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ABSTRACT A continuous-discontinuous cellular automaton method is developed for rock ini-
tiation and propagation simulations, in which the level set method, discontinuous enrichment
shape functions and discontinuous cellular automaton are combined. No remeshing is needed for
crack growth analysis, and all calculations are restricted to cells without an assembled global stiff-
ness matrix. The frictional contact theory is employed to construct the contact model of normal
pressure and tangential shear on crack surfaces. A discontinuous cellular automaton updating
rule suitable for frictional contact of rock is proposed simultaneously with Newton’s iteration
method for nonlinear iteration. Besides, a comprehensive fracturing criterion for brittle rock under
compression-shear loading is developed. The accuracy and effectivenesss of the proposed method
is proved by numerical simulation.

KEY WORDS continuous-discontinuous cellular automaton method, rock fracturing process, compression-
shear loading, frictional contact, comprehensive fracturing criterion

I. INTRODUCTION
Owing to the confining pressure and weight, natural rocks in engineering structures are often under

compression and shearing loading. Besides, they are often fraught with joints and cracks. Because of the
randomness of joints and fractures of rocks, plus the propagation of those cracks under external loading,
failure may occur without the traditional strength theory helping exactly explain the rock strength
and rock properties. Tensile failure, shear failure and mixed mode failure are likely to occur in rock
engineering under compression and shearing loading. Confronted by the heterogeneity and uncertainty
of rocks and the inavailability of the rock failure process, scientists and technicians have never cut
down their effort to improve theoretical, experimental, and numerical results. First, for theoretical
researches, the initial research on fracture under compression and shearing loading can be found in
Griffith’s work[1]. Then, Brace[2] and Hoek[3] modified Griffith’s brittle fracture theory to account for
the effects of crack closure in compression. Later, Cook’s research[4] proved that a longitudinal splitting
failure would occur when eliminating the friction between the specimen and indenter. Investigations
by Lajtai[5], Bazant[6] and Santiago[7] demonstrated that the tensile failure was the main failure mode
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when uniaxial compression had been applied. Blakey[8] believed that the so-called shear failure was
actually a secondary phenomenon from the crack propagation process of crack mode I, while the plane
of so-called shear failure in compression specimens was actually a plane perpendicular to the maximum
tensile stresses.

Secondly, for experimental researches, a large number of rock experiments showed that brittle rock
would produce longitudinal cracks parallel to the direction of pressure[9–11]. A solution was checked
experimentally by Al-Chalabi and Huang[12] using an epoxy cylindrical specimen with stain gages em-
bedded within and bonded to its surface. Recently, Lee and Jeon[13] studied crack initiation, propagation
and coalescence close to pre-existing open cracks in a specimen under uniaxial compression, and Bobet
et al.[14,15] studied crack initiation, propagation and coalescence of frictional flaws under uniaxial loads.

Aware of the great importance of criteria for crack initiation and propagation for rocks, many
researchers focused on fracture and energy criteria for rocks under compression and shear loading in
the past decades. The most common criterion for rock fracture is the maximum circumferential tensile
stress, the results by which in agreement with those by experiments[16]. Glucklich[17] and Shen et al.[18]

proposed an energy criterion for rock fracture under compression and shear loading, though unsuccessful
in distinguishing the effect of tensile stress and compressive stress.Recently, Dobroskok et al.[19] proposed
an extended structural criterion for numerical simulation of crack propagation and coalescence under
compressive loads, which was an extension of the Neuber-Novozhilov structural fracture propagation
criterion, and intended for mode I (tensile) and Mode II (shear) propagation under compressive loads.

Many numerical methods have emerged as useful tools to simulate failure and general behavior of brit-
tle rock fractures, such as FEM, BEM and the meshless method[20]. Firstly, Horii and Nemat-Nasser[21]

used singular integral equations to analyze the brittle-ductile transition process, highly accurate as it
was, asked for remeshing when airfoil crack began propagating. By combining the damage mechan-
ics approach with a strain-based failure criterion, coalescence through secondary cracks was analyzed
by Reyes and Einstein[22]. And Shen and Stephansson[23] combined the discontinuous deformation
method(DDM) with a modified G-criterion to simulate the rock fracture propagation. Nemat-Nasser
and Horii[24] gave a closed form solution for a regular set of flaws assuming that the pre-existing straight
flaws were closed and the trajectory of branching cracks was straight. And Zaitsev and Wittmann[25]

studied crack propagation in a specimen with a compressive load but without consideration of the
interaction among cracks. Crack propagation, interaction and coalescence for brittle rocks have been
studied by Carpinteri et al.[26] within the framework of BEM and DDM, and Han and Swoboda[27]

used a damage mechanics model to simulate a set of flaws. Tang et al.[28] combined FEM with damage
mechanics and proposed a rock failure process analysis code, while Feng[29] combined FEM, cellular
automaton with damage mechanics, and proposed a numerical method of cellular automaton method
to analyze rock failure. Recently, Bobet[30] used the code FROCK to model fracture coalescence, and
Wu et al.[31] and Steen et al.[32] used the numerical manifold method (NMM) to simulate frictional
crack initiation and propagation.

Based on the level set method[33,34], discontinuous enrichment shape functions[33,35] and cellular
automaton[36,37], a continuous-discontinuous cellular automaton method (CDCA)[38,39] was proposed
by Yan and Feng. In the present work, based on CDCA, a continuous-discontinuous cellular automaton
method is developed for rock fracturing process simulations, in which the level set method, discontinuous
enrichment shape functions and discontinuous cellular automaton are combined. No remeshing is needed
for crack growth. As all calculations are made on cells, so no assembled global stiffness matrix is needed.
The frictional contact theory is employed to create a contact model of normal pressure and tangential
shear on crack surfaces. Adiscontinuous cellular automatonupdating rule suitable for frictional contact of
rocks is proposed simultaneously with Newton’s method for nonlinear iteration. In addition, a mixed rock
fracturing criterion for brittle rock under compression-shear loading is discussed, and a comprehensive
fracturing criterion for brittle rock is developed to overcome the limitations of some other theories,
such as defect for shear fracture of the maximum circumferential tensile stress, and insensitivity for
tensile stress and compressive stress of the energy criterion, etc. Finally, some numerical results and
experimental results are given simultaneously to illustrate the accuracy and efficiency of the present
method.
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II. CONTINUOUS-DISCONTINUOUS CELLULAR AUTOMATON METHOD
2.1. Crack Tracking

The level set method (LSM)[33,34] is a useful numerical technique for tracking moving interfaces. In
the present method, LSM is employed to track the moving interface of a growing crack. In this method,
the moving interface of interest is represented as a zero level set function of ϕj(x, t), which is one
dimension higher than the dimension of the interface Γj . Then the evolution for the moving interface
can be expressed as an evolution of ϕj(x, t). So discontinuity is independent of grid for calculation .
In general, a crack surface can be expressed as a function of ϕj(x, t) = 0, which can be seen in Fig.1,
and the level set functions of cracks of different shapes can be given as

ϕj(x, t) = ξ(x, t) =
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Fig. 1. Discontinuities model and its tracking model.

in which x is the coordinate of a node, and xΓj
is an arbitrary point nearest to point x on the crack

surface; Ω1 and Ω2 are different domains separated by crack, which can be seen in Fig.1.
The values of the level set functions are stored only at the nodes. The level set functions can be

interpolated with the nodal values ϕk
j = ϕk

j (xk, t) and known classical finite element shape functions

Nk(x)[33,34].
For an open curve such as a crack, as only one level set function ϕj(x, t) is not generally sufficient to

describe and track the crack, another level set function φj(x, t) at crack tip is required. A crack growth
in a level set framework is modeled by representing the crack as the zero level set function φj(x, t). In
this case, two level set functions φ1

j (x, t) and φ2
j (x, t) for each tip of crack Γj are defined, and the crack

tip is represented as the interaction between zero level set function ϕj(x, t) and the other zero level set
function φk

j (x, t). So level set functions φ1
j (x, t) and φ2

j(x, t) are generally assumed to be orthogonal to

ϕj(x, t)[33,34], as given below:

φk
j (x, t) = min

xΓk
∈Γk

||x − xΓk
|| (x ∈ Ω1, x ∈ Ω4)

φk
j (x, t) = −min

xΓk
∈Γk

||x − xΓk
|| (x ∈ Ω2, x ∈ Ω3)

(k = 1, 2) (3)

Like the level set function ϕj(x, t), the values of φk
j (x, t) are stored at the nodes. So the level set

functions φk
j (x, t) can be interpolated with the nodal values φk

j (xm, t) and known classical finite element
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shape functions Nm(x)[33,34].

2.2. Frictional Model of Rock Crack Surface
Under compressive loading, crack surfaces in

rock may be closed regardless of the existence of
normal pressure and tangential friction. Generally,
as the normal pressure and tangential friction can
influence the propagation mode of crack, the nor-
mal pressure and tangential friction of crack sur-
faces are very important for the crack initiation
and propagation process. Consider a crack with
two contact surfaces in a rock, as shown in Fig.2, Fig. 2 Crack surface model.

and those two contact surfaces are denoted by ΓS and ΓT respectively. The relative displacement be-
tween the point xS on the contact surface ΓS and the point xT on another surface ΓT of crack can be
given as Eq.(4)[35], when those two crack surfaces are closed, xS would coincide with xT , so xS and
xT are noted as x below:

gN (x) = (uS(x) − uT (x)) · n(x) (4)

in which gN(x) is the normal gap between two contact surfaces, uS(x) is the displacement of point xS

on the contact surface ΓS , and uT (x) is the displacement of point xT on the contact surface ΓT , n(x)
is the unit outward normal vector of point x on contact surface ΓT , the above symbols can be referred
to in Fig.2

For the case of a crack surface being sticky or slippy, we define pN and pT as the normal and
tangential pressure acting at point x, respectively, which can be seen in Fig.2. So the contact condition
may be expressed in the standard Kuhn-Tucker form as[35]

gN (x) ≥ 0, pN ≤ 0, pN · gN(x) = 0 (5)

In the present method, the penalty method is employed provided penalty factors kN and kT are the
normal stiffness and shear stiffness, respectively. In the following calculation, we assume that they are
constant. According to the contact theory and the penalty method, we assume that the normal load
pN is obtained from multiplication of the penalty factor kN and the normal gap gN(x). Similarly, the
stick component of the tangential load pT is obtained by multiplying the penalty factor kT and elastic
part of the tangential gap gT (x), and gT (x) is written as

gT (x) = (uS(x) − uT (x)) · t(x) (6)

in which t(x) is the unit tangential vector of point x on the contact surface of ΓT .
Therefore, constitutive laws for the contact pressure can now be summarized as[35]

pN = (De
f )Nu

e(x), pT = (De
f )T u

e(x) (7)

in which (De
f )N and (De

f )T are the normal and tangential parts of the elastic modulus tensor for
friction, and u

e(x) = uS(x) − uT (x) is the relative displacement on point x between crack surfaces
ΓS and ΓT . The elastic modulus tensor can be written as[35]

(De
f )N = −kN (n(x) ⊗ n(x)) (8)

(De
f )T = −kT (I − n(x) ⊗ n(x)) (9)

The contact surfaces may be sticky or slippy and, based on Coulomb’s law and the cohesion contact
model, a slip criterion can be given as

Fc(p, u) = ‖pT ‖ − µc ‖pN‖ − cc

{

= 0 slip
< 0 adherence

(10)

in which cc denotes the cohesion between two crack surfaces and Coulomb frictional coefficient is defined
as µc = tanϕc, with ϕc denoting the friction angle. In this paper, a trial state/return mapping algorithm
is employed to determine the Coulomb friction traction. And a trial function is defined as

φtrial = ||ptrial
T || − ||µcpN || (11)
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in which p
trial
T is the trial value of tangential pressure of crack surface. And the algorithm is given as:

(1) if gN(x) ≤ 0, pN = (De
f )Nu

e(x) and p
trial
T = (De

f )T u
e(x), and (2) if φtrial ≤ 0 (stick), pT = p

trial
T ;

otherwise (slip), pT = −µcpNp
trial
T /||ptrial

T ||.

2.3. Weak Formulation and Integral Equation

Suppose the displacement and traction on each face of the crack surfaces are: w
S , t

S on ΓS and w
T ,

t
T on ΓT . With reference to both w

S and w
T , we use the compact notation w, since w

S is always equal
to w

T . Similarly, t denotes the pair t
S and t

T . According to the constitutive law of contact theory, we
can get

t
S = −t

T , w
S = uS , w

T = uT (12)

According to kinematics, equilibrium, the constitutive laws, and fictional contact theory, the vari-
ational formulation can be expressed as[33,35]

∫

Ω

σ :∇s
u
∗dΩ =

∫

Ω

b · u∗dΩ +

∫

Γt

t̄ · u∗ds +

∫

Γs

t · w∗ds (13)

The superscript * denotes the weight function, which is a mathematical device used for performing a
sum, integral, or average to give some elements more ‘weight’ or influence on the result than the others
in the same set. And the last term of Eq.(13) can be rewritten as[33,35]

∫

Γd

t · w∗ds =

∫

ΓS

t
S · wS∗

ds +

∫

ΓT

t
T · wT∗

ds =

∫

Γd

t
S ·ũds (14)

in which ũ = w
S − w

T .
In the present method, we use an additional Heaviside function and the exact near-tip asymptotic

field functions to enrich the traditional FE shape function. The enriched approximation in modeling
the contact surface can be expressed as[33]

u
h(x) =

n
∑

j=1

Nj(x)uj +
m

∑

k=1

Nk(x)[H(ϕ(x, t)) − H(ϕ(xk, t))]ak

︸ ︷︷ ︸

k∈P

+

t
∑

i=1

Ni(x)

nf
∑

l=1

[Fl(x) − Fl(xi)]b
l
i

︸ ︷︷ ︸

i∈T

(15)

in which n and m are the node numbers of elements, and n = m = 4 in the present method, as the
quadrilateral element is used in the present method. P is the penetrated nodes set, uj is the regular
displacements vector, ajk is a vector of an additional degree of nodal freedom for modeling strong
discontinuity t is node number associated with crack tip, and T is crack tip nodes set; nf is the number
of the exact near-tip asymptotic field functions; bl

i is a vector of additional degrees of nodal freedom for
modeling the crack tip stress field, and H(ϕ(xk, t)) is the value of H(ϕ(x, t)) on node xk and Fl(xi)
is the value of Fl(x) on node xi, and H(ϕ(x, t)) and Fl(x) are the Heaviside function and the exact
near-tip asymptotic field functions, respectively, which are given as[33]

{Fl(x), l = 1-4} =

{

√
r sin

θ

2
,
√

r cos
θ

2
,
√

r sin θ sin
θ

2
,
√

r sin θ cos
θ

2

}

(16)

H(ϕ(x, t)) = sign(ϕ(x, t)) =

{

1 (∀ϕ(x, t) > 0)
−1 (∀ϕ(x, t) < 0)

(17)

in which r, θ are coordinates of polar coordinates of the crack tip, which can be seen in references by
Yan and Feng[38,39].

According toEq.(15), on crack surfaceΓS andΓT , uj |ΓS
= uj|ΓT

, H(ϕ(x, t))|ΓS
= 1, H(ϕ(x, t))|ΓT

=

−1, Fl(x)|ΓS
= {

√
r, 0, 0, 0} and Fl(x)|ΓT

= {−
√

r, 0, 0, 0} are always satisfied, so we can get the relative
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displacement between crack surface ΓS and ΓT ,

ũ = uS − uT = 2

m
∑

k=1

Nk(x)ak

︸ ︷︷ ︸

k∈P

+ 2

t
∑

i=1

Ni(x)
√

rb0
i

︸ ︷︷ ︸

i∈T

= Ñ{a b}T (18)

in which Ñ is the shape function which is related to the relative displacement between two crack
surfaces, the exact form can be referred as references by Yan and Feng[38].

Substituting Eqs.(15) and (18) into Eqs.(13) and (14), we can obtain

Kij =

[

K
uu
ij K

ua
ij

K
au
ij K

aa
ij + K

I
ij

]

, f i =
{

f
u
i f

a
i − f

I
i

}

(19)

where

K
αβ
ij =

∫

Ωe

(Bα
i )TD(Bβ

j )dΩ (α, β = u, a) (20)

K
I
ij =

∫

ΓS

(Ñ i)
T(De

f )(Ñ j)dΓ (21)

f
α
i =

∫

Γ e

N
α
i t̄dΓ +

∫

Ωe

N
α
i fdΩ (α = u, a) (22)

f
I
i =

∫

ΓS

Ñ
T
tSdΓ (23)

in which D is the constitutive matrix of rock, and D
e
f is constitutive matrix contact surfaces which can

be referred in Eqs.(8) and (9), Nα
i is the traditional finite element shape function, B

α
i is a derivative

matrix of the traditional finite element shape function matrix.
In Eq.(23), tS is contact stress of crack surface, which is unknown beforehand in every iteration

step, so a Newton’s method is applied for the present nonlinear system. Firstly, assuming that

r =

{

f
u

f
a + f

I

}

− Kd = 0 d = {u, a}
T

(24)

in which f
u = {fu

1 , fu
2 , fu

3 , · · · , fu
i , · · · , fu

m}T, f
α = {fα

1 , fα
2 , fα

3 , · · · , fα
i , · · · , fα

m}T

and f
I = {f I

1, f
I
2, f

I
3, · · · , f I

i , · · · , f I
m}T, and m is the total number of nodes.

According to Newton’s method, the nonlinear system of Eq.(24) can be rewritten as

dn+1 = dn −
r(dn)

r′(dn)
(25)

in which the subscript is the iteration number. First, it is assumed that d0 = {0, 0, 0, · · · , 0}T and
tS = {0, 0}T, then applying Eq.(25), we can get d1, and via d1 we can get contact stress tS , and via
d1 and tS we can get d2 and so on, until ‖dn+1 − dn‖ → 0.

2.4. Discontinuous Cellular Automaton Theory for Fictional Contact

According to the continuous cellular automaton theory, continuous cellular automaton composed of
cell, neighborhood, cell space, cell state and updating rule, and cell state is transferred from one cell
to its neighborhood via the updating rule, until cell states of all cells are updated, and convergence is
achieved[39]. Based on this theory[38,39], a discontinuous cellular automaton theory is developed, which
is composed of cell, crack, neighborhood, crack surface contact state, contact stress, cell space, cell state
and discontinuous updating rule, the structure of the discontinuous cellular automaton can be seen
in Fig.3(a). Cell state includes cell displacement, cell stress, cell strain, cell force, enriched cell force,
enriched cell freedom, crack level set value and crack surface contact state, which can be seen in Fig.3(b).
The details of cell, crack and neighborhood can be seen in References[38,39], different from previous
continuous cellular automaton, cell state is different, and crack surface contact state and contact stress
are new states in the present method. Additionally, the relationship between cell and neighborhood
changes with the discontinuity and frictional contact state for the present work, which can be seen in
Fig.3(c), Unlike the continuous cellular automaton, the cell stiffness, node force derived from fictional
contact is added, Besides, the crack surface contact state and its contact stress must also be considered.
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Fig. 3. Discontinuous cellular automaton model.

2.5. Cellular Automaton Updating Scheme

The discontinuous cellular automaton method (DCA)[38,39] is ap-
plied in this method, so the calculation is only focused on cell, and
the equilibrium state of the total object can be obtained through the
self-organized phenomenon formed by the mutual information trans-
fer between cells. So instead of the global matrix, only cell stiffness
is needed in the whole calculation. Secondly, it is easy to consider
the local properties of rock element, while the behavior of the cell
is thought to be essentially local.

We assume that the initial state of cell i is {u0, f0}
T
, and contact

state vector and contact stress are ci = {0, 0} and si = {0, 0, 0, 0},
Fig. 4 Cell, neighbors and boundary
conditions of updating model.

in which n is the number of total cells which are related to crack contact surfaces. According to Eq.(19),
we can get Ki△ui = △f i. Consider a cellular node Ni with a crack passing through nearby, which
can be seen in Fig.4.

As shown in Fig.4, the process of the DCA updating rules is: increment of nodal force leads to
the increment of nodal displacement, and the increment of nodal displacement leads the change of cell
contact state ci, and the change of cell state leads the increment of cell contact stress si. The increment
of nodal displacement and cell contact stress leads to the increment of nodal force of its neighboring
nodes, until the system static equilibrium is achieved. In other words, the self-organization phenomenon
of △u

h
i → 0, △f

k
i → 0 appears while cell state ci remains unchanged. So the updating steps can be

given as:
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Step (1) According to contact state of last Newton iteration, calculate the cell stiffness matrix Ki

and nodal force increment △f i, which includes the contact frictional forces in the last Newton iteration.
Step (2) Restrict all degrees of nodal freedom on all neighboring cells Nk

i , which can be seen in
Fig.5.

Fig. 5. Stress state of crack tip.

Step (3) Calculate the increment of degrees of nodal freedom △u
h
i via the increment of nodal force

△f i on nodes Ni.
Step (4) updating cell contact state ci and cell contact stress si via the increment of degrees of nodal

freedom △u
h
i .

Step (5) Obtain the nodal force increment△f
k
i of the neighboring cell Nk

i via △u
h
i from the equation

△f
k
i = K

k
i △u

h
i , where K

k
i is the stiffness of neighboring cell Nk

i , and if Nk
i is related to the crack

surface, the contact frictional forces also needed to be considered.
Step (6) Obtain trial function of crack surface φtrial and normal pressure pN and trial value of

tangential pressure p
trial
T .

Step (7) if φtrial ≤ 0, stick is occurred, and pT = p
trial
T , then go to step (8); otherwise, slip is occurred,

and pT = −µcpNp
trial
T /||ptrial

T ||, then go back to step (2).
Step (8) Finish the calculation of step (1) - step (5) on all cell nodes, until △ui → 0 and △f i → 0

appear.
Step (9) According to step (1) - step (6), calculating iteration residual r of Eq.(24), if ‖r‖ < toler,

iteration finishes, otherwise, updating initial value, cell contact state and cell contact stress and return
to step (1).

III. FRACTURE CRITERION FOR BRITTLE ROCK MATERIAL
Although there are many theories for crack propagation prediction, there is no clear evidence of

the superiority of one particular criterion over the others. Firstly, there is a big difference between
the experimental study with the existing theoretical results for rock fracture under compression and
shearing loading. Secondly, many concepts of rock fracture under compression and shearing loading are
different from the traditional fracture mechanics, such as: rock under compression may induce a wing
crack, and Mode II loading does not always lead to Mode II failure[40]. For example, the maximum
circumferential tensile stress criterion is much suitable for predicting Mode I fracture, but unsuitable for
shearing fracture mode. Therefore, a mixed fracture criterion has been constructed for tensile fracture
and shearing fracture of rocks.

Firstly, a stress state for a crack tip is shown in Fig.5, experiments showing that the crack tip stress
distribution characteristics[40], in fact, control the main factors of crack propagation and its properties.

According to the maximum circumferential tensile stress criterion, Mohr-Coulomb criterion and cri-
terion of Bobet and Einstein[30], a modified maximum circumferential tensile stress criterion is proposed.
According to the experiment on rock fracture, it is assumed that crack propagation is controlled by the
tensile stress and shear stress on an arc whose distance from the crack tip is r0, which is controlled by
the plastic zone of crack tip. Then, we can obtain the criterion as follows:
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Fig. 6. Specimen and crack models[41].

1. Tensile fracture mode is a top priority. Tensile fracture occurs at θ = θ0, and on θ = θ0 and
r = r0, the tensile stress σθ is the maximum, which can be seen in Fig.5, and the tensile stress on this
point is equal or greater than the strength σcr of the rock. At this case, when the following conditions
are reached, the tensile fracture occurs,

[σθ(θ0, r0)]max ≥ σcr (26)

in which σcr is a critical strength of rock.
2. Shear fracture mode. Shear fracture occurs at an another angle θ = θ1, and on θ = θ1 and r = r0,

the shear stress τrθ is the maximum, which can be seen in Fig.5, and the shear stress on this point
satisfies Mohr-Coulomb criterion: τrθ ≥ σntgϕ+ c, in which σn is the compression on normal direction,
and ϕ is friction angle, c is cohesion of the rock. The conditions for shear fracture are

[τrθ(θ1, r0)]max ≥ σn(θ1, r0)tgϕ + c (27)

IV. NUMERICAL EXAMPLES
Consider a rock specimen with dimensions 15

mm×30 mm×30 mm in this section, treated as a
plane stress problem. There exist two cracks in the
specimen, the length of both being 3 mm. Young’s
modulus of this specimen is E = 4.78 GPa, the
Poisson’s ratio is ν = 0.25, cohesive strength is
15 MPa, and internal friction angle is 49◦. Normal
stiffness and tangential stiffness of crack surface
are given as 200 GPa and 20 GPa. The fracture
toughness of KIC = 1.03 MPa·m1/2, KIIC = 2.52
MPa·m1/2, and the coefficient of friction of crack
surface is given as µc = 0.50.

The specimen models and position relationship
of cracks can be seen in Fig.6[41] and the boundary
conditions and loadings are shown in Fig.7. Three
cases of different locations of cracks are considered
in those examples. Some results of rock fracture
experiments are carried out for comparison, which
can be seen in Fig.8[41]. Besides, the results by
elasto-plastic cellular automaton method (EPCA)
are also presented for comparison, which can be

Fig. 7 Mesh grid of rock specimen of CDCA.

seen in Fig.9[41]. Figure 9(a) shows the growing paths results of EPCA for the three schemes, respectively,
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and Fig.9(b) shows the growing paths results of scheme 3 for different fracturing steps by EPCA.

The growing paths for two cracks of different locations are shown in Fig.10, in which we can see
that the tensile fracture is the main failure mode with uniaxial loading. Compared with the results by
EPCA[41] and experiments, an agreement can be achieved between the results of those three methods,
and the growing paths of those methods and experiments are almost the same. In those figures, we can
see that the growing paths are influenced by the interaction between the cracks when they are getting
closer.

Figure 11 plots the propagation process results of scheme 3. Compared with the results of EPCA[41]

in Fig.9(b) and experiments, the growing paths of the present method are close to thee other two
methods.

Fig. 8. Experiment results[41].

V. DISCUSSION
Actually, rocks under compression-shear loading may yield different fracture modes, such as mode

I, mode II and the mixed mode. So in this section, a rock specimen with a single crack is considered.
Firstly, different ratios between confining pressure and axial compression are studied. Secondly, different
friction coefficients are considered. Finally, the initial propagating angles of the first step for different
cases are discussed.

In this section, a square plate with an inclined crack in its center is considered. The side length of
the square is given as 30 cm, and slope angle of crack is 45◦, and the other mechanical and physical
proprieties are the same as §IV. Different ratios between confining pressure and axial compression and
different coefficients of friction µc are considered.

5.1. Different Ratios between Confining Pressure and Axial Compression Influences for Fracture
Mode

The initial propagating angles of the first step for different value of PH/PV are shown in Table 1,
and it is shown that the larger the value of PH/PV, the smaller the angle we can get, which reveals that
shear fracture occurs when a much larger value of PH/PV is applied.

It is shown in Fig.12 that growing paths change with the ratios between confining pressure and axial
compression, in which PH is the confining pressure and PV is the axial compression. According to those
figures, we can get the following conclusions,

1. With the increase of the confining pressure, the fracturing paths under biaxial stress gradually
becomes parallel to the initial crack direction.
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Fig. 9. Rock fracturing process results by EPCA.

Table 1. The initial propagation angles for different values of PH/PV

PH/PV 0.1 0.2 0.3

Initial propagation angle 78.12 58.95 32.87

2. The growing paths change from curve to straight line with the increasing of the confining pressure.
3. The fracture mode gradually changes from tensile fracture mode to shear fracture mode with the

increase of confining pressure, actually, when tensile fracture occurs, the initial propagating direction
deviates from the extension direction of the crack, otherwise, when shear fracture occurs, the initial
propagating direction is the extending direction of the crack.
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Fig. 10. Fracturing process by CDCA.

5.2. Different Coefficients of Friction Influences for Fracture Mode

The initial propagating angles of the first step for different values of coefficients of friction on crack
surfaces µc are shown in Table 2. It can be seen from this table that a small angle can be obtained
when the coefficients of friction on crack surfaces µc get larger, which reveal that shear fracture occurs
when a much larger value of µc is applied.

Table 2. The initial propagation angles for different values of coefficients of friction

Coefficients of friction µ = 0.32 µ = 0.48 µ = 0.67 µ = 0.83

Initial propagation angle 82.05 47.97 25.13 13.52

It is shown in Fig.13 that plots the fracture paths under different values of coefficients of friction
on crack surfaces µc, in which a biaxial stress is applied, and PH/PV = 0.2. From those figures, we can
conclude,

1. As the coefficient of friction µc increases, the fracturing paths gradually get close to parallel to
the initial crack direction.

2. The growing paths change from curve to straight line with an increase of the coefficients of friction
µc.

3. The fracture mode gradually changes from tensile fracture mode to shear fracture mode with the
increase of the coefficients of friction µc. In fact, when tensile fracture occurs, the initial propagating
direction deviates from the propagation direction of the crack, otherwise, when shear fracture occurs,
the initial propagating direction is the extending direction of the crack.

VI. CONCLUSION
In this work, a continuous-discontinuous cellular automaton method (CDCA) is developed for frac-

turing process simulation of brittle rocks under compression-shear loading. Firstly, the level set method,
discontinuous enrichment shape functions and discontinuous cellular automaton are combined, and a
CDCA is proposed. No remeshing is needed for crack propagation analysis. The calculation of the present
method is restricted to cells and, according to the updating rules and cell intersection, information on
one cell can be transferred into all the rest So no assembled global stiffness matrix is needed in the whole
calculation. And the frictional contact theory for rock material has been employed, by which a contact
model of normal pressure and tangential shear on crack surfaces under compression-shear loading is
constructed. Finally, a mixed rock fracturing criterion for brittle rocks under compression-shear loading
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Fig. 11. Fracturing process of Shceme 3 by CDCA.

is discussed. Based on the criterion of Bobet and Einstein, a comprehensive fracturing criterion for
brittle rocks is developed along with the following conclusions.

1. It is shown that agreement can be achieved between the results by the present method and those
by EPCA and rock experiments. So the present method is effective and can be widely used in engineering
practice.

2. Numerical examples show that the mixed rock fracturing criterion for brittle rock, which is
developed from the criterion of Bobet and Einstein in the present method, is effective. Specifically,
different loadings and friction coefficients lead to different initial propagating angles, which agrees with
experimental results.

3. Numerical examples have verified that different friction coefficients and ratios between confining
pressure andaxial compressionmay lead to different fracturingmodes.And the fracture paths for different
friction coefficients and ratios between confining pressure and axial compression are also different.
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