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Abstract We present a formulation of a discontinuous
cellular automaton method for modeling of rock fluid pressure induced fracture propagation and coalescence without
the need for remeshing. Using this method, modelers discretize a discontinuous rock-mass domain into a system
composed of cell elements in which the numerical grid and
crack geometry are independent of each other. The level set
method, which defines the relationship between cracks and
the numerical grid, is used for tracking the crack location and
its propagation path. As a result, no explicit meshing for
crack surfaces and no remeshing for crack growth are needed. Discontinuous displacement functions, i.e., the Heaviside functions for crack surfaces and asymptotic crack-tip
displacement fields, are introduced to represent complex
discontinuities. When two cracks intersect, the tip enrichment of the approaching crack is annihilated and is replaced
by a Heaviside enrichment. We use the ‘‘partition of unity’’
concept to improve the integral precision for elements,
including crack surfaces and crack tips. From this, we
develop a cellular automaton updating rule to calculate the
stress field induced by fluid pressure. Then, the stress is
substituted into a mixed-mode fracture criterion. The
cracking direction is determined from the stress analysis
around the crack tips, where fracture fluid is assumed to
penetrate into the newly developed crack, leading to a continuous crack propagation. Finally, we performed
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verification against independent numerical models and
analytic solutions and conducted a number of simulations
with different crack geometries and crack arrangements to
show the robustness and applicability of this method.
Keywords Crack propagation  Fluid pressure 
Rock discontinuous cellular automaton  Level set
method  Partition of unity  Stress intensity factor

1 Introduction
Deep underground fluid injection under high pressure can
induce rock-mass mechanical failure processes, including
fracture propagation and sliding along existing fractures or
faults. Such strongly coupled fluid flow and geomechanical
processes are critical for the exploration and development
of hydrocarbons or geothermal reservoirs (Murphy et al.
1981; Mandl and Harkness 1987; Legarth et al. 2005),
estimation of in situ stress in rock masses (Haimson and
Fairhurst 1969; Bredehoeft et al. 1976), and injection of
hazardous liquids and solid wastes deep underground
(Dusseault et al. 1996). To assist in designing such fracture
injection operations, modelers have developed a number of
mathematical models and simulators over the last 30 years
(Shaffer et al. 1984; Boone and Ingraffea 1990; Heuze
et al. 1990; Carter et al. 2000; Devloo et al. 2006; Adachi
et al. 2007; Zhang et al. 2007, 2011; Peirce and Detournay
2008; Lecampion 2009; Peirce and Detournay 2009; Ren
et al. 2009; Wang et al. 2009; Kovalyshen 2010; Segura
and Carol 2010; Shin and Santamarina 2010; Xu and Wong
2010; Fareo and Mason 2011; Sarris and Papanastasiou
2011; Carrier and Granet 2012).
Early studies include works by Shaffer et al. (1984) who
developed and applied the FEFFLAP simulator for
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modeling fluid-driven fracture propagation in rock masses
with pre-existing discontinuities and Boone and Ingraffea
(1990) who developed and applied the state-of-the-art software for modeling and visualization of hydraulic fracture
propagation in poroelastic media. More recent work was
performed by Carter et al. (2000) who built a 3D simulator
that is capable of modeling multiple, non-planar hydraulic
fractures. An implicit level set method for modeling
hydraulically driven fractures was presented by Peirce and
Detournay (2008), who also developed a Eulerian movingfront algorithm with weak-form tip asymptotics for modeling hydraulically driven fractures (Peirce and Detournay
2009). A 3D finite element model for history matching
related hydraulic fracturing in unconsolidated sand formations was also developed by Xu and Wong (2010). Kovalyshen (2010) conducted a detailed study of the large-scale
3D diffusion around the fracture and its associated poroelastic effects on fracture propagation. Shin and Santamarina (2010) used finite element simulations to investigate the
formation of hydraulic fractures driven by the forced invasion of immiscible and miscible fluids in soils. Fareo and
Mason (2011) presented a group invariant solution for a preexisting fluid-driven fracture in permeable rock, while Sarris
and Papanastasiou (2011) numerically studied the influence
of a cohesive process zone on hydraulic fracturing behavior.
Segura and Carol (2010) proposed a formulation for the
coupled hydro-mechanical behavior of zero-thickness
interface elements. Zhang et al. (2011) presented a 2D model
for initiation and growth of one or more hydraulic fractures
within a well with consideration of in situ stress. A zerothickness finite element to model the fluid-driven fracture
propagation was developed to simulate the hydraulic fracture problem in permeable medium (Carrier and Granet
2012). An extended finite element method has also been
applied for modeling hydraulic fracture problems (Lecampion 2009; Ren et al. 2009).
The above studies have shown that numerically simulating the propagation of hydraulic fractures is a difficult
problem, with nonlinear and nonlocal properties complicated by the presence of a moving internal boundary.
Continuum-framework-based numerical methods (e.g.,
FEM) require the mesh to conform precisely to the fracture
geometry at all times, which means that computationally
expensive remeshing algorithms must be used to track the
propagation of the fracture, which is generally regarded as a
tedious work (Hillerborg et al. 1976). Numerical methods,
such as the boundary-integral-equation or the displacementdiscontinuity method, cannot be efficiently used to solve the
elasticity equation relating the fluid pressure to the fracture
opening (Lecampion 2009). To avoid the remeshing step in
fracturing modeling, investigators have proposed several
techniques (e.g., moving mesh techniques, XFEM) (Rashid
1998; Belytschko and Black 1999; Moës et al. 1999; Oliver
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et al. 2002; Richardson et al. 2011). The rule sets for these
techniques are derived from numerical approximations of
global equations; therefore, they introduce complexity
when solving large linear equations.
Under the effect of fluid pressure, the rock mass experiences a progressive fracturing process, characterized by
initiation, propagation, and coalescence of cracks, resulting
in strain localization and stress redistribution due to the
fluid pressure and fluid penetration into the newly developed fractures. In this process, mechanical and hydraulic
properties often vary in time and space. To track this
fracturing process accurately, we must develop a dynamic
numerical model, with certain controllable physical
parameters and boundary conditions.
In this paper, we develop a numerical model for
describing the propagation and coalescence of fluid-driven
fractures in discontinuous media given the above considerations. The work is based on rock discontinuous cellular
automaton (RDCA) (Pan et al. 2012), but here, it is
developed and applied to model fluid-pressure-driven
fracture propagation and coalescence. First, we present the
numerical method, including the discontinuous cellular
automaton method for modeling of fluid-pressure-driven
crack propagation through a discontinuous rock mass. This
includes the possibility of modeling multiple propagating
cracks that can coalesce, creating intersections. Once the
numerical method is described, we then present the verification and testing of the model against independent
numerical models and analytical solutions, as well as
several numerical simulations of crack propagation for
different crack geometries, including multiple fractures and
their coalescence, to show the robustness and applicability
of the method.

2 Numerical Method
In the RDCA (Pan et al. 2012), the domain of interest is
discretized into a system composed of cell elements
(Fig. 1), in which cracks are incorporated as a discontinuity. In the development of cellular automaton updating
rules, only one cell Di is considered (right figure in Fig. 1).
A general cell Di is composed of cell node Ni, cell elements (e.g., Ei1 * Ei4 ), and neighbor cell nodes (e.g.,
Ni1 * Ni8 ). To simulate the propagation and coalescence of
rocks under fluid pressure, we should consider several
technical issues discussed below.
2.1 Modeling of Discontinuities
In the RDCA, special shape functions, i.e., the Heaviside
function to simulate the crack surfaces and the asymptotic
crack-tip displacement field function are designed to
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Fig. 1 A representation of the
discontinuous cellular
automaton model: continuous
and discontinuous parts are
indicated in left figure; fluid
pressure is applied on the crack
surfaces (blue arrows); E1, E2
and E3 are three typical
different element types, i.e.,
normal element, element with
discontinuous surface and
element with crack tip,
respectively; red dot circle
indicates a region with certain
radius r around the tip; right
figure shows a typical cell Di to
be studied; it is composed of
cell node Ni, cell elements
(Ei1  Ei4 ) and related neighbour
nodes (Ni1  Ni8 ) (color figure
online)
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approximate a discontinuous displacement (Pan et al.
2012). To consider the complex cracking behavior (e.g.,
crack intersection), we use the approximation of the discontinuous displacement field (Stazi et al. 2003; Budyn
et al. 2004),
uh ð x Þ ¼

N i7

N i6

Nj ð xÞHjm ð xÞam
j

 4

P p
p
Nk ð xÞ
Fak ð xÞbak


H ð xÞ ¼ signð/ðxÞÞ ¼

1
1

8/ðxÞ [ 0
8/ðxÞ\0

where /ð xÞ is a level set function, which will be described
in Sect. 2.2.
p
ð xÞ is given by,
The modified enrichment function Fak
p
ð xÞ ¼ Fap ð xÞ  Fap ðxk Þ
Fak

ð1Þ

a¼1

where N represents the total number of nodes of the element; x represents the coordinate; N m is the sets of nodes
(e.g., nodes represented by the square in Fig. 1) that have
crack faces (but not crack tips) in the associated elements
intersected completely by the crack m; N p is the set of
nodes (e.g., nodes represented by a circle in Fig. 1) associated with crack tips in their influence domain (e.g., circular region with certain radius r around the tip in Fig. 1);
Ni ; Nj , and Nk are the associated nodal shape functions,
which interpolate the solution between nodes and points in
the element; ui are the nodal displacements (standard
degrees of freedom); am
j are the additional unknowns for
the modified step enrichment Hjm ð xÞ of crack m; bpak are the
vectors of the additional degrees of nodal freedom for the
tip enrichment of tip p for the modified branch function
p
Fak
ð xÞ; a ¼ 1; 2; 3; 4; and a is the crack tip set.
The modified step function Hjm ð xÞ is given by,
  
Hjm ð xÞ ¼ H ðf m ð xÞÞ  H f m xj
ð2Þ
where f m ð xÞ is the signed distance function. H ð xÞ is the
Heaviside enrichment function that models the strong
discontinuity caused by the crack (Fig. 2a) and is defined as:

ð3Þ

ð4Þ

Fap ð xÞ represent the crack-tip asymptotic displacement field
functions, which reflect the stress singularity on the crack
tip and are defined in terms of a local crack tip coordinate
system (Mohammadi 2008),


pﬃﬃ
h pﬃﬃ
h pﬃﬃ
h pﬃﬃ
h
¼
r sin ; r cos ; r sin h sin ; r sin h cos
2
2
2
2
a ¼ 1; 2 ; 3; 4

Fap ðr; hÞ



ð5Þ
where ðr; hÞ are polar coordinates and can be observed in
Fig. 2b.
The first term on the right-hand side of Eq. 1 is the
classical finite element approximation to determine the
displacement field. The remaining terms take into account
the existence of any discontinuities. They utilize additional
degrees of freedom to facilitate modeling the existence of
any discontinuous field, such as a crack or a hole, without
modeling it explicitly in the mesh. Therefore, the method
uses the same mesh to model any internal discontinuities
and does not require any remeshing for crack growth.
2.2 Tracking Crack Surface and Crack Front
In the cracking process, the crack front (or tip) is moving;
therefore, it is necessary to track the moving interface. The
level set method (Osher and Sethian 1988), which is a
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Fig. 2 a An element cut by a
crack and described by the level
set function u: domain is
composed of X1 ; X2 , and C; n is
normal unit vector pointing to
positive direction of level set
function; b a coordinate system
of the crack tip: b and h
represent the crack angles in
global and polar coordinates,
respectively

Fig. 3 a Domain X containing
multiple cracks
(C1cr ; C2cr ; C3cr ; . . .) and b fluid
pressure applied on a crack:
crack surfaces are distinguished
m
by Cmþ
cr and Ccr , whose normal
vectors are represented by nþ
and n ; fluid pressure is
imposed on the crack surfaces
and described by p1 and p2
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powerful tool for tracking interfaces, is used in this work.
Consider a domain X divided into two non-overlapping
subdomains, X1 and X2 , and sharing an interface C, as
shown in Fig. 2a. The level set function /ð xÞ is defined as,
8
< [ 0 x 2 X1
/ð xÞ ¼ ¼ 0 x 2 C
ð6Þ
:
\0 x 2 X2

n+

(b)
r  r þ b ¼ 0 in X


þ

ð7Þ
þ



r  n ¼ r  n ¼ p ¼ p ¼ p on Cc

ð8Þ

r  n ¼ t on Ct

ð9Þ
ð10Þ

u ¼ u on Cu
r¼C:

ð11Þ
T

Here, the interface of interest is represented by the zero
level contour of the level set function, /ð xÞ.
2.3 Virtual Work Principle of Rock Fracturing by Fluid
Pressure
Consider a domain containing mc cracks with surfaces Ccr ¼
 m
Ccr ; m ¼ 1  mc and mt crack tips as shown in Fig. 3a.
This domain is constrained by a prescribed displacement on
the boundary Cu , and a force F is imposed on CF . The crack
m
surfaces Cmþ
cr and Ccr of each crack are distinguished and
mþ
m
shown in Fig. 3b. In this case, Cm
cr ¼ Ccr [ Ccr , and the
mþ
m
normal vectors of Ccr and Ccr are represented by nþ and
n , respectively. Fluid pressure p is imposed on the crack
m
surfaces and described by p? and p- on Cmþ
cr and Ccr ,
respectively. The stress field inside the domain is related to
the external loading t and the fluid pressures p? and p- on the
crack surfaces through the equilibrium equations:
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x1

ð12Þ

 ¼ ðru þ r uÞ=2

where r is the Cauchy stress tensor; u is the displacement
vector; b is the body force per unit volume; n is the unit
outward normal; t and u are the prescribed pressure and
displacement, respectively; p is the pressure induced by
the fluid;  is the strain tensor; and C is the Hooke
tensor.
The above boundary value problem can be defined as
equivalent integral (weak form),
Z
Z
Z
r:ðu ÞdX ¼ t  u dC þ b  u dX
X

Ct

þ

mc
X
m¼1

0
B
@

X

Z

pþ  uþ dC þ

Cmþ
cr

Z

1
C
p  u dCA

Cm
cr

ð13Þ
where u is the virtual displacement.
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On crack surfaces, since pþ ¼ p ¼ p, then,
Z
Z
Z
þ
þ


p  u dC þ
p  u dC ¼
p  ðuþ  u ÞdC
Cm
cr

Cmþ
cr

Cm
cr

ð14Þ
Z

Therefore, Eq. 13 can be written as,
Z
Z
t  u dC þ b  u dX
r:ðu ÞdX ¼
Ct

X

þ

mc Z
X
m¼1

p
Ni Fak
bdX þ

Xe



 u ÞdC

ð15Þ

T
Bri DBsj dX ðr; s ¼ u, a, bÞ

Z

pﬃﬃ
n r  Ni pdC

Cm
cr

ð25Þ

cr

2.4 Junction Approximation
It is assumed that when the cracks intersect, the tip
enrichment (i.e., asymptotic displacement function to
describe the singularity on the crack tip) of the approaching
crack is annihilated and is replaced by a Heaviside
enrichment. In the element containing the junction of the

two cracks, a Heaviside-junction enrichment JðxÞ
models
the junction of the two cracks. In this case, the displacement field in Eq. 1 is taken to be,
X
X
ð1Þ ð1Þ
ue ð x Þ ¼
Ni ð xÞui þ
Nj ð xÞaj Jj ð xÞ
þ

ð17Þ

Xe
b2
b3
b4
where Bi ¼ Bui ; Bai ; Bb1
is the matrix of the
i ; Bi ; Bi ; Bi
shape-function derivatives,
2
3
Ni;x
0
ð18Þ
Bui ¼ 4 0 Ni;y 5
Ni;y Ni;x

2
3
0
Ni Hin ;x


6
0
Ni Hin ;y 7
Bai ¼ 4
ð19Þ
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Ni Hin ;y
Ni Hin ;x

Bbi ¼ Bb1
Bb2
Bb3
Bb4
i
i
i
i

2
3
p
0
Ni Fak ;x

p  7
6
0
Ni Fak
Bba
i ¼ 4
;y 5 ða ¼ 1; 2; 3; 4Þ


p
p 
Ni Fak ;y Ni Fak ;x

where
Z
Z
fiu ¼
Ni Him bdX þ
Ni tdC
CF

X

ð1Þ

j2Ne
ð2Þ ð2Þ
Nj ð xÞaj H ð xÞ

ð26Þ

ð2Þ

j2Ne


where JðxÞ
is the junction enrichment of crack 1, whose
 is as
crack tip is arrested by crack 2. The definition of JðxÞ
follows,
  
  ð1Þ 
H f ð xÞ  H f ð1Þ xj
for x 2 A1
ð1Þ

  


Jj ðxÞ ¼
ð27Þ
for x 2 A2
H f ð2Þ ð xÞ  H f ð2Þ xj
where A2 is the side of crack 2 that does not contain crack
1. A1 is the remaining area of the element.

2.5 Numerical Integration

ð20Þ

ð21Þ

The nodal forces within an element can be defined as

ð22Þ
fie ¼ fiu ; fia ; fib1 ; fib2 ; fib3 ; fib4

Xe

p
Ni Fak
tdC þ 2

fluid pressure p on the crack surface and crack tips,
respectively.

i2Ne



n  Ni pdC ð24Þ

Cm
cr

where
Z

Z
CF

cr

þ

Z
Cm
cr

CF

X

fiba ¼

Ni Him tdC þ 2

The last terms of Eqs. 24, 25 on the right hand side (i.e.,
R
R
pﬃﬃ
2 Cm n  Ni pdC and 2 Cm n r  Ni pdC) are the effect of

In Eq. 15, ðuþ  u Þ is the normal distance between
two crack surfaces.
After substituting the trial and test functions in Eq. 15,
the stiffness matrix and the force vector can be computed
on an element-by-element basis.
The stiffness matrix of an element can be defined as
follows:
2 uu
3
Kij Kua
Kub
ij
ij
6
7
Kaa
Kab
Keij ¼ 4 Kau
ð16Þ
ij
ij
ij 5
ba
bb
Kbu
K
K
ij
ij
ij

Krs
ij ¼

e

Z

Z

Ni Him bdX þ

a ¼ 1; 2; 3; 4

X

p  ðu

Z

fia ¼

ð23Þ

To increase integral accuracy, we divide the cell element
containing discontinuities into quadrilateral subelements
according to the partition of unity method (Dolbow et al.
2000). To extend this approach to fracturing under internal
fluid pressure, the crack surface is discretized into 1D
segments that are used for applying fluid pressure on the
two opposing crack surfaces. In the numerical simulation,
the fluid pressure should be transferred into equivalent
nodal forces. To do so, Gaussian quadrature points are
defined along each of the one-dimensional subelements
(i.e., line elements AB, BC and CD in Fig. 4) on Cm
cr . In this
work, we set two Gaussian quadrature points on each
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intersecting cracks, or elements with crack tips, the cellelement stiffness differs.
Each cell conforms to the same updating rule described in
Eqs. 28, 29. The change in force ? the change in displacement ? the change in force ? … process is transferred among the cells in the system; the system attains its
static equilibrium state when the self-organization phenomenon of Dui ! 0 or DFi ! 0. In this process, no global
stiffness is used; rather, only local stiffness exists at each cell.

Node of subelement

A

Gauss points
FA

p

B

Γcrm
FB

p is fluid pressure.
FA and FB are equivalent
nodal forces induced by p

C

2.7 Stress Intensity Factor and Crack Propagation Law

D

Fig. 4 Gaussian quadrature points on a crack surface Cm
cr : AB, BC
and CD are schematic crack segments; p is fluid pressure applied on
the crack surface of segment AB; the fluid pressure p is transferred
into equivalent nodal forces (e.g., FA and FB) on two ends of the crack
segments (e.g., A and B) by using Gaussian integral

segment. Each Gaussian point coordinate on Cm
cr is mapped
to global coordinates, which are then mapped within the
local coordinate system on cell elements. The Gaussian
quadrature is performed by a loop over one-dimensional
elements.
2.6 Cellular Automaton Updating Rule
Once stiffness and nodal forces are calculated on each cell
element, we can determine the resulting stiffness and nodal
force for each cell node. In developing the cellular automaton updating rule, only one cell, Di , is considered. That cell
is composed of a cell node Ni , related cell elements, and
neighboring cell nodes in the system. In general, for each
cell, the equilibrium equation can be defined as follows:
Kij Duj ¼ DFi

ð28Þ

where Kij is the local stiffness (i.e., nodal stiffness, not
global stiffness) of the cell node, Duj is the incremental
degree of freedom, and DFi is the nodal force. The
dimensions of Kij , Duj , and DFi are dependent on the cell
type, i.e., whether the cell is a normal cell or a cell containing one or two discontinuities. If the cell contains
discontinuities, the displacement vector and force vector
will include additional items, which increase the dimension
of local stiffness. Equation 28 is a local force equilibrium
equation and can be solved easily.
When the displacement vector of the cell is calculated
using Eq. 28, the incremental nodal force DFik on the
neighboring cells can be obtained from the following
equation:
 k
j T
fDum g
ð29Þ
DFi ¼ Bim
j
is the cell-element stiffness. For different elewhere Bim
ment types, such as normal elements, elements with
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To judge whether a crack propagates, we use linear-elasticfracture mechanics and the stress intensity factor (SIF) concept
(Knott 1973; Broek 1986; Kanninen and Popelar 1985;
Atkinson 1987). By using the interaction integral method
(Mohammadi 2008), for a two-dimensional problem, the stress
intensity factor for mixed mode failure is (Mohammadi 2008).
J¼

K2I K2II
þ
E E

ð30Þ

For plane stress, E ¼ E, whereas for plane strain,
E ¼ 1Ev2 .
Consider two equilibrium states of the body, i.e., state 1
and state 2. State 1 is the actual state of the body and state 2
is an auxiliary state. Field variables associated with the two
states are denoted with superscripts 1 and 2. Superposition
of the two equilibrium states leads to another equilibrium
state denoted by J ð1þ2Þ (Mohammadi 2008).
Z 
1 ð1Þ
ð2Þ
ð1Þ
ð2Þ
ð1Þ
ð2Þ
ð1þ2Þ
r þ rij
¼
J
eij þ eij d1j  rij þ rij
2 ij
C
3
ð1Þ
ð2Þ
o ui þ ui
5nj dC

ð31Þ
oxj


mj

x2

nj

x1

C+
C−

C0

Γ
A

Fig. 5 A representation of the interaction-integral at the crack tip:
domain A is enclosed by C; Cþ ; C0 , and C
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We can write a simplified form of the above equation:

r
p

θ

2b

J

2a

σv
σh

ð1þ2Þ

¼ J ð1Þ þ J ð2Þ þ M ð1;2Þ

ð32Þ

where M ð1;2Þ is called the interaction integral.
Assuming that the crack surface near the crack tip is
straight and is in the integral boundary C0 shown in Fig. 5,
the interaction
integral can be expressed as, #
Z "
ð2Þ
ð1Þ
ð1Þ oui
ð2Þ oui
M ð1;2Þ ¼
rij
þ rij
 W ð1;2Þ d1j qmj dC
ox1
ox1
C
"
#
Z
ð2Þ
ð1Þ
ð1Þ oui
ð2Þ oui
ð1;2Þ
ri2
þ ri2
W
d1j qmj dC
ox1
ox1
Cþ þC

ð33Þ
2b
Fig. 6 A model for the calibration of the RDCA hydro-mechanical
modeling capability: with fluid pressure (p) applied on the internal
boundary and stresses (rv, rh) applied on outer boundaries

where C ¼ C [ Cþ [ C  [ C0 , and mj is the outward
normal vector to domain. q is the weight function.
The second term on the right hand side of Eq. 33 considers the effect of fluid pressure on crack surface.

Fig. 7 The grid used in the:
a RDCA (using uniform mesh)
and b ANSYS analysis (using
non-uniform mesh)
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W ð1;2Þ is the interaction/mutual strain energy of the
body, which is given by:
ð1Þ ð2Þ

ð2Þ ð1Þ

W ð1;2Þ ¼ rij eij ¼ rij eij

ð34Þ

Fig. 9 An infinite plate with the
effect of fluid pressure p on the
crack surface: a is the half
length of the crack

y

p

The fracturing criterion, based on work by other
researchers (e.g., Bobet and Einstein 1998), assumes that
wing (tensile) crack initiation stress and direction can be
related to the maximum tensile tangential stress around
the tip of the flaw. During the simulation, the criterion
provides the magnitude and direction of crack
advancement. Once the crack growth orientation is
determined, a propagation increment is added to the
existing crack, and the analysis procedure is repeated
(Pan et al. 2012).

-a

x
p
a

3.1 Verification of an Internal Fluid Pressure
Algorithm
To verify whether the fluid pressure is properly applied on
the internal boundary or not, we compare the results
between an analytical solution, the RDCA and ANSYS
(Nakasone et al. 2006) commercial FEM software for a
simple problem domain containing a circular hole (Fig. 6).
In Fig. 6, the stresses (i.e., rv ; rh ) are applied on the outer
boundary. The fluid pressure (p) is applied on the internal
boundary (i.e., hole boundary). The stress on the point with
radius r and angle h can be expressed as: (Kirsch 1898;
Charlez 1991),

0.00E+00
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Fig. 8 The stress distribution along y = 0, x C 0.0125 m: Sr and St
correspond with rr ; rh
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3 Numerical Simulation Examples
In this section, we present a number of numerical
examples; first to verify the development and numerical
implementation of the model, and second to demonstrate
and test this new modeling capability for problems related to crack propagation under internal fluid
pressure.
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In Eq. 35, the mechanical part is essentially the Kirsch
solution (Kirsch 1898). In this case, a = 0.0125 m,
b = 0.15 m. A fluid pressure = 0.5 MPa is applied on the
surface of the circular hole. rv = 2 MPa and rh = 1 MPa are
applied on the outer boundaries. The mechanical response
induced by the fluid pressure and the boundary stresses is
compared between the analytical solution, the RDCA model
with a discontinuous method and ANSYS software with an
FEM method. Because the numerical grid in the RDCA is
independent of crack geometry or internal boundary
geometry, the problem domain within the RDCA can be
discretized into a uniform grid, unlike the FEM grid used in
the ANSYS analysis (Fig. 7). The figures on the right in
Fig. 7 show the grids near the hole in detail. For the RDCA
model, the element intersected by the circular boundary is
divided into several subelements based on the partition of
unity concept. By doing so, the internal boundary coincides
with the edge of the subelements. Therefore, a uniform grid
can be used in the RDCA. The same grid can be used even
though the shape and position of the internal boundary
varies. These aspects greatly reduce the complexity in
modeling the behaviors of rocks with complex moving
internal boundaries. For ANSYS model, we usually use a
non-uniform grid to make the hole boundary coincide with
the element edge, unless the FE mesh is fine enough.
The equivalent nodal force induced by fluid pressure is
calculated using a Gaussian integral on the crack surface (line
in 2D). For ANSYS, the surface of a circular hole coincides
with the element edge. The nodal forces fx and fy on the two
nodes of the element edge applying fluid pressure will be
calculated via a Gaussian integral of the line. For the RDCA
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Fig. 10 a A model used to calculate SIF induced by fluid injection by the RDCA; b SIF KI comparisons between the RDCA and an analytical
solution
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Fig. 11 Initial fracture layouts for the fracturing process simulation under fluid pressure for: a an initial straight fracture (half length a) with
different inclinations (h), b an initial curved fracture (radius a), c two initial fractures and d three initial fractures
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model, the equivalent nodal forces induced by fluid pressure
are calculated by Eq. 24 because there are no crack tips for a
circular hole. In this case, the body force b and external surface load t are neglected. Therefore, we have
Z
fia ¼ 2
n  Ni pdC
ð36Þ
Cc

The equivalent nodal forces obtained from Eq. 36 are
the forces on the additional degree of freedom, which is
different from ANSYS model.

We compare the stress along y = 0 and x C 0.0125 m
(i.e., h ¼ 0 in Eq. 35). We observe from the result in Fig. 8
that the RDCA modeling results are in close agreement
with the analytical solution and ANSYS modeling result.
The radial stresses on point (0.0125 m, 0), i.e., on the hole
surface, are -5, -5.19 and -5.24 e5 Pa for the analytical
solution, the RDCA model and ANSYS model, respectively. The stress obtained from the RDCA is only 3.8 %
higher (absolute value) than the analytical solution, which
suggests that the application of fluid pressure on internal

Fig. 12 The evolution of the X-displacement (contour) and the displacement vector (arrows) during the cracking process, with fluid
pressurization and rv = 0, rh = 0
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boundaries is reasonable and the numerical implementation
in the RDCA works as intended.
3.2 Stress Intensity Factor
In this section, stress intensity factors (SIFs) calculated by
RDCA are compared with an analytical solution, which can
be found in a handbook of stress intensity factors (Sih
1973). For an infinite plate with a crack as shown in Fig. 9,
the stress intensity factor KI with the effect of internal
pressure p can be expressed as,

pﬃﬃﬃﬃﬃﬃ
KI ¼ p pa

ð37Þ

where a is half the length of the crack.
The model domain used in the RDCA simulation is
4 9 4 m, with an initial vertical fracture in the rock mass
(Fig. 10a). The bottom boundary is fixed for displacements
normal to the boundary (roller). Figure 10b shows the
comparisons of the SIF between the analytical solution and
the RDCA model. They are in close agreement with a
slightly increasing difference over an increasing crack
length. The robustness of the RDCA for modeling cracking
under fluid injection is verified.

Fig. 13 The cracking patterns of rock mass with different fracture inclinations: a 90, b 60, c 30 and d 0
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3.3 Fracturing Process of Rock Mass with Fluid
Pressure
Based on the verification of the code, several numerical
examples are presented to demonstrate the capability of the
RDCA in modeling the fluid-pressure driven fracturing
processes. To show the effect of fracture geometry on the
fracturing behavior, we consider a rock mass containing
both a straight fracture (inclination h) and a curved fracture
(Fig. 11a, b). The half-length of the straight fracture is

0.1 m. The curved fracture is composed of several arcs with
radius 0.1 m. Furthermore, to test the modeling of a junction between two fluid-pressure-driven cracks, we also
consider cases with multiple fractures (Fig. 11c, d). A fluid
pressure of 1 MPa is applied within the fractures under zero
boundary stress. It is assumed that the fracture space is fully
occupied by the fluid after injection and crack propagation.
Crack growth is tracked by updating the coordinates of the
crack tips and the parameters of the line equation representing the crack. The fracture equation takes the form of,

Fig. 14 The fracturing process of rock mass with an arc fracture by fluid pressurization (contour of 9 displacement and displacement vector)
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ax þ by ¼ c for linear fracture
x2 þ y2 ¼ r 2 x 2 ðx0; x1Þ; y 2 ðy0; y1Þ
for an arc fracture

ð38Þ

The initial fracture is specified with a start point (x0, y0)
and an end point (x1, y1) and a radius (for the curvilinear
fracture). Then, the propagation direction is determined by
fracturing criterion.
The cracking process for the example of a straight
fracture (h ¼ 90 ) (Fig. 11a) under fluid pressure is shown
in Fig. 12. We observe that with fluid pressurization, the
crack surfaces move apart, opening the crack, and, as
expected, the crack propagates along the orientations of the
crack surface. Based on the theory, the fracture should
extend to the boundary of the specimen. However, in this
case, we assume that the domain is infinite and we only
performed several of the simulation steps. The goal of this
example is to show the capability of the RDCA in modeling the fracture propagation under fluid pressurization.
The fracturing pattern is as expected, and the fractures
should extend to the boundary if the simulation time is
sufficient. As previously stated, no remeshing is needed
during crack growth; therefore, cracks located at any
location can be simulated conveniently.
Considering different fracture inclinations, i.e.,
h ¼ 90 ; 60 ; 30 ; 0 , the final failure patterns for the
RDCA simulations are shown in Fig. 13. As expected in the
case of internal fluid pressurization under zero external
stress, the cracks propagate along the initial fracture surface
orientation. For the case of h ¼ 0 (Fig. 13d), the crack path
has a tendency to bend upwards, which may be induced by

the asymmetrical boundary conditions (i.e., the upper
boundary is free and the lower boundary is roller fixed).
This is supported by the case when h ¼ 90 , in which the
boundary conditions can be considered symmetric.
Figure 14 shows the fracturing process of a rock mass
with a half-circle fracture under fluid pressurization. Owing
to the tensile effects caused by fluid pressure, the fracture
propagates from the crack tip and along the extension of a
vertical line intersecting the two crack tips. The fracturing
patterns with an initial curved fracture show that the effect
of fluid pressure on the curved fracture surface is equivalent to the example of the straight fracture that would
connect the two crack tips of the curved fracture.
The final fracturing patterns, resulting from the initial
fracture layouts shown in Fig. 11c, d, are shown in Fig. 15a,
b. When there are two initial cracks in the model (Fig. 11c),
the two cracks propagate under the effect of fluid pressure.
Initially, the propagation paths of these two cracks are along
their respective initial crack directions (Fig. 15a). When the
crack tip of the horizontal crack (crack 1) approaches the
vertical one, the stress state on crack 2 changes. The propagation of crack 2 is determined by both the fluid pressure and
the stress induced by crack 1. As a result, the cracking path of
the vertical crack gradually deviates from its original
cracking direction. In this case, the propagation deviation of
crack 2 occurs when the shortest distance between the right
tip of crack 1 and crack 2 is approximately 10 m. Once the
right crack tip of crack 1 reaches crack 2, it is arrested by
crack 2 and the propagation of this tip terminates. The crack
tip is annihilated (Fig. 16) and crack 1 and crack 2 are connected. Afterwards, crack 1 continues to propagate from

Fig. 15 Fracturing patterns of rock mass with different initial crack layouts under fluid pressurize with a two initial cracks (Fig. 11c, b) three
initial three cracks (Fig. 11d)
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3.4 Effect of Fluid Pressure and External Stress
on Cracking Path
In Sect. 3.3, we showed several examples to illustrate the
capability of the RDCA in modeling the fracturing processes
of rock under fluid pressure. In real situations, the in situ
stress is one of the primary factors in determining the orientation of hydraulic fractures; therefore, we need to study
the hydraulic fracturing behavior while considering external
stress effects. We simulate one case in which the initial
crack, with a length 10 m and h ¼ 60 (Fig. 11a), is subjected to a boundary stress, i.e., vertical stress rv ¼ 20MPa
and horizontal stress rh ¼ 10MPa (tension is positive).
The crack is pressurized with an internal fluid pressure that
remains constant throughout the propagation. Different fluid
pressures are considered to study its influence on the cracking path. The mechanical parameters are: E = 20 GPa,
pﬃﬃﬃﬃ
v = 0.2, and fracture toughness Kc ¼ 0:6MPa  m.
Figure 17 shows the final fracturing patterns for different fluid pressures (i.e., p = 25, 30, 35 and 40 MPa) inside
the crack. When the fluid pressure is relatively small (e.g.,
25 MPa), the crack tends to propagate towards the direction of the maximum compressive stress (Fig. 17a). However, when fluid pressure increases, the cracking path
deviates from the direction of maximum compressive stress
(Fig. 17d). The crack opening displacement increases with
increasing fluid pressure—similar to the results in (Dong
and Pater 2001), which means that the RDCA effectively
models the fracturing processes of rock under coupled
stress and fluid pressure.

4 Concluding Remarks

Fig. 16 A close view of the intersection of fracture 1 and fracture 2:
a before intersection (the fracture 1 tip is approaching to the fracture 2
surface) and b after intersection (the fracture 1 tip vanishes into
fracture 2; fracture 1 and fracture 2 are connected)

another crack tip, whereas crack 2 propagates from two crack
tips under fluid pressure.
For rocks with three initial fractures (one horizontal, the
other two vertical) (Fig. 11d), the propagation paths of
these three cracks are also along their respective initial
crack directions (Fig. 15b). When the two horizontal crack
tips are approaching the vertical cracks, the vertical cracks
deviate from their original propagation paths because of the
stress influence of the approaching horizontal crack.
Finally, the horizontal crack tips are arrested by the two
vertical crack surfaces and the propagation of the horizontal crack stops. The vertical cracks continue to propagate under fluid pressure.
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In this study, we develop and apply the rock discontinuous
cellular automaton (RDCA) method to model fluid-pressuredriven rock fracture propagation and coalescence. In this
modeling approach, the element intersected by the crack is
divided into several subelements to improve the integral
precision and a level set method is used for tracking the crack
and its propagation path. Therefore, the numerical grid is
independent of crack geometry, enabling the modeling of
crack propagation without remeshing. This greatly reduces
the complexity of modeling the cracking process. By using
the cellular automaton approach, everything is defined
locally, which provides an efficient method to reduce the
complexity of the system and to improve the efficiency of the
numerical solution process. We verified the approach and
numerical implementation of this method by comparing it
with solutions of independent numerical methods and analytical solutions for applications of fluid pressure on crack
surfaces and stress intensity factors. We also presented
several examples of fluid injection into straight and curved

RDCA Method to Model Rock Fracture

Fig. 17 Final fracturing patterns for different fluid pressures (with 1 time enlargement in displacement) for: a p = 25 MPa, b 30 MPa, c 35 MPa
and d 40 MPa

fractures, as well as intersecting fractures, demonstrating the
modeling capability of the RDCA for fracture propagation
driven by internal fluid pressure.
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