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Formulations of a four-node quadrilateral element fitted to numerical manifold method (NMM) with con-
tinuous nodal stress called Quad4-CNS (NMM) element for two-dimensional (2D) crack analysis are pre-
sented. This Quad4-CNS (NMM) element can be considered as a development of the recently published
four-node quadrilateral element with continuous nodal stress (Quad4-CNS). In contrast to the four-
node iso-parametric quadrilateral element (Quad4), the Quad4-CNS element has higher order of global
approximations, much better accuracy and continuous nodal stress. Moreover, it is free from the ‘‘linear
dependence” which otherwise cripples many of the partition of unity (PU) based methods with high
order global approximations. Due to the adoption of two cover systems, namely, the mathematical cover
and physical cover, the NMM is capable of solving continuous and discontinuous problems in a unified
way. The purpose of this paper is to synergize the advantages of both the Quad4-CNS element and the
NMM to precisely model linear elastic fracture problems. A number of numerical examples indicate
the accuracy and robustness of the present Quad4-CNS (NMM) element.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

The modeling of complex crack problems to predict the life span
of cracked structures is still full of challenges and difficulties. Over
the past several decades, many numerical approaches have been
proposed to fulfill this task. The finite element method (FEM) [1],
as a representative, has been used to solve a great number of crack
problems [2,3]. The FEM, however, has to deploy a mesh which
should conform to the crack faces to simulate cracked bodies. This
will lead to a great burden in meshing and remeshing for complex
crack propagation problems [4]. In order to alleviate the burden of
tip-remeshing, the algorithm of edge rotation has been proposed in
the framework of FEM, see details in [5–7].

Alternatively, meshfree methods only employ nodes to descre-
tize the problem domain and therefore are immunized from mesh
related problems, and are very suitable to solve crack propagation
problems [8,9]. Some important work related to meshfree methods
can be found in [10–16]. Like FEM, meshfree methods also suffer
from drawbacks, such as essential boundary condition implemen-
tation handicap, high computational cost and complex process in
constructing the trial functions [17]. As a result, some hybrid
schemes [18,19] have been proposed to improve the property of
meshfree methods.

To mitigate the burden of meshing and remeshing in modeling
crack problems, the extended finite element method (XFEM) [20]
which is considered as an improvement of FEM has been devel-
oped. XFEM is based on the partition of unity method (PUM)
[21], where the representation of a strong or weak discontinuity
is achieved via enrichment of the shape functions [22]. In order
to synergize the advantages of both the extended FEM and
isogeometric analysis (IGA), the extended isogeometric (XIGA)
[23] have been proposed. Up to now, XFEM and XIGA have been
successfully used to solve many complex problems such as holes
and inclusions [24], cracks in multiphase composites [25–29],
functionally graded materials (FGMs) [30–34] and quasi-brittle
concrete structures [35].

Like XFEM, the numerical manifold method (NMM) [36] can
also be considered as an improvement of FEM. Due to the adoption
of mathematical cover and physical cover, NMM is capable of
simulating continuous and discontinuous problems in a unified
way. In NMM, the mathematical cover is utilized to define the PU
functions. The physical cover, generated by cutting the mathemat-
ical cover with the problem domain, is used to define the local
approximations. In this way, NMM can capture discontinuity in a
nature way without recourse to other enrichment function such
as the generalized Heaviside function. Besides, NMM can deploy
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mathematical mesh without considering the features of the prob-
lem domain which indicates that NMM can avoid remeshing for
crack propagation problems. In addition, NMM is the generaliza-
tion of the discontinuous deformation analysis (DDA) [37–39] that
addresses the system of distinct rock blocks. Since the advent,
NMM has been successfully used to model static crack problems
[40–42], dynamic crack problems [43], Kirchhoff’s thin plate bend-
ing problems [44], and seepage problems [45–46].

It is well-known that the stress field by means of FEM with
standard DOFs is discontinuous among internal element edges
and nodes, such as the three-node triangular element (Trig3) and
the four-node iso-parametric quadrilateral element (Quad4). Extra
smoothing operations are required to calculate nodal stress in the
post processing. Besides, accuracy of some classic iso-parametric
elements is highly sensitive to the quality of meshes [47]. To
improve the property of Quad4 element, Tang et al. [48] developed
a partition-of-unity-based four-node quadrilateral element with
continuous nodal stress (Quad4-CNS). By increasing the order of
global approximation functions, Quad4-CNS element obtains bet-
ter accuracy, higher convergence rate and higher tolerance to mesh
distortion as compared to the Quad4 element. Moreover, it is free
from the ‘‘linear dependence” issue which otherwise cripples many
of the PU based methods. Notice that Quad4-CNS element does not
alter the total number of the degrees of freedom (DOFs) of the
whole system. It implies that the total number of DOFs generated
by the use of Quad4-CNS element is the same as that by the stan-
dard Quad4 element. In another front, Bui et al. [49] also formu-
lated a new four-node quadrilateral element with continuous
nodal stress and applied this element to linear elastic fracture
mechanics [50]. However, the element developed by Tang et al.
[48] and the element developed by Bui et al. [49] are totally differ-
ent. The element developed by Tang et al. is a development of the
‘FE-Meshfree’ QUAD4 element with least square point interpola-
tion functions (Quad4-LSPIM) [51], while the element by Bui
et al. is based on the twice-interpolation procedure presented in
[17,52].

In order to synergize the advantages of both the Quad4-CNS ele-
ment and the numerical manifold method (NMM), a four-node
quadrilateral element fitted to the numerical manifold method
with continuous nodal stress (Quad4-CNS (NMM)) for linear elastic
fracture problems is developed in this study. The property and per-
formance of the present Quad4-CNS (NMM) element will be stud-
ied in great detail in the rest of this paper. The outline of this paper
is as follows: Section 2 briefly introduces the numerical manifold
method (NMM); Section 3 presents the formulation of Quad4-
CNS (NMM) element for crack problem in 2D elastic solids in
detail; The interaction integral and the SIFs calculation are
described in Section 4. The numerical examples and discussions
are subsequently presented in Section 5. Some conclusions are
drawn in the last section.
Fig. 1. Mathematical patches, physical patches and manifold elements in NMM.
2. Review on NMM

There are three important concepts in NMM, namely, the math-
ematical cover (MC), the physical cover (PC) and the manifold ele-
ment (ME) [53]. The mathematical cover is the union of user-
defined overlapping small domains. Each small domain (Xm

i ) is
called mathematical patch (MP). The mathematical cover can be
deployed as the user wishes, but must cover the physical domain
of the problem. By cutting the mathematical patches one after
another with the components of the problem domain, including
the domain boundaries, the material interfaces, and the disconti-
nuities, the physical patches (PPs) are generated. The union of all
the physical patches is called the physical cover (PC) which will
exactly cover the whole problem domain (X). The manifold ele-
ment in NMM is defined as the common region of several PPs.
manifold elements are the basic units for integrating the weak
form of the problem.

Shown in Fig. 1 is an example used to explain the above men-
tioned concepts. The regular quadrilateral mesh forms the mathe-
matical cover, while the red lines define problem domain (X). In
theory, mathematical cover can be formed arbitrarily [53]. How-
ever, for the simplicity of implementation, almost all application
and development of NMM have been selecting finite element
meshes to construct the mathematical cover. The regular mesh
used here is called mathematical mesh. The mathematical mesh
does not have to match the boundary or crack face of, but must
cover the problem domain. The rectangle with yellow edges
denotes a mathematical patch Xm

i and the circular red dot named
as a star represents the center of corresponding mathematical
patch.

Cutting Xm
9 with problem domain components yields two phys-

ical patches, namely, Xp
1�9 and Xp

2�9. Cutting Xm
8 with problem

domain components yields only one physical patch, namely,
Xp

1�8, which coincides with Xm
8 . Cutting mathematical patch Xm

10

with problem domain components, only the fraction inside the
problem domain forms a physical patch, namely, Xp

1�10, but the rest
part of Xm

10 will be discarded.
Each physical patch has and only has a corresponding node

called ‘‘generalized node’’ which is equivalent to the node in
FEM. However, the ‘‘generalized node’’ in NMM has its own charac-
ter. The degree of freedoms for each physical patch is defined on
the generalized node. It can be seen in Fig. 1 that the generalized
node of physical patchXp

1�8, denoted as GNp
1�8 is the center of phys-

ical patch Xp
1�8. The generalized node of physical patch Xp

1�1,
denoted as GNp

1�1, however, is outside of Xp
1�1 domain. The gener-

alized nodes of physical patches Xp
1�9 and Xp

2�9 coincide with each
other. It can be seen that the generalized nodes in Fig. 1 are
deployed regularly without considering the influence of problem
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domain components. For the simplicity of description, the ‘‘gener-
alized node’’ in NMM will also be termed as ‘‘node’’ in the rest of
this study.

Two types of physical patches [53], namely, nonsingular
patches and singular patches are used in this study. The nonsingu-
lar patches do not contain any crack tip in their corresponding
domains, like Xp

1�8 and Xp
1�10, while the singular patches contain

at least one crack tip in their corresponding domains, like Xp
1�11,

as shown in Fig. 1.
The common domains of physical patches will produce different

manifold elements Ei; i ¼ 1; . . .nm. Here, nm is the number of
manifold elements in the problem domain. Intersecting physical
patches Xp

1�1, X
p
1�2, X

p
1�3 and Xp

1�4 will produce manifold element
E1 ¼ Xp

1�1 \ Xp
1�2 \ Xp

1�3 \ Xp
1�4, while intersecting physical

patches Xp
1�5, X

p
1�6, X

p
1�7 and Xp

1�8 will produce manifold element
E2 ¼ Xp

1�5 \ Xp
1�6 \ Xp

1�7 \ Xp
1�8. A manifold element in NMM

can be in arbitrary shape: the shape of E2 is a quadrangle, but
the shape of E1 is a pentagon. Furthermore, the manifold elements
in this study are classified into three types, namely, (1) normal
manifold element covered only by nonsingular patches; (2) blend-
ing manifold element covered by both singular patches and non-
singular patches; (3) singular manifold element covered only by
singular patches.

Over each mathematical patch, Xm
i , a weight function (or PU

function) wiðxÞ can be defined, which satisfies

wiðxÞ ¼ 0; if x R Xm
i ; ð1:1Þ

0 6 wiðxÞ 6 1; if x 2 Xm
i ; ð1:2Þ

Xnm
i¼1

wiðxÞ ¼ 1; if x 2 X ð1:3Þ

The weight function wiðxÞ associated with Xm
i will be accord-

ingly transferred to Xp
j�i, and denoted as wj�iðxÞ. For the simplicity

of presentation, all the physical patch Xp
j�i and weight function

wj�iðxÞ are coded with a single subscript and denoted as Xp
k and

wkðxÞ, respectively. Over each physical patch Xp
k , different local

approximation functions (also named as cover function) ukðxÞ will
be defined. This enables NMM to simulate discontinuity across the
common boundaries between different physical patches.

Over each physical patch Xp
k , the local approximation function

ukðxÞ which reflects the known information about the boundary
value problem or the input data to model problems can be defined.
In this study, the polynomial approximation functions are adopted
over the nonsingular patches, while the asymptotic crack-tip func-
tions capable of capturing the singular field around the crack tip
are adopted over the singular patches.

The local approximation function ukðxÞ of order n for a nonsin-
gular patch can be defined as

ukðxÞ ¼ pðxÞTdk ð2Þ
where dk is an array of unknown coefficients, and pðxÞ is the matrix
of polynomial bases. If the number of polynomial termsm is chosen
to be one, three or six, then the polynomial bases pðxÞ is expressed
as p(x) = {1}T (n = 0), p(x) = {1 x y}T (n = 1) or p(x) = {1 x y xy xx yy}T

(n = 2), respectively.
The local approximation function ukðxÞ for a singular patch, can

be constructed by adding the polynomial function with the asymp-
totic crack-tip functions, and expressed as

ukðxÞ ¼ pðxÞTdk þ FeðxÞTek ð3Þ
where ek is an array of unknown coefficients, and FeðxÞ is the first
item of Williams’ displacement series [54] near the crack tip and
defined as
FeðxÞ ¼ W1 W2 W3 W4½ �T

¼ ffiffiffi
r

p
cos h

2

ffiffiffi
r

p
sin h

2

ffiffiffi
r

p
cos 3h

2

ffiffiffi
r

p
cos 3h

2

� �T ð4Þ
in which ðr; hÞ is the polar coordinates with regard to the polar sys-
tem defined at the crack tip. Note that the latter two basic functions,
W3 and W4, are different from the literature, where
W3 ¼ ffiffiffi

r
p

sin h sin h
2 and W4 ¼ ffiffiffi

r
p

sin h cos h
2. The two forms of bases

obviously span the same subspace and make no difference. As dis-
cussed in [53], the purpose to take the form presented in Eq. (4)
is to simplify the implementation if more enriched terms should
be considered.

After defining the weight functions and the local approxima-
tions, the global approximation on a given manifold element is
approximated to be

uhðxÞ ¼
Xnpj
k¼1

wkðxÞukðxÞ ð5Þ

where npj denotes the number of physical patches for a manifold
element Ej.

It can be seen in Eq. (5) that NMM could construct high order
global approximation of any order by simply increasing the order
of weight functions and local approximations and obtain better
accuracy of the solution to the problem. Using directly the high
order (n P 1) polynomial approximation functions presented in
Eq. (2), however, as in GFEM, will significantly increase the number
of global DOFs. Moreover, this will arise the LD problem. Some
effective approaches have been suggested in the context of GFEM
and NMM to deal with the LD problem [53,55–57].

3. Formulation for Quad4-CNS(NMM)

As can be seen in [48,58], Quad4-CNS element can obtain better
accuracy, higher convergence rate and higher tolerance to mesh
distortion than the four-node quadrilateral element (Quad4) for
linear elastic and vibration problems by simply using the same
mesh as in Quad4 element. However, Quad4-CNS element adopts
quadrilateral mesh which should conform to the boundary of prob-
lem domain to construct its shape functions. As in FEM, the issue
related to meshing and remeshing also exists in Quad4-CNS ele-
ment for crack propagation problems, although commercial soft-
ware is able to generate high quality quadrilateral mesh for
problems with simple geometric boundary. Since mathematical
mesh in NMM needs not to conform to the crack faces, crack anal-
ysis by NMM should be very convenient. In view of the advantages
of both Quad4-CNS element and NMM, formulation of a four-node
quadrilateral element fitted to the numerical manifold method
with continuous nodal stress (Quad4-CNS (NMM)) is present in
detail in this section.

Based on the concept of NMM, the global approximation of
Quad4-CNS (NMM) element can be expressed as:

uhðxÞ ¼ w1ðxÞu1ðxÞ þw2ðxÞu2ðxÞ þw3ðxÞu3ðxÞ þw4ðxÞu4ðxÞ ð6Þ
where wiðxÞ and uiðxÞ are the weight function and the local
approximation function associated with physical patch Xp

i ,
respectively.

3.1. Weight functions of Quad4-CNS (NMM)

The weight functions fwiðxÞ; i ¼ 1;2;3;4g with the global
Cartesian coordinates are mapped from ‘parent’ weight functions
in the local coordinates [48]. The formulations for coordinate
transformation are represented as:

x ¼ eN1ðn;gÞx1 þ eN2ðn;gÞx2 þ eN3ðn;gÞx3 þ eN4ðn;gÞx4 ð7Þ
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y ¼ eN1ðn;gÞy1 þ eN2ðn;gÞy2 þ eN3ðn;gÞy3 þ eN4ðn;gÞy4 ð8Þ

where eN1ðn;gÞ; eN2ðn;gÞ; eN3ðn;gÞ; eN4ðn;gÞ are expressed in the fol-
lowing form [1]eNiðn;gÞ ¼ ð1þ n0Þð1þ g0Þ=4; n0 ¼ nin; g0 ¼ gig; i ¼ 1;2;3;4:

ð9Þ
Unlike the Quad4-LSPIM element [51], which uses the shape

functions of Quad4 element to construct weight functions, the
weight functions of Quad4-CNS element are written as [48]

wiðn;gÞ ¼ ð1þ n0Þð1þ g0Þð2þ n0 þ g0 � n2 � g2Þ=8; i ¼ 1;2;3;4:

ð10Þ
As discuss in [48], there are three important features for the

weight functions of Quad4-CNS (NMM) element, namely, (i) they

satisfy the PU condition:
P4

i¼1wiðn;gÞ ¼ 1, (ii) the weight functions
satisfy the Kronecker-delta property wiðxjÞ ¼ dij (i, j = 1,2,3,4), (iii)
Moreover, the gradient of the weight functions is continuous at
all the nodes, which is the best property that Quad4-LSPIM ele-
ment does not have.

3.2. Local approximation of Quad4-CNS (NMM)

Explicit polynomials (Eq. (2)) are adopted to construct the local
approximations of standard NMM. In other front, ‘FE-Meshfree’
elements [59,60] use the meshfree shape functions to construct
the local approximations without increasing the number of global
DOFs and inducing the LD problem. Several methods which possess
the desired Kronecker-delta property have been proposed to
construct the local approximations of ‘FE-Meshfree’ elements such
as LSPIM [59], reduced CO-MLS (CO-LS) [61] and radial-polynomial
basis functions [62]. Here, the constrained and orthonormalized
least-squares method (CO-LS) (see details in [48]), which is
constrained at its central node, is briefly introduced and used
to construct the local approximations of Quad4-CNS(NMM)
element.

In Quad4-CNS (NMM) element, the local approximation uiðxÞ for
physical patch Xp

i is constructed by using least-squares method
and represented as:

uiðxÞ ¼ pTðxÞA�1Ba; a ¼ a1 a2 � � � an½i�½ �T; ð11Þ
The moment matrix A and the basis matrix B are expressed as:

A ¼
Xn½i�
j¼1

pðxjÞpTðxjÞ; B ¼ pðx1Þ pðx2Þ � � �pðxn½i� Þ½ �: ð12Þ

in which n[i] represents the number of support nodes for physical
patch Xp

i , a is a vector of nodal displacements and p(x) is a vector
of monomials. The choice of p(x) will affect the performance of
the element. In the present work, the number of polynomial basis
terms m is selected as follows [59]: if 5 P n½i� P 4; m ¼ 4; the basis
function p(x) = {1 x y xy} will be used; if 7 P n½i� P 6; m ¼ 6; the
basis function p(x) = {1 x y xy x2 y2} will be used; if
n½i� P 8; m ¼ 8; the basis function p(x) = {1 x y xy x2 y2 x2y xy2} will
be used.

In order to improve the property of least-squares method, the
constrained and orthonormalized least-squares method (CO-LS)
is used based on the Gram-Schmidt orthonormalization process
[63]. The vector p can be orthogonalized as:

s ¼ ½s1 s2 � � � sm�T ¼ Rp; ð13Þ
R is an orthogonalizing matrix with dimension m �m and m as the
number of the monomial terms of p(x). The formula of R is pre-
sented in reference [64].
Normalizing vector s yields

r ¼ Hp; ð14Þ
H is an orthonormalizing matrix with dimension m �m [64].

Using Lagrange multiplier method, the constrained local
approximation ui(x) can be constructed as

uiðxÞ ¼
Xn½i�
j¼1

/̂½i�
j ðxÞaj; ð15Þ

Û ¼ /̂½i�
1 ðxÞ /̂½i�

2 ðxÞ � � � /̂½i�
n½i� ðxÞ

h iT
¼ rTðxÞB½i�; ð16Þ

B½i� ¼ B½i�
1 ðxÞ B½i�

2 ðxÞ � � �B½i�
n½i� ðxÞ

h i
; ð17Þ

B½i�
k ¼ rðxkÞ � f ½i�k rðxiÞ ðk ¼ 1;2; . . . ;n½i�Þ; ð18Þ

f ½i�k ¼

Xm
j¼1

ðrjirjkÞ
,Xm

j¼1

R2
ji ðk– iÞ;

Xm
j¼1

ðrjirjkÞ � 1

" #,Xm
j¼1

r2ji ðk ¼ iÞ;

8>>>>><>>>>>:
k ¼ 1;2; . . . ;n½i�: ð19Þ

in which /̂½i�
j ðxÞ is the shape function of the local approximation ui(x)

associated with node j.
In defining the support of a given physical patch, the first order

nodal connectivity which includes the nodes of all the quadrilateral
meshes connected to the generalized node of the given physical
patch is usually considered. Such a support is called first order sup-
port. However, if both the physical patch within the computational
domain and the physical patch on the computational boundary all
adopt the first order support to construct the local approximations,
the physical patch on the computational boundary may has less
support nodes than the physical patch within the computational
domain. For this reason, the support of a physical patch in the
present Quad4-CNS (NMM) element is determined under the fol-
lowing principles:

(i) For the physical patch within the computational domain, the
first order support is used to obtain its support nodes.

(ii) For the physical patch on the computational boundary, first
order support or second order support is used to obtain its
support nodes, and their effects on the element performance
will be studied Section 5.2.

3.3. Shape function of Quad4-CNS (NMM) element

The Quad4-CNS (NMM) global approximation uh(x) can be rep-
resented in a common form:

uhðxÞ ¼
XN
k¼1

/kðxÞak; ð20Þ

in which /kðxÞ is the shape function corresponding to physical
patch Xp

k or node k. N is the total number of support nodes for a

given point and defined as N ¼P4
i¼1n

½i�.
Substitution of Eq. (15) into Eq. (6), and then the Quad4-CNS

(NMM) global approximation can be constructed as

uhðxÞ ¼
X4
i¼1

wiðxÞ
Xn½i�
j¼1

U½i�
j ðxÞaj: ð21Þ

Recalling that n[i] is the number of support nodes to construct
local approximation function ui(x). By manipulating Eq. (21), the
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Quad4-CNS (NMM) shape functions in Eq. (20) can be represented
as

/iðxÞ ¼
X4
j¼1

wjðxÞU½j�
i ðxÞ ð22Þ
3.4. Properties of Quad4-CNS (NMM) shape function

Some useful properties of Quad4-CNS (NMM) are shown as fol-
lows [48]:

(i) The derivative of weight function is of zero value at the
nodes.

(ii) The derivative of Quad4-CNS (NMM) global approximation
is continuous at the nodes.

(iii) The Kronecker-delta property.

/iðxjÞ ¼ dij: ð23Þ
3.5. Extended Quad4-CNS (NMM) approximations for cracks

As discussed in [42], NMM could model discontinuities in a nat-
ural manner, even for a complex case, without recourse to any
enrichment functions, such as Heaviside function widely used in
XFEM. However, the asymptotic crack-tip functions introduced in
Section 2 is needed to enrich the local approximation of NMM, so
as to capture the singularity around the crack tip. The enriched dis-
placement approximation using Quad4-CNS (NMM) element could
be obtained in a similar NMM setting, and expressed as

uhðxÞ ¼
X
i2IN

wiðxÞuiðxÞ þ
X
i2IS

wiðxÞ
X4
j¼1

WjðxÞej ð24Þ

where IS is the set of singular physical patches, and IN is the set of all
the physical patches.

In order to get the interpolation property at nodes, the above
formula could be further expressed as

uhðxÞ ¼
X
i2IN

wiðxÞuiðxÞ þ
X
i2IS

wiðxÞ
X4
j¼1

ðWjðxÞ �WjðxiÞÞeij
 !

: ð25Þ
Fig. 2. Manifold elements divided into triangles to conduct Gaussian quadrature:
blending manifold element ABHG is divided into two triangles, namely, 4ABG and
4BHG; blending manifold element GHEF is also divided into two triangles, namely,
4HEF and 4HFG; singular manifold element BCDEH is divided into five triangles,
namely, 4BCI, 4CDI, 4DEI,4EHI and 4HBI.
3.6. Discrete equations for Quad4-CNS (NMM) and integration
strategies

In Quad4-CNS (NMM) element, mathematical cover does not
have to match the boundary of the problem domain, so the dis-
placement boundary conditions cannot be imposed directly as in
FEM. The displacement boundary conditions should be included
into the potential energy by the Lagrange multiplier method or
the penalty function method. In this study, the penalty function
method is adopted, so the potential energy can be expressed as

IIðuÞ ¼
Z
X

1
2
eTrdX�

Z
X
uTbdX�

Z
Cs

uT�pdS

þ
Z
Cd

1
2
kðu� �uÞTðu� �uÞdS ð26Þ

where Cs is the stress boundary, Cd is the displacement boundary, �u
is the given displacement on Cd, �p is the given traction on Cs, k is
the user-specified penalty.

The displacement approximations expressed by Eq. (20) or (25)
can be rewritten as

u ¼ Nh ð27Þ
where N is the shape function matrix, h is the degrees of freedom.
The strain e and displacement u has the following relationship

e ¼ Ldu ð28Þ
with

Ld ¼
@
@x 0 @

@y

0 @
@y

@
@x

" #T
ð29Þ

Substituting Eq. (27) into Eq. (28), yields

e ¼ Bh ð30Þ
with

B ¼ LdN ð31Þ

The stress r and strain e has the relationship as follows

r ¼ De ð32Þ
where D is the elastic matrix.

Substituting Eq. (30) into Eq. (32), we have

r ¼ Sh ð33Þ
with

S ¼ DB ð34Þ

Substituting Eqs. (27), (30) and (33) into Eq. (26), yields the sys-
tem of linear equilibrium equations

Kp ¼ q ð35Þ

where K is the global stiffness matrix, p is the degrees of freedom
including normal and enriched items on all the physical patches,
q is the generalized force vector. Both K and q are obtained by
assembling all the element stiffness matrices Ke and element load
vector qe, defined as

Ke ¼
Z
Xe

BTDBdXþ k
Z
Ce
d

NTNdS ð36Þ

qe ¼
Z
Xe

NTbdXþ
Z
Ce
s

NTpdS þ k
Z
Ce
d

NTudS ð37Þ

respectively.
Since the manifold element in Quad4-CNS (NMM) can be in

arbitrary shape, the manifold element should be firstly divided into
a number of triangles (Fig. 2) and then Gauss quadrature rule is
performed over each triangle. For the normal element, the Gauss
quadrature rule over its triangular quadrature domains is per-
formed. For blending element or singular element, the Gauss
quadrature rule over its degenerated quadrilateral quadrature
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domains is performed. Here, the degenerated quadrilateral quadra-
ture domain is constructed by counting the third vertex of the tri-
angle twice.

3.7. Numerical implementation procedure

The key steps of the numerical implementation procedure
for the proposed Quad4-CNS (NMM) element are listed as
follows:

(1) Divide the problem domain into a set of manifold elements
and obtain the information on mathematical patches, phys-
ical patches, element connectivity, coordinates of nodes.
Define material properties, loading and displacement
boundary condition.

(2) Define the support order for boundary nodes: first or second
order support.

(3) Define the initial crack information as a line by specifying
the starting and ending points. Here, ending points are
defined as crack-tip nodes.

(4) Loop over the number of incremental steps.

(a) Select/update singular nodes (or singular physical patch)

and store them into a set; Select/update support nodes
for boundary nodes and internal nodes.

(b) Loop over the manifold elements

i. In each manifold element, the element support nodes

are the union of the 4 sets of support nodes of its ele-
ment connectivity.

ii. Loop over the quadrature points

1. Compute shape functions in Eq. (27).
2. Compute the stiffness matrix as defined Eq. (36).
3. Compute the force vector as defined in Eq. (37).
4. Assemble the stiffness matrix and load vector into
the global stiffness matrix and force vector.
iii. End the loop over the quadrature points.
(c) End the loop over the manifold elements.
(d) Solve the linear system of algebraic equations to obtain p

as defined Eq. (35).
(e) Recovery of the stress and strain fields.
(f) Calculate the SIFs using the interaction integral method.
(g) Compute the crack propagation angle based on the infor-

mation of the computed SIFs to determine the crack
growth direction.

(h) Specify a given size of crack growth, update
the new crack line including the crack path and tips.
Update the information on manifold elements,
physical patches, element connectivity and coordinates
of nodes.
Fig. 3. Determination of area-path AJ for the interaction integral and weight
function q.
(5) End the loop over the incremental steps.
(6) Visualization of the results.

4. SIFs implementation and crack growth simulation

Stress intensity factor (SIF) which could characterize the singu-
larity strength of the displacement and stress distribution around
the crack tip, is of great importance in the failure analysis. To
obtain the SIFs, the domain form of interaction integrals [65,50]
is employed in this paper. Two states of a cracked body are consid-

ered. State 1 rreal
ij ; erealij ; ureal

i

� �
corresponds to the actual state

while state 2 raux
ij ; eauxij ; uaux

i

� �
is an auxiliary state which is chosen

as the asymptotic fields for modes I and II. The formulation for
interaction integral with the mixed-mode SIFs can be written as
[65,50]
Iðreal;auxÞ ¼ �
Z
AJ

W ðreal;auxÞd1j � rreal
ij

@uaux
i

@x1
� raux

ij
@ureal

i

@x1

� �
@q
@xj

dA ð38Þ

in which W ðreal;auxÞ is the interaction strain energy defined as

W ðreal;auxÞ ¼ rreal
ij eauxij ¼ raux

ij erealij ; ð39Þ
AJ is the area-path determined by a circle with radius R shown in
Fig. 3. R is called domain radius and defined as

R ¼ Rdh ð40Þ
in which h is the size of mathematical patch, namely, the maximum
circumradius of a mathematical patch, Rd is a factor which can
determine the size of the circle. q(x) is a bounded weighting func-
tion, which is schematically represented in Fig. 3, the value of which

is 1 within the circle and 0 outside the circle. Once Iðreal;auxÞ is
obtained, the value of SIFs including KI and KII could be calculated
easily, see details in [65].

In theory, the value of interaction integral should be path inde-
pendent. As a matter of fact, the value of interaction integral is path
dependent due to the error in numerical integration. Therefore, the
value of R will directly influence accuracy of the calculated SIFs by
numerical methods, and an optimal R is of great importance in
crack analysis. The optimal value of R for the developed Quad4-
CNS (NMM) element will be discussed in Section 5.3.

After obtaining stress intensity factors, KI and KII, the maximum
hoop-stress criterion [66,67] is adopted to evaluate the crack
growth direction in this paper. This criterion states that the crack
will grow from its tip in a radial direction at a critical angle, hc,
so that the maximum circumferential stress reaches a critical
material strength [66]. hc is calculated based on KI and KII as follows
[67]

hc ¼ 2 tan�1
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8ðK II=K IÞ2

q
4ðK II=K IÞ

0@ 1A ð41Þ
5. Numerical examples

A set of numerical examples are carried out to assess the effi-
ciency and accuracy of the present Quad4-CNS (NMM) model.
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Since Quad4-CNS (NMM) element can always adopt regular mesh
without considering the problem domain boundary to construct
the global approximation, regular mathematical mesh for Quad4-
CNS (NMM) element will always be used in the rest of this paper
to conduct these tests.

The number of polynomial terms to construct the local approx-
imations of the Quad4-CNS (NMM) element will be taken accord-
ing to the scheme presented in Section 3.2. As discussed in
Section 3.2, in the present Quad4-CNS (NMM) element, the physi-
cal patch on the computational boundary will adopt first order sup-
port or second order support to obtain the support nodes, while for
the physical patch within the computational domain, only the first
order support is used. For the convenience of description, Quad4-
CNS1 (NMM) means first order support is adopted for the physical
patch on the computational boundary, while Quad4-CNS2 (NMM)
means second order support is adopted for the physical patch on
the computational boundary.

The physical units used in the present work are based on the
international standard unit system. Here, n defines the total num-
ber of the nodes in the computational model. To assess accuracy
and convergence, the relative L2 errors in the displacement norm
and in the energy norm are defined, respectively, as follows:

ed ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR
Xðuex � unumÞ2dXR

X ðuexÞ2dX

vuut ; ð42Þ

ee ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

R
X ðeex � enumÞTDðeex � enumÞdX

1
2

R
X ðeexÞTDðeexÞdX

vuut ; ð43Þ

where the superscript ‘‘ex’’ represents the exact or analytical solu-
tion and the superscript ‘‘num’’ denotes a numerical solution.

5.1. Linear dependence test

A known problem of PU-based methods with high order global
approximation is the linear dependence problem, which leads to
the rank deficiency of global (stiffness) matrices [57]. The material
(a) (b)

(d)

Fig. 4. Meshes for investigation of linear dependence issue (4-constrain
parameters in this test are listed as Young’s modulus E = 1.0, Pois-
son’s ratio v = 0.25, and the plane stress condition is assumed. The
meshes for this test are shown in Fig. 4. The number of computed
zero eigenvalues for both Quad4-CNS1 (NMM) and Quad4-CNS2
(NMM) elements is shown in Table 1. According to the numerical
tests, before applying boundary condition, a total of three zero
eigenvalues (corresponding to the three rigid body modes) are
found for all the meshes in both Quad4-CNS1 (NMM) and
Quad4-CNS2 (NMM) elements. The number of zero eigenvalues is
also found to be invariant with respect to the mesh geometry and
mesh refinement. Moreover, by applying the boundary conditions,
there are no more zero eigenvalues left. This suggests that the pro-
posed Quad4-CNS (NMM) element is free of linear dependence
problem.

5.2. Cantilever beam subject to a tip-shear force

A two dimensional cantilever beam subjected to a tip-shear
force with length L, height D, and the unit thickness is studied
for the various behaviors of Quad4-CNS (NMM) element as a
benchmark problem. The beam is fixed at the left end and sub-
jected to a parabolic traction P at the free end in Fig. 5. The analyt-
ical solution is available and can be found in reference [68]:

ux ¼ Py
6EI

ð6L� 3xÞxþ ð2þ mÞ y2 � D2

4

 !" #
; ð44Þ

uy ¼ � P
6EI

3my2ðL� xÞ þ ð4þ 5mÞD
2x
4

þ ð3L� xÞx2
" #

; ð45Þ

where, the moment of inertia I for a beam with rectangular cross
section and unit thickness is given by I = D3/12.

The stress corresponding to the displacements are

rxxðx; yÞ ¼ PðL� xÞy
I

; ryyðx; yÞ ¼ 0; sxyðx; yÞ ¼ � P
2I

D2

4
� y2

 !
:

ð46Þ
(c)

(e)

s in both the x- and y-directions, s-constrains in the y-direction).



Table 1
Nullity of stiffness matrices of Quad4-CNS1(NMM) and Quad4-CNS2(NMM) elements, see Fig. 4 for the meshes.

Mesh Total
DOfs

Quad4-CNS1(NMM) Quad4-CNS2(NMM)

Nullity DOfs (without essential
boundary treatment)

Nullity DOfs (apply essential
boundary treatment)

Nullity DOfs (without essential
boundary treatment)

Nullity DOfs (apply essential
boundary treatment)

(a) 8 3 0 3 0
(b) 12 3 0 3 0
(c) 18 3 0 3 0
(d) 24 3 0 3 0
(e) 32 3 0 3 0

Fig. 5. A cantilever beam subjected to a tip-shear force on the right end.

(a) mesh A (175 nodes)

(b) mesh B (297 nodes) 

(c) mesh C (451 nodes) 

Fig. 6. Mesh for cantilever beam subjected to a tip-shear force.
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(a) Relative error in displacement norm

Fig. 7. Comparison of accuracy for cantilever beam problem
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The parameters in the computation are taken as L = 48, D = 12,
P = 1000, E = 3.0 � 107, v = 0.3, and the plane stress condition is
assumed. In the computation, the points on the boundary of x = 0
are constrained using the exact displacements given from the ana-
lytical solutions, and the traction is specified on the boundary at
x = L using the analytical solutions.

To examine the convergence of numerical solutions in
Quad4-CNS (NMM) element, three discrete models with regular
grids are constructed as shown in Fig. 6. The convergence curves
are plotted in Fig. 7. Accuracy of Quad4-CNS1 (NMM) and
Quad4-CNS2 (NMM) elements in both displacement norm and
energy norm are compared to Trig3 (NMM) and Quad4 (NMM)
elements.

The numerical results of Quad4-CNS1 (NMM) element are all
significantly better than those of Trig3 (NMM) and Quad4 (NMM)
element in both the displacement and energy norm. Through
increasing the support order (second order support is adopted) of
physical patches on the computational boundary, the performance
of Quad4-CNS2 (NMM) element is even much better than that of
Quad4-CNS1 (NMM) element. However, the extra computational
cost for Quad4-CNS2 (NMM) element is limited as compared to
Quad4-CNS1 (NMM) element.

The convergence rates of Quad4-CNS1 (NMM) and Quad4-CNS2
(NMM) elements are �3.89 and �2.79 respectively in the displace-
ment norm, which are all significantly better than the convergence
rates of Trig3 (NMM) (�2.03) and Quad4 (�2.14). The convergence
rate of Quad4-CNS1 (NMM) element is �1.62 in the energy norm,
which is also significantly better than the convergence rates of
Trig3 (NMM) (�1.02) and Quad4 (NMM) (�1.07). The convergence
rate of Quad4-CNS2 (NMM) element, however, is comparable to
that of Trig3 (NMM) and Quad4 (NMM) elements in the energy
norm.

Fig. 8 shows the contour of rx on the regular mesh for Trig3
(NMM), Quad4 (NMM) and Quad4-CNS2 (NMM) elements. It can
be found that the global stress field of Quad4-CNS2 (NMM) ele-
1.1 1.2 1.3

-2

-1.5
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-0.5

0
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1

lg(n)/2

lg
e e

Trig3(NMM)( R=-1.02)
Quad4(NMM)(R=-1.07)
Quad4-CNS1(NMM)(R=-1.62)
Quad4-CNS2(NMM)(R=-1.04)

(b) Relative error in energy norm 

subjected to a tip-shear force (see Fig. 6 for the mesh).



(a) Trig3 (NMM)

(b) Quad4 (NMM)  

(c) Quad4-CNS2 (NMM)

Fig. 8. Contour plot of rx for the cantilever beam subjected to a tip-shear force (see
Fig. 6(a) for the mesh).

(a) The geometry and the
 boundary conditions

(b) example mesh with
 19×39 layers 

Fig. 9. An edge-cracked plate subjected to a uniform tensile loading.

Table 2
Convergence of normalized SIFs against mesh density for an edge crack under tensile load

Element type Normalized SIFs R

Quad4-CNS2(NMM) MI 2.0
2.5
3.0

XQ4 [50] MI 2.0
2.5

XCQ4 [50] MI 2.0
2.5
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ment is smoother than that of Trig3 (NMM) and Quad4 (NMM)
elements.

5.3. An edge crack under tensile load

In this section, the simplest fracture problem, a finite rectangu-
lar plate with an edge crack subjected to a uniform tensile load on
the top of the plate, as shown in Fig. 9, is considered. The geometry
and the boundary conditions are schematically depicted in Fig. 9
(a). Fig. 9(b) displays an example mathematical mesh with
19 � 39 layers for this problem. The parameters in the computa-
tion are taken as H = 8, W = 7, r = 1, E = 3.0 � 107, v = 0.25, a = 3.5,
and the plane strain condition is assumed. The analytical solution
of SIFs for such a structure is given by Ewalds and Wanhill [69]:

KI ¼ Cr
ffiffiffiffiffiffi
pa

p
; ð47Þ

where the correction coefficient is determined by

C ¼ 1:12� 0:231
a
W

� �
þ 10:55

a
W

� �2
� 21:72

a
W

� �3
þ 30:39

a
W

� �4
:

ð48Þ
The influence of R, as depicted in Fig. 3, on the SIFs in terms of the

developed Quad4-CNS2 (NMM) element is numerically investi-
gated. Three different values of Rd (defined in Eq. (40)) such as
Rd = 2, 2.5, and 3 are taken while three regular mathematical
meshes with 19 � 39, 29 � 59 and 39 � 79 layers are used. Conver-
gence of the normalized SIFs against mesh density for this problem
is given in Table 2. Accuracy of Quad4-CNS2 (NMM) element is com-
ing.

Mesh

19 � 39 29 � 59 39 � 79

0.975 0.988 0.994
0.966 0.978 0.984
0.968 0.980 0.986

0.972 0.983 0.989
0.967 0.978 0.984

0.976 0.988 0.993
0.971 0.983 0.988

(a) The geometry and the
 boundary conditions

(b) example mesh with 
9 × 21 layers

Fig. 10. A rectangular plate with a central crack subjected to tension.
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Fig. 11. Convergence rates in relative errors of SIFs at crack tip A for the rectangular
plate with a central crack subjected to tension.
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pared with extended quadrilateral element (XQ4) and extended
consecutive-interpolation quadrilateral element (XCQ4) [50].

It is obvious that the accuracy of the SIFs increases and
approaches to the exact solutions with increasing the number of
element layers. The variation of selected R shows some effects on
the accuracy of SIFs. The optimum Rd for Quad4-CNS2 (NMM) ele-
ment in this test is 2.0. When Rd is set to be 2.0, accuracy of the
developed Quad4-CNS2 (NMM) element is slightly better than that
of XQ4 and XCQ4 elements.
(a) The geometry and the boundary conditions 

(b) a mesh with 81×16 layers 

Fig. 12. A three-point bending test specimen.

(a) Step 0

(c) Step 2

(e) Step

Fig. 13. Propagation of the crack path for
5.4. A plate with a central crack subjected to tensile forces

As the second example for crack analysis, a rectangular plate of
homogeneous isotropic material with a horizontal central crack
under the action of uniform tension in the vertical direction is con-
sidered. The geometry and the boundary conditions are schemati-
cally depicted in Fig. 10(a). Fig. 10(b) displays an example
mathematical mesh with 9 � 21 layers for this problem. Under this
setting, the fracture is of pure mode I. The parameters are
W = 10.0 cm, L = 25.0 cm, a = 4 cm, and r = 1 N/cm2, Young’s mod-
ules E = 3 � 107 N/cm2 and Poisson’s ratio v = 0.25. The plane strain
condition is assumed. The analytical solution of SIFs for such a
structure is given by [70],

KI ¼ Cr
ffiffiffiffiffiffi
ap

p ð49Þ

where C is the modification factor to reflect the size effect, approx-
imated by

C ¼ 1� 0:025
a
W

� �2
� 0:06

a
W

� �4� �
sec

pa
2W

� �� �0:5
ð50Þ

Based on the formula present in Eq. (49), the analytical value for
this plate is KI = 3.9315 Ncm�3/2 [71]. Convergence of the relative
errors in SIFs (Re) against the number of nodes for this problem
is given in Fig. 11. Accuracy of Quad4-CNS2 (NMM) element is
compared with Quad4 (NMM) element.

The numerical results of Quad4-CNS2 (NMM) element are sig-
nificantly better than those of Quad4 (NMM) element for this prob-
lem. The convergence rate of Quad4-CNS2 (NMM) elements is
�1.72 which is significantly better than that of Quad4 (NMM) ele-
ment (�0.96).
5.5. Crack growth in a three-point bend specimen

In the previous two examples, the Quad4-CNS2 (NMM) element
has shown its ability to accurately calculate the SIFs. Since the SIFs
are very important factors in the prediction of crack propagation
direction, the present Quad4-CNS2 (NMM) element should be a
versatile and promising approach in solving crack propagation
problems.

As the first example for crack propagation, a three-point bend-
ing specimen under a concentrated load F = 1 and shown in Fig. 12,
is considered. The geometry and the boundary conditions are
schematically depicted in Fig. 12(a). Fig. 12(b) displays the mesh
for this problem. The parameters in the computation are taken as
D = 6, L = 12, s = 1, E = 2.0 � 108, v = 0.25, a = 3, and the plane strain
condition is assumed.
(b) Step 1

(d) Step 3

 4

a three-point bending test specimen.



(a) The geometry and the boundary conditions 

(b) a mesh with 80×20 layers 

Fig. 14. A beam under four-point loading.

(b) Step 3(a) Step 1

(d) Step 9(c) Step 6

Fig. 15. Propagation of the crack path in a beam under four-point loading by the Quad4-CNS2 (NMM) element.

P 5P

Fig. 16. Propagation of the crack path in a beam under four-point loading by the
virtual node method for polygonal element [72].

Fig. 17. A perforated plate with a circle hole subjected to a uniform tensile loading.
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Since this example is a pure mode I problem, the crack propaga-
tion path should be a vertical line. The propagation of crack path by
the present Quad4-CNS2 (NMM) element is shown in Fig. 13. It is
obviously that the Quad4-CNS2 (NMM) element accurately pre-
dicts the propagation of crack path and agrees well with the theo-
retical prediction.

5.6. Crack growth in a beam under four-point loading

As the second example for crack propagation, a pre-cracked
beam subjected to four-point shear loading is considered. This
example has been studied by Tang et al. [72] using the virtual node
method for polygonal element (VNMPE). The geometry and the
boundary conditions are schematically depicted in Fig. 14(a).
Fig. 14(b) displays the mesh for this problem. The parameters in
the computation are taken as L = 4, P = 1, E = 2.0 � 108, v = 0.25,



Fig. 18. Mesh for plate with a circle hole subjected to a uniform tensile loading
(Mesh with 25 � 76 layers, 1962PPs).

(a) Step 0 (b) Step1 (c) Step 3

(d) Step 5 (e) Step 7 (f) Step 9 

Fig. 19. Propagation of the crack path in a perforated panel subjected to a uniform
tensile loading by the Quad4-CNS2 (NMM) element.

(a) (b) (c)

Fig. 20. Propagation of the crack path in a perforated panel subjected to a uniform
tensile loading by the extended meshfree Galerkin radial point interpolation
method [66].
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a = 0.2, and the plane strain condition is assumed. The crack path of
crack propagation obtained by the Quad4-CNS2 (NMM) element is
shown in Fig. 15. As expected, the propagation of the crack path is
well consistent with that predicted by the VNMPE [72], see Fig. 16.
Initially, the cracks move away from each other, and finally they all
move toward the loading points.

5.7. Crack growth in a perforated panel with a circular hole

As the final example for crack propagation, a perforated plate
with a fixed bottom edge and subjected to a uniform tensile load
r at the top edge as schematically depicted in Fig. 17 is considered.
This example has been studied by Leonel and Venturini [73] using
BEM, and by Nguyen et al. [66] using extended mesh free Galerkin
radial point interpolation method (X-RPIM). Fig. 18 displays the
mesh for this problem. The parameters in the computation are
taken as H = 3; h1 = 1.5; h2 = 1.2; b1 = 0.7; b2 = 0.3; initial crack
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length a = 0.1; r = 5000, E = 3.0 � 107, v = 0.2, and the plane strain
condition is assumed. The crack growth paths obtained by the
Quad4-CNS2 (NMM) element are shown in Fig. 19. As expected,
the propagation of the crack path is well consistent with that pre-
dicted by both the BEM and X-RPIM, see Fig. 20. As already stated
in [73,66] and again found in this study that the crack tip
approaches the hole, it turns toward the hole and finally collapses
with the hole.
6. Discussions and conclusions

In this study, a four-node quadrilateral element fitted to the
numerical manifold method with continuous nodal stress named
as Quad4-CNS (NMM) element has been built. This element per-
forms excellently for linear elastic continuous and fracture prob-
lems. Some important observations from this work are as follows:

(1) The stress field of Quad4-CNS (NMM) element is continuous
at the nodes. With this advantage, the nodal stress can be
conveniently obtained without any smoothing operation.

(2) The present Quad4-CNS (NMM) element is free from the
‘‘linear dependence” issue which otherwise cripples many
of the partition of unity based methods with high order
approximation.

(3) Inheriting all the advantage from numerical manifold
method (NMM), Quad4-CNS (NMM) element is very suitable
to solve crack propagation problems, because Quad4-CNS
(NMM) element can always adopt regular mesh without
considering the problem domain boundary to construct the
global approximation.

(4) In solving the linear elastic continuous problem, accuracy of
Quad4-CNS1 (NMM) (first order support is adopted for the
physical patches on the computational boundary) element
is generally better than that given by Trig3 (NMM) and
Quad4 (NMM) elements. The results obtained from the
Quad4-CNS1 (NMM) element also exhibit a faster conver-
gence than Trig3 (NMM) and Quad4 (NMM) elements. The
present Quad4-CNS2 (NMM) (second order support is
adopted for the physical patches on the computational
boundary) element gives much better results compared to
Trig3 (NMM), Quad4 (NMM) and Quad4-CNS1 (NMM)
elements.

(5) In solving the fracture problems, if proper interaction inte-
gral radius is adopted, the present Quad4-CNS2 (NMM) ele-
ment generally obtains higher accuracy than both extended
quadrilateral element (XQ4) and extended consecutive-
interpolation quadrilateral element (XCQ4) [50].

(6) In the crack propagation analysis, the propagation of the
crack paths obtained by Quad4-CNS2 (NMM) element are
consistent with those predicted by other numerical and the-
oretical methods.

Without increasing the number of nodes, Quad4-CNS (NMM)
provides alternative approach to improve accuracy of traditional
NMM, however this increases the bandwidth of the global stiffness
matrix and increases the computational time. Considering the
whole computation process comprehensively, as Quad4-CNS
(NMM) is able to obtain much better results than traditional
NMM under the same mesh, it decrease the time to generate very
fine discretized model, which is normally time consuming. In addi-
tion, Quad4-CNS (NMM) does not require extra time to smooth
nodal stress.

In view of the advantages of the Quad4-CNS (NMM) element, it
is worth to further study and apply it to other fields such as seep-
age, heat conduction and elastic-plastic problems. It is also worth
to extend the two dimensional Quad4-CNS (NMM) element to its
three-dimensional version to solve more realistic problems. It is
noticed the present work is still very preliminary. In the following
work, we will apply the present Quad4-CNS (NMM) element to sta-
tic and dynamic multiple crack propagation problems.
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