashpot
and Saint—Venant body model) are unable to accurately
reflect the rock’s accelerated creep characteristics (You
2007). In order to describe the time-dependent charac-
teristics of rock masses in the acceleration creep stage, Jin
and Cristescu (1998) suggested a new elastic/viscoplastic
transient creep model based on triaxial experimental data
of Gorleben salt rock. Deng in (2001) considered the
stress of viscous dampers to be proportional to their creep
acceleration and combined a modified Bingham body with
a Cunshan body to describe nonlinear visco-plastic evo-
lution characteristics over time in the accelerated creep
phase. Xu (2005) assumed that strain is proportional to
the n power of time (where n is the creep index reflecting
the rock’s accelerated creep velocity) and established a
nonlinear time-dependent model to describe rock’s
accelerated creep characteristic utilising a nonlinear time-
dependent component instead of the conventional linear
time-dependent component. Zhou (2011) proposed a new
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creep constitutive model on the basis of a time-based
fractional derivative by replacing a Newtonian dashpot in
the classical Nishihara model with the fractional deriva-
tive Abel dashpot. By introducing the concept of a
damage accelerating limit to the Carter creep model,
Wang (2004) presented a new constitutive creep-damage
model to describe the tertiary creep of salt rock. Mol-
ladavoodi and Mortazavi (2011) proposed a damage-based
numerical analysis method for describing brittle rock
failure mechanisms. Xie (2011) presented a microme-
chanics-based elastoplastic damage model for quasi-brittle
rocks under a compressive stress state with a proposed
coulomb-type friction criterion based on the strain energy
release rate.

Although there have been many endeavours to inves-
tigate and construct a time-dependent damage constitutive
model that can describe the time-dependent damage
characteristics of rock masses and solve the time-depen-
dent mechanics problems encountered in rock mechanics
and engineering, the time-dependent damage characteris-
tics and yield strength’s time-dependent evolution law of
deeply buried hard rock always are investigated sepa-
rately. It is not enough to accurately describe time-
dependent damage characteristics of rock material and
further investigations are required. Bagley and Torvik
(1983) deemed that fractional calculus time-dependent
constitutive models had much better advantages for
describing the material’s visco-elastic mechanical prop-
erties than integer-order calculus. These constitutive
models have been widely used on polymer materials in
recent years (Koeller 1984; Song and Jiang 1998; Welch
et al. 1999; Beda and Chevalier 2004).

In the present study, a constitutive model to describe the
time-dependent damage characteristics of the Marble in the
Jinping II Hydropower Station in China is proposed.
Firstly, laboratory tests are carried out to investigate the
time-dependent evolutionary law of Jinping’s marble
damage characteristics and rock yield strength under long-
term loading. Furthermore, fractional calculus theory to
describe the rock material’s visco-elastic behaviour is
introduced. Moreover, damage variables to describe the
degradation phenomena of rock’s mechanical parameters
over time are introduced. Finally, a time-dependent con-
stitutive model that accurately describes changes to the
damage properties and yield strength of the marble over
time is established.

Time-dependent failure characteristic of Jinping
marble in situ

The Jinping II hydropower station is located on the Great
Jinping River Bend of Yalong River in Jinping, Liangshan
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Yi Autonomous Prefecture, Sichuan of China. It takes
advantage of an about 310 m natural drop in the river at the
bend and diverts the water to headrace tunnels travelling
through Jinping Mountain (see Fig. 1a). There are seven
parallel tunnels and the length of each tunnel is approxi-
mately 16.7 km. A total of 75.8 % of the tunnel lengths are
covered by over 1500 m of rock mass and the maximum
depth of the tunnels is approximately 2,525 m. Feng and
Zhou (2006) deemed that the tunnels’ stress fields changed
from the local stress of the river valley to a gravitational
stress field when the depth of rock mass was greater than
1,500 m, where the maximum principal stress was 63 MPa.
These deepest areas fell within a high ground stress zone,
with a erious potential for damage.

Based on the monitoring for four headrace tunnels and
a construction drainage tunnel covered with
1,900-2,500 m of rock mass (stake K5 4+ 500—
K6 + 168 m and stake K7 + 374—K9 + 100 m), a total
of 195 rock bursts were recorded during the station’s the
construction process from October 2010 to September
2011. In the meantime, eighty-nine of these rock bursts,
or 54.36 %, occurred outside 24 h of excavation. The
longest period between an excavation and a rock burst
was 163 days and the maximum distance for a rock burst
occurring from the tunnel face was 384 m. Time-
dependent failure characteristics of Jinping marble were
obvious, as illustrated in Fig. 2.

Time-dependent mechanical testing on Jinping II
marble

Although a great deal of time-dependent failure has been
observed in situ in the Jinping II hydropower station, fur-
ther experimental tests are required to reveal the mechan-
ical properties of the marble over time.

Rock samples

Rock samples were taken from testing tunnel No. 2 in
Aucxiliary tunnel A at Jinping II; the location of which is
shown in Fig. 1b and c. This portion of the tunnel was
covered with 2,500 m of rock mass that belongs to the
grey-white, medium-fine crystalline marbles of the Baishan
Group (T2b). The rock was hard and brittle with strong
densification. This marble’s elasticity modulus varied from
25 to 40 GPa and its deformation modulus was 8-16 GPa.
No palpable infilling materials, filling belt or structural
plane could be observed in the rock samples with the naked
eye. Homogeneous lithology showed that the rock was
composed mainly of quartz, potash feldspar, calcite, mica,
chlorite and smectite. Processing of the sample is described
as follows:
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Fig. 2 Spatial and temporal distribution laws of rock burst as
headrace tunnels covered in marble were excavated at the Jinping II
hydropower station. The x-axis shows the time interval between the
rock burst zone excavation and the occurrence of rock bursts and the
y-axis indicates the distance from the tunnel face

mechanics testing

Firstly, surrounding rockmass was drilled with a drill
of diameter of 110 mm in testing tunnel No. 2 and core
samples were taken out of boreholes;

Then, core samples were immediately covered by
protective film to prevent moisture from running out
and were put into the special wooden box to avoid
being damaged during transportation from the field to
the laboratory;

In the laboratory, core samples were processed into
cylindrical rock samples with a diameter of 50 mm and
height of 100 mm. The two end faces of the rock
samples were polished smooth, as shown in Fig. 3. The
rock samples processing accuracy was strictly con-
trolled in accordance with the Code for Rock Tests of
Hydroelectric and Water Conservancy Engineering
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Fig. 4 RC-2000 servo-controlled conventional triaxial rheological
testing machine

(Professional Standards Compilation Group of Peo-
ple’s Republic of China 2007).

Testing apparatus

Tests were performed with a RC-2000 servo-controlled
conventional triaxial rheological testing machine, made by
Chaoyang Test Instrument Co., LTD, in China (Fig. 4).
The machine’s control system adopts the EDC digital
servo-controlled device, which is fabricated by DOLI
Corporation in Germany. The loading system uses a servo-
controlled motor and ball screw system and operates stably.
Both axial strain and lateral strain are measured by an
extensometer device. The measuring range for axial
deformation is 0-8 mm and the lateral deformation mea-
surement ranges from 0 to 5 mm. The measurement error is
controlled within & 1 %. The testing machine can apply a
maximum axial load of 2000 kN and the normal sur-
rounding pressure can be controlled at 70 MPa.

Testing process
The uniaxial creep tests were conducted in a special lab-

oratory where the temperature and moisture were con-
trolled at 20 + 0.5 °C and 70 £ 2 %, respectively, to
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reduce the impact of thermal and moisture factors on the
test results. Before the creep test, firstly the physical
property (joints, fissure and other faults inside the rock) of
rock sample was tested by emitting the elastic-wave and
computed tomography and the similar rock samples were
selected and divided into six groups by elastic wave
velocity and CT value (Chen 2013), as can been seen in
Table 1. Secondly, to obtain the conventional compression
strength and calculate the loading step number of the
creep test, conventional compression tests were done
under the same confining pressure. Then creep tests were
begun and testing process followed the next steps as in
Table 1.

1. Firstly, a rock sample was covered by heat shrink
tubing to prevent oil in the pressure chamber from
coming into it and the moisture from running out;

2. Then, the axial and lateral displacement meters were
installed on the rock sample, as shown in Fig. 4 and
the rock sample was put into the pressure chamber;

3. The axial load was applied stepwise, the first-step
applied load was set at 0.6 times the uniaxial
compressive strength (UCS) of the rocks. A loading
rate of 0.1 MPa/s was used at the loading stages. The
axial stress was kept constant after the load reached a
preset threshold value.

4. The next load stages were applied until the lateral
deformation of the rocks was less than 1 x 107> mm
in 24 h and the imposed load steps measured 20, 10
and 5 MPa.

5. [If rock failure did not occur when the fourth load step
was applied to the sample, a load step of 5 MPa was
imposed until the rocks failed from rheological
acceleration. Recording was stopped and the test
ended when the rock sample became unstable.

Time-dependent damage characteristics of Jinping
marble

The time-dependent mechanical characteristics evolution
laws were similar from group 1-5. For demonstrating the
time-dependent mechanical characteristic and building a
one-dimension time-dependent mechanical model, group 1
was taken as an example in the paper and other results have
been shown by Doctor Chen (Chen 2013). The typical
result of time-dependent mechanical testing was shown in
Figs. 5 and 9. Some important results are provided.

1. The time-dependent characteristics of the marble were
clear and the creep process showed obvious transient
creep, attenuation creep, steady-state creep and accel-
erating creep properties under high stress conditions,
as shown in Fig. 5.
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Table 1 Velocity and CT value of rock samples and multi-step loading creep test scheme

Group Series Velocity (m/s) Relative error (%)* CT value Relative error (%)* Confining pressure (MPa)
no.
1 3# 5266.94 0.08 2631.4 2.21 0
4# 5276.36 0.10 2625.8 2.00 0
2 24 5272.46 0.02 2621.2 1.82 5
18# 5267.02 0.08 2569 0.21 5
3 3 5282.35 0.21 2563.6 0.42 10
S# 5250.79 0.39 2571.3 0.12 10
4 1# 5265.23 0.11 2527.1 1.84 20
20# 5271.91 0.01 2523.1 1.99 20
5 o# 5292.7 0.41 2537.1 1.45 40
15# 5267.08 0.08 2574.3 0.00 40

Where RE are relative errors, X is available value and is the means value of the variable x

# Relative errors of velocity and CT value are calculated by the following equation: RE = @

Fig. 5 Time-dependent strain 0351
curve and FTDM fitting result
of marble under multi-stage
uniaxial loading conditions (The

long-term strength 130.1 MPa 031 Experimental data ‘ 135.7MPy
------ FTDM data

was identified using pattern
search and least-square
techniques (Chen et al. 2005)
based on the experimental data)
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2. When the constant load level was lower than approx-
imately 80 % of the long-term rock strength, the creep
rate of the marble under this load (i.e., 84.7 MPa)
decayed instantaneously to a constant near-zero rate
after loading stabilised (see Fig. 6a), while creep
acceleration rapidly decreased to zero and remained
constant (see Fig. 7). Attenuation creep occurred for a
very short time and was not obvious, indicating that
internal damage or microfractures could not continue
to occur over time under a stable lower loading level.
The rock sample’s stress field instantly reached its
equilibrium state and did not change over time.

3. When the constant load level was between 80 and
100 % of the rock’s long-term strength, the creep rate
and creep acceleration under this stable load gradually
decreased and tended to become stable over time, with
the creep rate close to zero and the creep acceleration

equal to zero at the steady state (see Figs. 6a and 7).
Under different constant loading conditions, the time
for the creep rate to become stable increased with
increasing stress levels, as shown in Fig. 8. These
results indicated that microfractures had initiated and
damage had begun to occur in weak local areas of the
rock sample, causing increasing damage and time
required for internal stress nonlinear adjustment to an
equilibrium state with increased load. However, this
load level was not sufficiently high to cause further
microfractures in the rock sample and did not affect
the rock’s strength and stability; thus, the marble’s
yield strength did not change over time or become
unstable.

When the constant load level exceeded the rock’s long-
term strength, the creep rate first decayed gradually
and then became stable. Afterwards, it increased
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Fig. 6 Axial creep rate x10”
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rapidly until the rock sample was destroyed. Internal
microfractures were initiated when the rock’s external
load was larger than its long-term strength, leading to
its destruction. The duration of the steady creep
depended on the stress level, the development of
microfractures and the creep rate based on the stress
level. When the cumulative damage within the rock
samples could not support the current stress level, the
samples generated accelerated creep and failure. The
evolution of the creep rate over time is shown in
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(b) At acceleration creep

Fig. 6b and the type of rock failure, mainly shear
failure with scratches and debris on the failure surface,
is shown in Fig. 9.

When the load was lower than the long-term strength,
the steady creep rate increased slightly with an
increase in stress level. When the load exceeded the
long-term strength, the rock damage showed obvious
characteristics and the steady-state creep rate increased
rapidly with an increase in stress level, as shown in
Fig. 8.
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Fig. 7 Axial creep acceleration evolution characteristics over time under different loading steps
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Time-dependent characteristics of the marble yield
strength

Xu (1997) transformed the creep curve under multi-step
loadings into a stress—strain curve under the same loading
period. It was found that the yield strength of soft rock had
an exponential relationship with time. Based on their ideas,
the creep curve of marble under multi-step loadings was

Axial stress (MPa)

transformed into a stress—strain curve under the same
loading period, as shown in Fig. 10. Figure 10 shows that
every curve was made up of approximately linear and
nonlinear segments with a significant turning point and that
this point gradually became lower over time and approa-
ched a long-term strength limit. The marble showed a
behaviourof mechanical properties from visco-elastic to
visco-plastic, and its internal structure generated obvious
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Fig. 9 Failure of marble under multi-step uniaxial compression creep testing

Fig. 10 Relationship between
stress and strain at the same
time under the same multi-step
uniaxial compress creep test

Axial stress (MPa)

2h 4 6h 8h 10h 12h  14h  18h

damage and deterioration and began to show a failure trend
from this point forward. This point was named the yield
point and the corresponding strength was its yield strength.
The yield strength’s relationship over time can be observed
in Fig. 11 and described as follows:

_d a>C
63_{ e +c¢ o>C (1)

where o is the rocks’ long-term load, o, is the rock’s yield
strength, ? is the rock’s yield strength when rock damage
initiates and has a magnitude equal to the yield strength
obtained from conventional mechanical testing, A is a
damage variable related to the rock’s material properties,
C is the rock’s long-term yield strength that depends on the
properties of the rock material itself, oo is a parametric
variable related to rock damage that is greater than zero
and depends mainly on the rock’s material properties and
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the external load level and ¢ is the yield time when the rock
begins to yield that is equal to the time when the rock
began loading minus the time when the load is less than C.

When the external load ¢ < C, it is assumed that the
rock is undamaged or has acquired only local weaknesses
that do not influence its overall strength. In this case, the
yield strength does not change with time but is always
equal to 62 and the rock does not fail no matter how long
the external load is applied. When the external load
o > C damage is initiated in the rock then its yield strength
attenuates as a negative exponential formation over time.
When ¢ is equal to zero, 0, = g0 = A + C and the yield
strength is the same as the yield strength obtained from a
conventional mechanical test. As t — oo, the rock’s yield
strength approaches its long-term strength, g, = C and the
attenuation speed of the rock’s yield strength depends on
the magnitude of .
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Time-dependent damage constitutive model of marble
based on fractional order theory

Fractional order theory was introduced to analyse and
describe damage characteristics and yield strength evolu-
tion law over time by considering the advantages of time-
dependent constitutive models based on fractional calculus.
The Riemann-Liouville fractional calculus theory (Non-
nenmacher and Metzler 1995) was proposed for this study,
for which the fractional integral of order f of the function
f(t) is defined as:

t

D f(r) = ﬁ / (t — " f(2)dr. 2)

0

The fractional derivative is defined by:

dn[ (n— /f)f( )]
e IOL 3

where D™# and D are the Riemann-Liouville fractional
integral operator and fractional derivative operator,
respectively, f > 0 and n — 1<f < n, and n is the number
of positive integers, I'(f) is the gamma function
[(B) = [;° tP~"e~"dt, Re(B) > 0 and Re(p) is the real part
of 5. The gamma function has the following properties:

Dif(r) =

I+ f=prp. TO=T@ =1, T()=ya and
(-2 = st

The viscous-damage component based on fractional
calculus

An Abel body based on the fractional derivative (Kiryak-
ova and Al-Sauabi 1999) was introduced to replace the

Time(h)

Newton body in the model. The constitutive equation of the
Abel body is:

a(r) = n D'[e(1)] (4)

where 7 is the coefficient of viscosity and f3 is the order of
the fractional derivative, 0 < § < 1. When f =0, the
Abel body is equal to spring body and can describe solid
mechanical properties. When f = 1, the Abel body is
equal to the Newton body and can describe fluid mechan-
ical properties. Therefore, the Abel body can describe the
mechanical properties of both solids and fluids.

When external load exceeds the long-term strength of
the rock mass, the rock material will weaken with time and
the yielding strength of the rock will also weaken with
time. The weakening process can be described by the Abel
body with a damage factor.

Based on the above test results, the damage to the Abel
body can be described as follows:

n=nee ™, (5)

where o is the damage coefficient related to the rock
properties and external load and my is the initial viscosity
coefficient.

Combining Egs. (4) and (5), the damage constitutive
equation for the Abel body can be calculated as follows:

o(t) = noe DVer)] 0<B<1. (6)

Assuming o(f) =0 nd o is a constant, the creep
constitutive equation that considers the damage to the
rock material is derived from Eq. (6) with a Laplace
transform and inverse Laplace transform as follows:

Zrk+1+/3 @
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where k is a non-negative integer and the other parameters
are as described above.

Assuming &(f) = ¢ and ¢ is a constant, the relaxation
equation in Eq. (8) can be obtained from Eq. (6) with a
Laplace transform and inverse Laplace transform:

—ot
o) = 10

(1 - Bk’ ®

where the parameters are as described above.

FTDM

An improved fractional-order time-dependent damage
model (FTDM) was proposed to accurately describe the
properties of the marble during the instantaneous creep,
decay creep, steady creep and accelerating creep stages and
to explain the evolution law of the damage characteristics
and the rock’s yield strength over time in the early stages of
accelerating creep. The Hoke body, improved A/H body and
new A/S body are in series in this model, as shown in Fig. 12.
The A/H body consists of an Abel body parallel to a Hoke
body and the A/S body is built with a Saint—Venant body
parallel to an Abel body. The Hoke body is used to express
the instantaneous creep property of the marble, the improved
A/H body is utilized to describe the mechanical properties of
the marble during the decay creep and steady creep and the
new A/S body is introduced to explain the evolution law of
the damage characteristics and the rock’s yield strength over
time in the early stages of accelerating creep.

When ¢ < C, the damage does not increases over time
in the rock, no slip occurs in the S body and the A/S body
can be treated as a rigid body. FTDM is a new generalised
Kelvin model, in which the Newton body is replaced by the
Abel body for accurately describing the properties of the
marble during the decay creep and steady creep. Its equa-
tion can be written as follows:

T n
Eo
(o) (o)
A — -
——
o
E,
1: H body 2: A/H body 3: A/S body
—>
€0 O €. O €,. 0,
dl 8 .

Fig. 12 Fractional-order time-dependent damage model (FTDM)
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gg) = E()SO

o1 = Ey(t) + 1, DP[e (1)) (9)
o)y =01 =0 '

E=2¢ +¢&;

where o is the external load; oy and o, are loads on the
elastic body and A/H body, respectively; &, ¢y and ¢; are the
total strain, elastic body strain and A/H body strain,
respectively; Ey and E, are the elastic moduli of the elastic
body and A/H body, respectively; n; is the viscosity
coefficient of the Abel body; and f is the order of the
fractional derivative, with 0 < f§ < 1.

Given the external load ¢ as a constant, the creep con-
stitutive equation can be solved using Eq. (9) as follows:

o 0 & E,
(1) = = +—
#0) E0+’11,;)( ’71)

where &’ is a non-negative integer and the other parameters
are as described above.

Assuming strain ¢ is a constant, the relaxation consti-
tutive relationship shown in Eq. (11) can be obtained from
Eq. (9):

E()E] 00 E0+E k+1
) =¢
7) Z( ) I

k=0

Y E

+ &0Eo i< E0+E1)"+' kb
>0L£0 .
— (1 +kp)

PE+1)

(B +p+1)° (10)

Zkﬁ+l
1+ p+kp)

(11)

When the external loading ¢ > C, damage to the rock
material is initiated, its yield strength begins to decrease
over time, the § body begins to slip and the Abel body
parallel to the S body begins to flow under the load ¢ — o;.
The equations of FTDM are described in Eq. (12):

o) = E()E()
o1 = Ee(t) + 1, DP[ey (1)]
0y = o5+ mDF[ex(1)] (12)

o) — 01 =0 =0

E=¢g t+é& +&

where ¢ is the external load; g, 01 and o, are the loads on
the elastic body, A/H body and A/S body, respectively; &,
is the strain of the A/S body; 7, equal to 1o, e *, is the
viscosity coefficient of the Abel body considering the
rock’s damage characteristics in which #, is the initial
viscosity coefficient and o is the damage variable; oy is the
rock’s yield strength that incorporates the damage to the
rock described by Eq. (1); and the other parameters are as
described above.
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Assuming the external load ¢ is constant, the creep
equation can be obtained by solving Eq. (12):

0 0 E, Koo b+
e(t) = —+— el I I
) Ep ’71;( ’71) (1+ﬁ+ﬁkl)
afCﬁ A

Mo §:F1+k+ﬁ o T(1+p)’ (13)

where k and k' are non-negative integers, A is the damage
variable related to the rock properties, C is the long-term
strength of the rock, « is the damage variable and the other
parameters are as described above.

Verification of FTDM

The feasibility and applicability of FTDM were verified with
typical time-dependent experimental tests on the marble.

Determination of the time-dependent yield strength
of marble

It has always been challenging to determine the stress
threshold of the plastic flow initiated by mechanic testing
in the laboratory under external long-term loading.

Researchers proposed different methods of determining
the stress threshold based on their research objectives. For
example, Xu (2005) obtained the stress value by a series of
rheological experiments, while Zhou (1990) proposed that
the stress threshold of the initiated plastic flow is the stress
value when the incremental Poisson’s ratio reaches 0.5. Zhao
(2008) assumed that the stress when plastic flow occurred was
equal to 0.7-0.8 of the uniaxial strength. These results were
acquired under the assumption that the rock’s yield strength
was constant. In fact, internal damage was initiated when the
external load exceeded the rock’s long-term strength and its
yield strength began to change over time. Therefore, it is
reasonable to determine a rock’s yield strength by fitting
parameters into Eq. (1) according to the experimental data,
knowing that the yield strength law changes further over time.
The parameters in Eq. (1) are identified using pattern search
and least-square techniques improved by the Levenberg—
Marquardt algorithm (Chen et al. 2005) based on the exper-
imental data and represented in Eq. (14) and the fitting results
are shown in Fig. 11.

131.6 MPa
Os = 1.5¢—0-22051

0 <130.1 MPa

o > 130.1 MPa (14)

— 130.1 MPa

Parameter identification process for FTDM

The parameters of FTDM were determined using the back
analysis method, in which the least squares method is used
with the following identification process.

Table 2 Rock creep parameters of FTDM under different loads when
o < 130.1 MPa

Loads (MPa) Ey (GPa) E, (GPa) 11 (GPa-h) K p

84.7 55 152 5,691 9 0.23
105.1 64 320 355 9 0.03
1153 59 400 661 9 0.05
120.4 54 70 5,833 9 0.26
125.5 53 31 4,650 9 0.32

First, N pairs of experimental data are collected in the
form of (t,, ep) n=1,2,3, ..., N

Next, an evaluation function is established to evaluate
the results of the back analysis as follows:

Q Z én — tna (15)

where b is a vector composed of the parameters to be
identified, (,, &,) is the nth pair of experimental data ¢, is
the time at which the No. n data are recorded, &, is the
strain corresponding to time #,, f is the corresponding time-
dependent damage constitutive model and n = 1, 2, ...... ,
N.

Then, pattern search and least-square techniques
improved by the Levenberg—Marquardt algorithm (Chen
et al. 2005) are introduced and the tolerance and initial
values of the parameters to be identified are set.

Finally, the parameters are identified. If an error meets
the tolerance, the parameter identification is over. Other-
wise, the parameters are improved further until the proper
parameters are recognised.

Verification of FTDM

When ¢ > 130.1 MPa, it was assumed that no damage
occurred in the marble. The main mechanical characteristics
include transient creep, decay creep and steady creep; thus,
the time-dependent mechanical properties can be described
by Eq. (10). The main parameters to be determined include
Eo, 11, k' and f. The results from using the method intro-
duced above are shown in Table 2 and the fitting results are
shown in Fig. 5. It can be concluded that the transient creep,
decay creep and steady creep properties of the rock were well
described by the model proposed in this study.

When ¢ > 130.1 MPa, damage started to initiate inside
the marble. The main mechanical characteristics include
transient creep, decay creep and non-steady creep when the
load was larger than the rock’s long-term strength.
Therefore, the time-dependent mechanical properties were
described by Eq. (13). The main parameters to be deter-
mined included A, o C, Ey, Ei, 11, k, k and . The
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Table 3 Rock creep parameters of FTDM under different loads when
o > 130.1 MPa

Loads E, E, n o K k B
(MPa) (GPa) (GPa)  (GPah) (GPa'h)

130.6 51.7 298 3,544 4,959 1 7 055
135.7 49.3 73.6 2,552 7,567 1 7 0.67
Table 4 Rheological parameters of the Burgers model

Loads (MPa) E, (GPa) E, (GPa) 1, (GPa.h) 1> (GPa.h)
125.5 53 2,610 10,7300 1,961
135.7 49 2,130 5,860 4,940

parameters related to the marble’s yield strength, A, oo and
C, were determined in the last section with values of
1.5 MPa, 0.2205 h™' and 130.1 MPa, respectively. Other
parameters were determined with the method introduced
above, with the results shown in Table 3 and the fitting
results shown in Fig. 5. It can be concluded that the time-
dependent damage properties and accelerated creep stage
of marble were described properly by this proposed model.

Fractional-order time-dependent damage model, which
considered changes in the marble’s yield strength over
time, accurately described the rock’s transient creep, decay
creep, steady creep and accelerated creep and was found
suitable for rock engineering needs.

Comparison analysis with other models

The proposed model was compared with the Burgers model
assuming ¢ > 130.1 MPa and ¢ > 130.1 MPa.

Fig. 13 Comparison of FTDM, 0.248 -
Burgers model and
experimental data at the 0.246

o = 125.5 MPa loading step

0.244

0.242

0.24

0.238

Axial strain (%)

0.236

0.234

Experimental data

------ Burgers model

When ¢ < 130.1 Pa, creep testing at ¢ = 25.5 MPa was
taken as a typical example. The parameters of the two
models were recognised by the method introduced above
and the results are shown in Tables 2 and 4. Comparisons
with the experimental data are shown in Fig. 13. It was
clear that FTDM better described the creep properties of
marble than the Burgers model, regardless of the steady
creep or decay creep stage.

When o > 130.1 Pa, creep testing at o = 135.7 MPa
was taken as a typical example. The parameters of the two
models were again recognised by the method introduced
above and the results are shown in Tables 2 and 4. Com-
parisons with the experimental data are shown in Fig. 14.

It was concluded that the Burgers model did not prop-
erly describe the characteristics of the accelerated creep
because it only increased the rate of creep as steady creep
rate, and the FTDM better described the properties of the
acceleration creep when considering the marble’s time-
dependent damage properties and attenuation characteris-
tics under long-term loading.

Sensitivity analysis of the FTDM parameters

A sensitivity analysis was performed based on the creep
testing example at 0 = 135.7 MPa.

Sensitivity analysis of the ratio of terms of series ¢

Equation (13) contains a term of series that which should
be addressed when the calculation is performed, and it was
found that the ratio of the breaking terms of two series had
a major influence on the proposed model and especially on
the accelerating deformation stage.

0.232 L L
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Fig. 14 Comparison of FTDM, 034
Burgers model and

experimental data at the
o = 135.7 MPa loading step 033
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Assume ¢ is the ratio of the breaking terms of the two
series and let:

!
ézkz(k’zl, k>1), (16)
where k' is the term broken by the first series and k is the
term broken by the second series in Eq. (13).
The relevant parameters were taken as the following:
Ey =493 GPa, E, =73.6 GPa, 5, =2.6 GPa, 1ny=
7.6 GPa, f =054, A =15MPa, o= 0.2205 h-1 and

C = 130.1 MPa. By keeping these parameters constant and
letting the value of £ decrease gradually, conclusions were
drawn from Fig. 15 as follows.

1. ¢ was smaller, the attenuation creep time was shorter
and the accelerating creep was more obvious.

2. & had poor sensitivity at the initial stage of attenuation
creep and different ¢ values had little influence on the
fitting results of Eq. (13).

3. & was smaller and the creep rate was larger during the
steady creep stage.
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Fig. 16 Influence of k¥’ and k on 0.34
FTDM accelerating creep with
constant ¢ at ¢ = 135.7 MPa
loading step 0331
—=— Experimental data
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Fig. 17 Comparison of 0.38 7
calculated and test results with J
varying damage parameter o at /{
o = 135.7 MPa loading step /
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— = Experimental data / g
0=0.1 :
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0.3

—e— 0=0.22
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Based on the Jinping’s marble mechanical behaviour at
the accelerating creep stage, the ratio of breaking terms of
the two series was taken as 1:7. The results showed that this
ratio was reasonable.

Figure 16 shows that the fitting result was unaffected
when the ratio of 1:7 was kept constant and the values of k¥’
and k were changed.

Sensitivity analysis of the damage parameters o
k' and k were taken as 1 and 7, respectively, and the other
FTDM parameters were the same as the section mentioned

above, while aas gradually increased from 0.1. Figure 17
described the transient creep, decay creep and steady creep,
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but it was difficult to depict accelerating creep when oas
was small using Eq. (13). Increasing « rapidly enhanced the
ability of Eq. (13) to describe accelerating creep, but a
good o value must be determined by engineering or
experimental results.

The results of increasing « were assessed according to
Eq. (15). Figure 18 indicates the existence of an optimal o
value that minimises the residual sum of the square of the
strain monitored and strain calculated. Assuming that the
optimal value is oy, the residual sum of the square slowly
decreases nonlinearly with an increase in « when o < o
and the residual sum of the square increases rapidly and the
gradient increases dramatically with an increase in o when
o > og. When o > o, o is very sensitive. Therefore, it is
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necessary to optimise the value of «. Based on the opti-
misation results, the fitting results of the time-dependent
damage constitutive model are good when « is 0.22.

Sensitivity analysis of f8

Parameters k' and k and o were taken as 1, 7 and 0.22,
respectively, and the other model parameters were the
same as in the section mentioned above. § was increased
gradually and Fig. 19 shows that the steady creep rate is
higher and the increasing rate of creep at the accelerating
stage was faster when f§ was larger. This result indicates the
importance of selecting an appropriate number of fractional
orders to describe the time-dependent damage character-
istics of the marble, especially at the accelerating stage.

0.12 4
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0.08 1

QL 0.06 1

0.02 \\\
0

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
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Fig. 18 Effect of the damage parameter o on FTDM accelerating
creep at ¢ = 135.7 MPa loading step

Fig. 19 Creep curve at 0.37
different f values and
o = 135.7 MPa loading step 0.36 -
| ——B=0.34
0.35 B=0.44
B=0.54
0.34 - —— B=0.64
@ B=0.74
=
E
w2
&
X
<
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When f was changed from a small to a large value, the
results were assessed with Eq. (15). Figure 20 shows that
the residual sum of the square of the strain monitored and
strain calculated decreased and then increased with an
increase in f, and that an optimal f§ value existed that
minimised the residual sum of the square of the experi-
mental data and the calculated value. Therefore, it is nec-
essary to optimise the value of f§ when the model is used to
describe the mechanical properties of the rock. The fitting
results of the time-dependent damage constitutive model
are most appropriate when f is equal to 0.57.

Discussion

Although some interesting time-dependent investigations
on marble have been implemented and some interesting
results were obtained in this paper, some questions need to
be discussed and many further studies need to be carried
out:

1. The yield strength’s negative exponential attenuation
law over time for the marble was obtained based
mainly on laboratory test results. The test durations
were relatively short, with most ranging from 15 to
40 days. Whether these results can be used in future
rock engineering remains to be decided and will
require more study of this topic.

2. A time-dependent damage constitutive model for the
marble was built based on fractional calculus theory
and damage variables; however, only one dimensional
constitutive equations were derived and verified based
on uniaxial creep data. What are the three dimensional

—= Experimental data

—

1 1 1 1 1 1 1 J

8 10 12 14 16 18 20 22
Time (h)
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Fig. 20 Effect of fractional order f on FTDM accelerating creep at
o = 135.7 MPa loading step

constitutive equations? It needs to be extended and
certified further.

3. The damage characteristic of the marble was observed
in laboratory tests when the constant load level was
between 80 and 100 % of the rock’s long-term
strength; however, the proposed model only can
describe damage characteristic of the marble during
the early acceleration creep stage. It is necessary to
introduce a new variable for describing an initiated
damage characteristic as the constant load level was
between 80 and 100 % of the rock’s long-term
strength.

4. In this paper, the time-dependent damage characteris-
tic of the marble was described based on creep state
and the deformation characteristic of rock samples. It
is better for describing the time-dependent damage
characteristic quantificationally that if acoustic emis-
sion monitoring can be implemented during creep
testing. The relation between crack density and
acoustic emission events can be found.

5. The time-dependent damage relaxation equations were
derived, while relaxation characteristics on the marble
have not been verified by tests.

6. Although model was obtained under multi-step load-
ing, the model can be used to do a single creep test.
The parameter of Eq. (1) cannot be identified by the
fitting method mentioned above under the single creep
test, while they can be recognized by another method
ol which is the conventional yield strength of rock
material. It can be obtained directly by conventional
mechanical testing, C can be got by simple creep test
(Xu 2005; Zhou 1990), A can be calculated by Eq. (1)
when ¢ is equal to zero and o can be evaluated between
0 and 1 as a rule of thumb.

@ Springer

Conclusion

The following conclusions can be drawn from this study:

1. Field observations and laboratory tests on marble from
the Jinping II hydropower station gave the following
results. (a) When the constant load was below 80 % of
the rock’s long-term strength, the marble sustained
almost no damage and the yield strength was time-
independent. (b) When the constant load was between
80 and 100 % of the rock’s long-term strength, damage
was initiated in the marble’s local weak areas. A larger
constant load resulted in more damage to the rock and
a longer time period for nonlinear adjustment of the
internal stress equilibrium in the marble. However, the
damage caused by this load was still insufficient to
threaten the integral strength and stability of the rock.
Thus, the yield strength of the marble was still constant
over time. (¢c) When the constant load was above the
rock’s long-term strength, the damage was initiated
completely inside the rock. The duration of steady
creep was dependent on the stress level and the degree
and developing rate of damage. Accelerated creep and
failure occurred when the accumulated damage kept
building and the rock could not tolerate the stress level.
The marble’s yield strength showed negative expo-
nential attenuation over time.

2. Considering the damage and time-dependent charac-
teristics of the rock’s yield strength, a time-dependent
damage constitutive model for the marble was built
based on fractional calculus theory and damage
variables. Comparisons with test results and other
models showed that the model accurately described not
only decay creep and stability creep but also the
acceleration creep of the marble. Moreover, the model
described the time-dependent characteristics for the
marble’s yield strength with negative exponential
attenuation over time when the constant load was
above the rock’s long-term strength.

3. A sensitivity analysis was performed on parameters
related to the time-dependent damage characteristics
of the proposed model. The results showed that
parameters £, o and f had a relatively large influence
on the model’s time-dependent characteristics. The
proposed model best described the acceleration creep
and time-dependent characteristics when ¢ = 1.7,
o =0.22 and f = 0.57.
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