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SUMMARY 

Represented by the element free Galerkin method (EFGM), the meshless methods based on 

the Galerkin variational procedure have made great progress in both research and application. 

Nevertheless, their shape functions free of the Kronecker delta property present great troubles 

in enforcing the essential boundary condition and the material continuity condition. The 

procedures based on the relaxed variational formulations, such as the Lagrange multiplier 

based methods and the penalty method, strongly depend on the problem in study, the 

interpolation scheme, or the artificial parameters. Some techniques for this issue developed 

for a particular method are hard to extend to other meshless methods. Under the framework 

of partition of unity and strict Galerkin variational formulation, this study, taking Poisson’s 

boundary value problem for instance, proposes a unified way to treat exactly both the 

material interface and the nonhomogeneous essential boundary as in the finite element 
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analysis, which is fit for any partition of unity based meshless methods. The solution of 

several typical examples suggests that compared with the Lagrange multiplier method and the 

penalty method, the proposed method can be always used safely to yield satisfactory results. 

KEY WORDS: meshless methods; Galerkin variational procedure; partition of unity; 

numerical manifold method; moving least squares interpolations 

1. INTRODUCTION 

Since the element free Galerkin method (EFGM) was developed [1] to get rid of shackles of 

finite element meshes in addressing some challenging situations, such as the simulation of 

crack propagation and large deformation, the research on meshless methods has made great 

progress with increasing applications to a variety of industries. So far, there have been over 

twenty types of meshless methods and several ways of classifying these methods [2]. 

Represented by EFGM, the reproducing kernel particle method (RKPM) [3], the natural 

element method (NEM) [4] and the natural neighbor Galerkin method (NNGM) [5], however, 

the methods in the framework of the Galerkin variational formulation or its extensions are 

approaching maturity due to their solid mathematical foundations. In the following, brief 

reviews are made on those Galerkin based meshless methods. 

Although EFGM is recognized to have excellent numerical properties, it suffers from two 

aspects of blames. The first is time-consuming in the calculation of shape functions and their 

derivatives; and the second, shared by RKPM, lies in difficulties in imposing essential 

boundary conditions. The second drawback is especially a big handicap for the meshless 

method to achieve more extensive applications. 
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The reason to cause difficulties of EFGM and RKPM in imposing the essential boundary 

conditions is that shape functions usually do not satisfy the Kronecker delta property. 

Therefore, imposing the essential boundary conditions is not as trivial as in the finite element 

method. In recent years, many specific techniques for the enforcement of essential boundary 

conditions in meshless methods have been developed. They can be classified in three main 

groups: (1) methods based on a modification of the weak form, such as the Lagrange 

multiplier method [1], the penalty method [6] and the Nitsche method [7]; (2) methods 

coupling with finite element methods, see [8] and [9]; and (3) methods that can be interpreted 

as a modification of the interpolation shape functions, see [10] and [11] for instance. 

If the Lagrange multiplier method is utilized to treat the essential boundary condition, the 

approximation to the Lagrange multiplier should satisfy the inf-sup condition so as to assure 

the numerical stability, which, however, is not an easy task. The best penalty parameter in the 

penalty method is usually strong problem dependent. If the analytic solution or the reference 

solution of the problem is unknown, selecting a proper penalty parameter is a huge task. The 

Nitsche method is not so sensitive to the penalty parameter or the regularization parameter. 

Yet determining the best regularization parameter is not a trivial thing, because it is related to 

a generalized eigenvalue problem. 

Using the Kronecker delta property of the finite element shape functions, Belytschko et al 

[8] proposed a coupled FE–EFG method, in which a layer of finite elements are deployed 

along the essential boundary and used to approximate the field variable in these finite 

elements. Naturally, such a problem arises in this treatment: how to make equal the precision 

of the field variable in the finite elements and the particle approximated region. This was 
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probably why Babuška et al did not give out the error estimation to this method in their 

all-inclusive paper [12]. 

Creating shape functions with the Kronecker delta property usually needs delicate and 

specific skills. For examples, Gosz and Liu [10] developed the RKPM shape functions that 

vanish on a straight line on which the essential boundary condition is imposed. Wang and 

Xuan [11] constructed the NURBS shape functions for those interior particles that vanish on 

the essential boundary, by employing open knot vectors and a transformation method that 

relates the control variables to the collocated nodal values at the essential boundary. Great 

success as they have achieved in the CAD arena, the NURBS functions are less familiar to 

engineers and researchers than polynomials or other meshless shape functions. Some efforts 

are necessary to extend the procedures in both [10] and [11] to other PU functions. By means 

of Voronoi cells of the nodes, NEM [4] and NNGM [5] utilize the Sibson interpolation and 

non-Sibson interpolation to construct the shape functions that have strict Kronecker delta 

property, and are arbitrarily smooth everywhere but at nodes. 

It should be mentioned that whatever shape functions are used to construct the test and trial 

functions, if no information of the solution is utilized, it cannot be expected that the best 

approximation can always be reached to any problems. This has been confirmed in the past 

and will further be confirmed by the examples subsequently. For example, if the solution is 

asymptotic with    around the origin (0, 0), one cannot approximate it very well merely by 

the piecewise polynomials in that    is singular at (0, 0). Here,   is the distance to point (0, 

0), and   < 1. 
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In addition to the above three main groups of methods, some other procedures have been 

proposed. For example, Jagkowiec and Milewski [13] laid off a thin layer of material along 

the essential boundary or the material interface and utilized finite difference to approximate 

partial derivatives of the field variables in the thin layer, leading to an asymmetric coefficient 

matrix. By direct splitting the meshfree function space, Schweitzer [14] implemented a 

conforming local treatment of essential boundary data, where the PU-functions must be 

flat-top. Wu [15] constructed an alternative meshless approximation that restores a weak 

Kronecker-delta property at the boundary, and allows the direct treatment of essential 

boundary conditions. Oh and Jeong [16] introduced an almost everywhere partition of unity 

that satisfies the partition of unity except a few points along boundary, and showed the 

convergence of the partition of unity. 

The PU-functions free of Kronecker delta property also present difficulties in treating 

material interfaces. In the context of the Galerkin variational formulation, as is well known, a 

material interface is a weak discontinuity across which the approximated primal variable is 

required to be continuous but the derivatives are permitted to be discontinuous. Ignoring this 

weak discontinuity would incur arbitrarily slow approximation to the solution [17]. 

There have been numerous research works devoted to the treatment of material interfaces. 

For example, International Journal for Numerical Methods in Engineering recently ran a 

special issue to report the advances on the treatment of material interfaces [18]. Embedded 

interface methods, also known as immersed interface methods, are particularly designed to 

increase the geometric flexibility of discretization schemes and to alleviate meshing related 

difficulties. By and large, some techniques adopted in the treatment of the essential boundary 
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condition, such as the Nitsche procedure [19, 20], can also be utilized to treat the material 

interface. In the framework of finite elements, the immersed interface method also constructs 

a triangular compatible element containing a straight interface [21]. If NEM [4] or NNGM [5] 

are used to analyze a material interface problem, some nodes should be deployed on the 

interface to assure the continuity. 

In summary, the approaches for addressing essential boundaries and material interfaces are 

in parallel development. Within the stark Galerkin variational framework, rather than the 

relaxed forms such as the penalty method, the Lagrange multiplier method or the Nitsche 

method, and in the perspective of the numerical manifold method (NMM), it is shown in this 

study that both the essential boundary condition and the material interface continuity 

condition can be imposed exactly in a unified way. By the proposed procedure, it is not 

necessary to make the shape functions satisfy the Kronecker delta property. Instead, we only 

need to make the local approximations defined on those patches that intersect with the 

essential boundary or material interface satisfy the relevant conditions. This 

“from-local-to-global” idea is actually from differential topology. 

The paper is organized as follows. 

Section 2 defines the Poisson boundary value problem to be studied in this study, in which 

both the nonhomogeneous essential boundary and the material interface are involved. In 

section 3, NMM is briefed, which deviates from the standard statement by allowing some of 

the degrees of freedom vector to have given constants. Section 4 expounds the construction 

of local approximations over typical physical patches, where, in the strict framework of the 

Galerkin variational formulation, the nonhomogeneous boundary condition is addressed in a 
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systematic way. In section 5, a further discussion of FEM and NMM is made, with emphasis 

on difference in the construction of the global approximations. Some typical boundary value 

problems of the Poisson PDE are solved in section 6 using the proposed procedure, and 

comparisons are made with the penalty method and the Lagrange multiplier method. In 

section 7, conclusions are made, followed by some discussions. 

2. STATEMENT OF THE PROBLEM 

Let’s denote by   the problem domain, a two-dimensional finite open region. Without loss 

of generality,   is assumed to consist of two materials occupying the open regions    and 

  , respectively, with the material interface  =     . Here,    and    are the 

respective closures of    and   . The boundary value problem of Poisson’s PDE, which 

will be referred to as the Poisson problem subsequently, is stated as follows 

          , in        ;         (1) 

with the essential (Dirichlet) boundary condition 

    , on   ;       (1.1) 

the natural (Neumann) boundary condition 

 
  

  
   , on   ;       (1.2) 

and the material interface continuity condition 

     , on  ,       (1.3) 

  
  

  
   , on  .      (1.4) 

Here,    and    are given functions; function        is defined as 

        
  ,         

  ,         

 .      (2) 

       in equation (1) is a given function.    and    are the boundaries on which the 
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essential boundary condition and the natural boundary condition are given respectively, with 

the relationship of       =    and      = 0;    being the boundary of  . 

    represents the jump of the field variable   across  , namely, 

         , on  ,        (3) 

and thus 

  
  

  
    

   

  
   

   

  
;       (4) 

  is the unit normal vector pointing to   . Here,    denotes the limit of function        

defined in    approaching to        , etc. 

The Galerkin variational formulation equivalent to the above PDE formulation is as 

follows. Find the function     
    , such that 

               ,       (5) 

for any     
    . Here, 

              
 

,       (6) 

   is the gradient of function  ; and 

        
 

     
  

.       (7) 

is the linear functional defined on   
    , which represents the set of test and trial functions, 

defined as 

  
                   on    and       on    ,  (8) 

indicating that the Dirichlet condition (1.1) and the continuity condition (1.3) remain as the 

essential conditions in the variational formulation that must be satisfied by the 

approximations; while the Neumann condition (1.2) and the flux equilibrium condition (1.4) 

are the natural conditions that do not have to be satisfied by the approximations. 
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3. BRIEF INTRODUCTION TO NMM 

Different from other PU based methods, NMM is characterized by the two detached covers, 

namely, the mathematical cover and the physical cover. The mathematical cover consists of a 

finite number of mathematical patches, collectively denoted by    
  . Each mathematical 

patch   
  is actually a simply connected domain. All the mathematical patches    

   are 

required to cover the problem domain  . 

Fig. 1 demonstrates a 2-dimensional example, where  , marked by the thick lines and 

containing a bifurcation crack, is covered by three mathematical patches,   
 : a bigger circle, 

  
 : a smaller circle, and   

 : a rectangle. 

The physical cover is a collection of physical patches, collectively represented by     . 

These physical patches      are generalized by cutting all the mathematical patches    
   

with the components of the problem domain, including the material interface, the 

discontinuity and the boundary. But in this study, the material interface will not cut any 

mathematical patches; instead it is embedded in the physical patches. This is different from 

the literature on NMM. For example, the mathematical patch   
  is cut by the boundary and 

the crack into two separate physical patches   
  and   

  in Fig. 2; the mathematical patch 

  
  is cut into   

  and   
  in Fig. 3; and the mathematical patch   

  is cut into   
  and 

  
  in Fig. 4. Here,   

 
 represents the j-th physical patch generated from the mathematical 

patch   
 . However, for convenience in both presentation and programming, we identify all 

the physical patches   
 
 with a subscript. Therefore, we obtain the six physical patches as 

follows:   (=  
 ),   (=  

 ),   (=  
 ),   (=  

 ),   (=  
 ), and   (=  

 ). 

Associated with each mathematical patch   
  is a PU function   

 . All the PU functions 
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constitute the PU    
   subordinate to the mathematical cover    

  . Since each physical 

patch    is a part of the corresponding mathematical patch   
 , limiting   

  (on   
 ) onto 

   gives the PU function of   , denoted by   . All the PU functions constitute the PU      

subordinate to the physical cover     . 

For example, subordinate to the six physical patches    to    in Figures 2 to 4 are the 

PU functions         to        . 

Over all the physical patches      we respectively construct the approximations to 

solution       , collectively represented by    
  . Each   

  should reflect the main features 

of solution   over    and can be always expressed by a linear combination of a group of 

the predefined functions, reading 

  
                ,         ,     (9) 

where         is the row vector of the predefined basic functions and dependent on the type 

of   , to be expounded in the next section;    is the vector containing all the degrees of 

freedom associated with   . Different from the standard statements of NMM, such as [22] 

and [23],    might contain the number, 1 (one), as its one component, so as to let   
  

capture the local feature of solution   over   . However, we still call    the degrees of 

freedom vector of    subsequently. 

By using the local approximations    
   over all the physical patches      defined in 

equation (9), we have the global approximation to solution  , reading 

                  
       .      (10) 

By substituting equation (9) into equation (10), we have 

               .        (11) 
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Here,        is the row vector defined as 

                            ,     (12) 

with         being the row vector associated with the physical patch   , defined as 

                      ;      (13) 

and the degrees of freedom vector   is composed of the components of    of all the 

physical patches. 

Now that some vectors    might contain components with the value of the number, 1 

(one), so does the vector  . It will be convenient to denote by    the subset of all the 

component indices of vector  , with the definition as follows. If     , then     ; if 

    , then    is a undetermined component of vector  . 

To this point, we have constructed the NMM space, denoted by   
    . According to the 

construction procedure to be expounded in the next section,   
     is the proper subspace of 

  
    . In other words, all the elements in   

     are in   
    , see the definition in 

equation (8); yet there exist elements in   
     that are not in   

    . Any function in 

  
     can be expressed by a linear combination of functions of the row vector         in 

equation (12). 

It should become clear that the mathematical cover is simply utilized to generate the PU 

subordinate to the physical cover that is obtained by cutting the mathematical cover with the 

components of problem domain. It is because of splitting those originally integral 

mathematical patches into the separate physical patches, each of which has totally 

independent approximations, that the jump of solution across discontinuities are naturally 

reproduced [24]. This presents the major difference between NMM and other PU based 
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methods such as GFEM. 

Now we take another function      
    , expressed by 

                .      (14) 

Here,    is any vector with the same property as vector   in    of equation (11), namely, 

  
    if     ; otherwise,   

  is a variable. 

By substituting    in equation (11) and    in equation (14) for   and   in equation 

(5), respectively, we have the NMM system of equations as follows. 

    ,        (15) 

Here,         is the stiffness matrix defined by 

     
           if              

         or      but    
                               

 ,     (16) 

and the vector        with the definition 

    
                     if     

            
 .    (17) 

Here,         is the i-th component function of the row vector        in equation (12). 

It can be seen from equations (16) and (17) that the treatment of the essential boundary 

condition is straightforward as in FEM. 

Consequently, as long as the local approximations over all the physical patches are 

obtained and these local approximations satisfy some prescribed properties such as the 

essential boundary condition, we can immediately have the global approximation that 

automatically satisfies the same prescribed properties as the local approximations. The next 

section will expound how to construct the local approximations. 
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4. LOCAL APPROXIMATIONS OVER PHYSICAL PATCHES 

In the boundary value problems such as the Poisson problem in this study, only a limited 

number of different types of physical patches exist. In this section, we will expound how to 

construct the local approximations over these typical physical patches associated with the 

Poisson problem. 

4.1 Ordinary patches 

By an ordinary patch    we mean that the boundary of    contains neither the essential 

boundary nor the interface. To avoid unnecessary distractions, the approximations over    

are designated as constants, namely, 

  
         ,  (   )   .      (18) 

Corresponding to equation (9) are the one-dimensional basis vector 

           ,       (18.1) 

and the one-dimensional degree of freedom vector 

       .   (18.2) 

4.2 Embedded interface patches 

The physical patch    is assumed to contain a segment of material interface, denoted by   . 

In the literature on NMM, the mathematical patch   
  will be split by    into two 

separate physical patches   
  and   

 ; then, over   
  and   

  the approximations are 

constructed independently; last, the continuity condition (1.3) across the interface is enforced 

in the weak sense by using either the Lagrange multiplier method or the penalty method. In 

this study, however, the mathematical patch   
  will not be split. Instead, over the physical 

patch    (   
 ) we will directly construct local approximations to capture the weak 
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continuity of solution across the material interface. 

By means of the technique in XFEM, An et al [25] introduced an enhancement function of 

one variable, represented by     . Wherein,      is continuous with a compact support, 

but       is discontinuous, and accordingly referred to as hinge function. The independent 

variable   is the algebraic distance of the point of interest to the material interface. 

Now, let’s analyze the behavior of solution   over    embedded with the material 

interface   . The equation of    is represented by         . Then the function defined 

by 

  
        

     
          

       , if         
 

     
          

       , if         
 
 ,   (19) 

is apparently continuous over the whole      
    

 , but in general not smooth across    

because   
    

 . Here,    ,   
 ,   

  and   
  are undetermined degrees of freedom 

associated with   . The function        is such that the curve          is nearly 

perpendicular to   . 

The approximation by equation (19) is constructed according to the following fact. The 

approximation   
  over    can take the global coordinate       as its variables and 

written as   
      , yet it can also take as its variables the curvilinear coordinates      , 

and accordingly written as   
      , because       = const and       =const generate 

two clusters of coordinate curves on   , and    corresponds to the g-line with    . Fig. 

5(a) illustrates a curvilinear coordinate system on   . In practice, the line        = 0 is 

made perpendicular to the line passing the two ends of   , as shown in Fig. 5(b). 

The first two items in equation (19), namely    and   
         or   

        , are 
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necessary, which present the rigid movement mode and assure the interface continuity, 

respectively; while the item   
        is optional, merely assuring the balance of the 

curvilinear coordinate in the approximation   
 . 

From another perspective, the first branch of   
  in equation (19) can also be deemed the 

first order Taylor expansion of the solution        in   
  at the origin       = (0, 0) in 

the curvilinear coordinate system on   . The second branch of   
  in equation (19) has the 

similar explanation to the first branch. 

Equation (19) can also be expressed in the compact form 

  
            

                 
                 

       , (20) 

where        ,      , is the indicator function of domain   
 
, reading 

         
 , if         

 

 , if         
 
 ,      (20.1) 

Corresponding to equation (9) are the 4-dimensional basis vector 

                                              ,    (20.2) 

and the 4-dimensional degrees of freedom vector 

         
    

    
   .      (20.3) 

Equation (20) can be extended to 3-dimensional case directly as follows.     =0 still 

represents the equation of material interface    embed in   . Here,   denotes the position 

vector corresponding to point        .     =0 is another curve surface nearly perpendicular 

to     =0, and     =0 denotes the third curve surface nearly perpendicular to both     =0 

and     =0. The 3D version of equation (20) is 

  
          

             
             

        
     . 
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4.3 Patches with an essential boundary 

It is supposed that the boundary of patch    has a segment of essential boundary   
  

expressed by the equation       =0. On   
 , the solution        is given as        = 

      , see equation (1.1), as illustrated in Fig. 6(a). 

The approximation over    is taken as 

  
                

          
             .   (21) 

Here, the function        is such that the curve          is nearly perpendicular to   
 . 

Corresponding to equation (9) are the 3-dimenaional basis vector 

                                    ,    (21.1) 

and the 3-dimensional degrees of freedom vector 

      
    

     ,       (21.2) 

with the last component equal to one. 

Equation (21) can be directly extended to 3-dimensional cases as well. 

A particular case is that at merely a point,         say, in  , a given value     is 

specified. In this case.   
       can take the first order Taylor expansion of the solution 

       with respect to point        , reading 

  
            

          
       , 

for any    containing        . 

A more complex case is sometime encountered, where the boundary of patch    includes 

two essential boundary segments   
 -  expressed by        =0 and   

 -  by          , 

as shown in Fig. 6(b). Further, the solution        is specified on the two boundary 

segments as 
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       ,          

 - 

       ,          
 - 

 .     (22) 

In this case, the local approximation over    takes on the form 

  
                              ,     (23) 

for         , where        is defined as 

       
                             

               
.      (23.1) 

Apparently, the function        satisfies the essential boundary condition (22), so does 

  
       defined in equation (23). 

If equation (23) is written in the form of equation (9), we have the 2-dimensional basis 

vector 

                               ,     (23.2) 

and the 2-dimensional degrees of freedom vector 

         
 ,       (23.3) 

with the second component equal to the constant: one. 

In a systematic way as in equation (23) this study deals with the nonhomogeneous 

boundary consisting of piecewise smooth curves. 

In addition, it is worth remarking that if the essential boundary segments   
 -  and   

 -  

are both straight lines, other basis functions exist, which may have better asymptotic 

behaviors than      in equation (23), see [26] and Example 4 in section 6. 

For 3-dimensional cases, the boundary of patch    is supposed to compose of more than 

two essential boundary segments   
 -  expressed by      =0, which form a cone surface. 

The solution        is specified piecewise on the surface as 
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           ,     
 - . 

The 3D version of equation (23) is as follows 

  
                   , 

with    denoting the multiple multiplication with respect the index  , and 

     
                 

           
. 

For example, the essential boundary of patch    composes of   
 - ,   

 -  and   
 -  with 

equations      =0,      =0 and      =0, which intersect at a point. Then, 

  
                           , 

with 

   
                       

              
. 

It is mentioned that using the -shape-based natural element method, Cueto et al [27] also 

implemented the imposition of essential boundary conditions with high accuracy, where the 

boundary can be convex or concave. 

4.4 Compound patches 

By a compound patch   , we mean that    embedded with the interface       =0 has an 

essential boundary       =0, on which the solution    , as shown in Fig. 7. In this case, 

we simply compose together the approximations for the two types of patches stated above, 

reading 

  
                

                       
                     

   
       .               (24) 

Corresponding to equation (9) are the 4-dimenaional basis vector 

                                                               , (24.1) 
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and the 4-dimensional degrees of freedom vector 

      
    

    
     ,       (24.2) 

with the first three components being the undetermined degrees of freedom and the last being 

the constant: one. 

It is noticed that the approximation         is actually constructed cell-by-cell. Here, 

“cell” means a simple domain in the background grid, which is a basic element used in the 

numerical integration of the variational formulation (5). In practice, therefore, a smooth curve 

essential boundary or a smooth curve material interface, defined in some way but with no 

explicit expression such as        = 0, can be approximated by a broken line. The turning 

points on the broken line are the intersection points of the essential boundary or the material 

interface with the cell boundaries. Fig. 8 illustrates the case of a curve essential boundary 

represented by the broken line. Obviously, if the background cells are small enough, the 

approximation is acceptable. 

5. FURTHER DISCUSSIONS OF FEM AND NMM 

In the history of FEM, substantial attention has been paid to the construction of element 

shape functions such that the local features of solutions are captured. And many elements of 

particular types have been developed. For example, Barsoum [28] created renowned 

quarter-point finite elements to reproduce the singularity at crack tips. In order to reflect 

singularity in the seepage analysis, Aalto [29] constructed more sophisticated singular 

elements. Li et al [21] developed immersed interface elements to enforce the interface 

continuity condition. 
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The creation of element shape functions with specific properties involves delicate skills, in 

that it is subjected to restrictions that the element shape functions need to satisfy the partition 

of unity, the Kroneck delta property and some singularity at a concave angle. In addition, it is 

hard to extend these skills to other situations. 

Even by using the finite element cover, in the construction of the approximations with 

particular properties, NMM pays little attention to the construction of element shape 

functions. Instead, endeavors are directly exerted onto the construction of local 

approximations over physical patches, which is much easier and more liberal than the 

creation of particular types of elements, on the ground that we have had huge resources in 

hand on the local behaviors of solutions. Here, a physical patch in a finite element cover is 

the union of all the elements linking at a node. 

Since the nineteenth century when mathematicians showed more concerns on the 

qualitative property of solutions to PDEs than the analytical solution, a great deal of 

knowledge on the local features of solutions to PDEs has been accumulated, which has been 

extensively exploited in constructing the approximations in the direct solutions of the 

classical calculus of variations, see [30] and [31], for example. After the advent of FEM, all 

those techniques in the direct solutions of calculus of variations have almost been tossed out, 

but only piecewise polynomials or iso-parametric interpolations are left to approximate 

everything. Thanks to NMM and other PU based methods, the qualitative features of 

solutions to PDEs and most of the techniques in the direct solutions of calculus of variations 

can be carried forward to the construction of local approximations over physical patches. As a 

result, the knowledge in classical calculus of variations regains its vigor if the numerical 
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solution of PDEs is implemented in the framework of NMM. 

At present, it appears that NMM and other PU based methods are mainly used to enhance 

the order of local approximations so as to improve the solution accuracy. For example, the 

replacement of constants over patches by high degree polynomials has been extensively 

adopted. However, such a practice has not exploited the major advantage of NMM, in that the 

essence of NMM is that as long as the local approximations are able to capture the features of 

a solution, the global approximation to the solution automatically reflects these features with 

no variational crime. Meanwhile, by NMM based MLS, it is easy to construct the global 

approximations that are smooth everywhere. 

6. ILLUSTRATIVE EXAMPLES 

In this section, some typical Poisson problems are designed to demonstrate the proposed 

procedure. Comparisons are made with the results from the Lagrange method and the penalty 

method. The interpolation scheme adopted for the examples is the MLS interpolation [32], 

where the MLS shape functions are constructed based on the weight function defined as 

           
      

  ,      (25) 

with 

  
  

    

  
,   

  
    

  
,      (25.1) 

and 

      

 

 
                 

 

 
 

 
        

 

 
      

 

 
    

                                    

 .     (25.2) 

Here,         is the coordinate of the ith node,    and    are lengths in the x- and 

y-direction of the support rectangle of        centered at node        . The linear 
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polynomial basis         is taken. 

It is remarked that the selection of MLS interpolation is by no means mandatory, and that 

any other interpolations will be acceptable as well, as long as their shape functions constitute 

the partition of unity. 

For all the examples, MLS nodes are evenly distributed in the problem domain with a span 

of  . The background grid, used to integrate the variational formulation (5), is formed by the 

Delaunay triangulation of these MLS nodes, but those triangles across the material interface 

are split into smaller triangles. The numerical integration of each background cell is the 

Hammer integration with 6 quadrature points except for Example 2 which uses 13 quadrature 

points for those cells cut by the circular interface. The influence domain radius of each MLS 

node is set 1.5h. 

The error is measured by the formula 

       
    

     
 

 

   
 

 
.         (26) 

The sum is with regard to all the cell vertices of the background grid, with   
  being the 

approximated value and the analytical value at vertex-i, respectively. 

Example 1 Dirichlet problem with two materials 

This example is from [33]. Referring to the definition of the Poisson problem stated in section 

1, the data include the right function       =0, and the problem domain 

                          , 

with two material regions 
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and 

                  . 

The material properties are      and       . All the boundaries are the Dirchlet type, 

with 

   
         , for          

 , otherwise
 . 

Figures 9 and 10 depict the distribution of   along x = 0.5 and the material interface. 

Illustrated in Fig. 11 is the comparison of convergence of the three methods, suggesting 

that the proposed method can converge more stable than other two methods. 

For this problem, the proposed procedure behaves best. However, the Lagrange method 

with continuous linear interpolation and the penalty method with a penalty value of 10
6
 also 

yield the results comparable with the proposed method. In addition, the proposed procedure 

can be improved greatly if the influence domain radius is 2h. 

Example 2 An inclusion problem 

In this problem,    is a circular domain with its center at the origin and radius    = 0.5.    

is a square of (–1, 1)(–1, 1) dug off   .      and   =1000. All the boundaries of   

(=     ) are the homogeneous essential boundary conditions. Given this data, the problem 

has the analytic solution as [34] 

        

  

  
        

  

  
  

 

  
 

 

  
   

         

 , 

corresponding to the right function     . Fig. 12 illustrates the problem domain and the 

node configuration. 
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Shown in Fig. 13 is the distribution of   along axis-y. It is mentioned that the circle takes 

an explicit expression in equation (20), namely,                    but is 

approximated with 120 equal line segments in the numerical integration. 

Still, the proposed procedure behaves best. The penalty method with a penalty value of 10
4
 

gives a satisfactory result as well. If the penalty value is taken as 10
6
, nevertheless, the 

penalty method gives a rather bad evaluation within the circular region. 

Contrary to Example 1, all the three Lagrange methods give the worst evaluation of the 

solution in the circular domain. 

Example 3 Mixed boundary value problem with only one material 

For this problem,  =(0,1)(0,1),  =0. The Neumann boundary    is homogeneous, 

including the boundaries x = 0 and y = 0. On the first essential boundary   -  (x = 1):    = 

    ; on the second essential boundary   -  (y = 1):    =     . 

Corresponding to these data is the analytic solution               . 

Figures 14 and 15 depict the distribution of solution   along sections x = 0.5 and y = 0.5. 

Fig. 16 displays the convergence rates of all the methods. 

From those three figures, we have to admit that the proposed method does not give the best 

result, although it behaves rather satisfactorily. Instead, the Lagrange multiplier method of 

three interpolation schemes and the penalty method with the penalty values of 10
4
 and 10

5
 all 

give a slightly more accurate results than the proposed method, whereas the penalty method 

with the penalty value of 10
6
 gives the worst result. 
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Example 4 Dirichlet problem on a non-rectangular domain [16] 

Illustrated in Fig. 17 is the problem domain  , where only one material is contained with the 

material parameter  =1. Let the analytic solution be 

                      , 

and all the boundaries are designated as the essential boundary conditions prescribed by the 

analytic solution. 

Fig. 18 displays the distribution of the MLS-nodes (  = 0.08), with some outside  , 

which, allowable in NMM [24], will improve the solution accuracy because those integration 

points near the boundary have the same number of MLS nodes to interpolate as those inside 

the problem domain but far from the boundary. Fig. 19 shows the corresponding background 

grid. 

For an angular patch    containing the homogeneous essential boundary of two straight 

lines, instead of equation (23), we have a better asymptotic approximation, reading 

  
                 

      , with   
  

 
,    (27) 

see [35] for example. Here,       is the polar coordinate with the pole at the vertex, as 

shown in Fig. 20. However, we point out that the approximation (27) gives the result almost 

identical to the approximation by equation (23). 

Figures 21 and 22 illustrate the distributions of   along x = 0.5 and y = 0.5, respectively. 

Although the proposed method gives a rather satisfactory result, to our surprise, the best 

result is given by the Lagrange multiplier method with piecewise constant interpolation. The 

penalty method with a penalty of 10
6
 gives the worst result. 
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Example 5 Confined seepage analysis of foundation under a weir [36] 

Fig. 23 shows a weir and its foundation with a row of sheet piles and a sloping impervious 

bottom. The foundation is assumed with the permeability of 10
-3

cm/s. The wall of sheet piles 

is simplified as an impervious wall without thickness. 

The problem falls into the confined seepage problems where the potential function   and 

the stream function   compose of a pair of conjugate functions which both are determined 

by the Poisson’s value problems. 

The essential boundary for the potential function   is as follows. On ABC,    = 3.048m; 

on DE,    = 0. The natural boundary includes: CD and AGFE. Since the sheet piles wall is 

assumed impervious, its two sides, EF and FG, are both impervious, corresponding to a crack 

that divides the supports of nodes close to the wall. 

Once the potential function   is solved, the stream function   can be easily obtained 

using the procedure in [36]. 

Two cases are designed to illustrate the effectiveness of using the asymptotic behavior of 

solutions. The first case is a dense node deployment with a node span of    = 0.2 but those 

patches containing the point F, a singular point, are specified as the ordinary ones; the second 

case is a coarse node deployment with a node span of    = 0.5 but those patches containing 

the point F are specified as the singular ones, over each of which,    say, the function basis 

   corresponding to equation (9) is 

                      
 

 
 , 

and the 3-dimensional vector 

      
   

   
   . 
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Here,       is the polar coordinate of the polar system with GF as the axis and point F as 

the origin. 

There are 11986 nodes in case 1 and 2024 in case 2. 

Shown in Fig. 24 are the flow nets corresponding to the two cases. From them we can see 

that case 2 using far less nodes, 2024, than 11986 nodes in case 1, gives rise to a much better 

result, because its flow net is more smooth near point F. The flow net should be arbitrarily 

smooth since the complex function       +        is analytic everywhere except at point 

F. Here,   and   are the potential function and the stream function in the above, 

respectively. 

By the MLS shape functions or any other shape functions alone, in a small domain close to 

point F, we cannot expect them to approximate very well the item      
 

 
 in the solution, in 

that the gradient of this item does not exist. As a result, the use of local information of 

solution is very effective to solution precision. 

7. DISCUSSIONS AND CONCLUSIONS 

Table 1 lists the behavior rank of the three methods adopted in solving all the first four 

examples in the foregoing section. From it the following conclusions can be drawn: 

(1) The proposed method can always give satisfactory results for all these cases, although it 

does not necessarily give the best result. 

(2) The Lagrange multiplier method strongly depends upon the interpolation scheme and 

the problem in study. None of the interpolation schemes always behaves well. For example, 

the Lagrange multiplier method with mortar interpolation behaves worst for Example 2 (h = 

0.25) but best for Example 3 (h=0.25). 
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(3) The penalty method strongly depends upon the penalty values, although the data of all 

the four problems have very little difference. 

To our disappointment, the proposed method does not always behave best, although it 

exactly satisfies the essential boundary condition while other methods do not. This, however, 

probably accords with our experiences gained in the FEA as well, where compatible elements 

do not necessarily give the best result. Instead, some incompatible elements, such as Wilson’s 

incompatible elements, might yield better results if the same mesh is used. Even so, 

compatible elements can always converge stably to the real solution, yet the same remark 

does not hold for incompatible elements. As is well known, the approximation space based on 

compatible elements is the proper subspace of the test space of the variational formulation. 

The NMM space,   
    , constructed by the proposed procedure, is always the proper 

subspace of   
     – the test space of the variational formulation of the Poisson problem; 

while this is not the case for the Lagrange multiplier method or the penalty method. This 

explains why the approximation yielded by the proposed method is not always best, but 

always satisfactory, and accordingly always safe to use, particularly for those problems the 

analytic solutions of which are not available. 

The Lagrange multiplier method or the penalty method depends strong upon the 

interpolation scheme or the artificial parameters, while the best interpolation scheme or the 

best artificial parameters are problem dependent. 
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Fig.1 A domain with a bifurcation crack is covered by three mathematical patches 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4 Two physical patches from   
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Fig. 3 Two physical patches from   
  Fig. 2 Two physical patches from   
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    (a)          (b) 

 

Fig. 5 (a) Curve coordinate system on patch   . The interface f = 0 separates    into the 

upper domain   
  and the lower domain   

 ; (b) Let line g = 0 be perpendicular to the line 

segment passing the two ends of interface  i
. g = constants give the f-lines on    

 

 

 

 

    (a)           (b) 

Fig. 6(a) Patch    has one segment of essential boundary f = 0; (b) Patch    has two 

essential boundary segments: f1 =0 and f2 =0. 
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Fig. 7 A compound patch with both interface g(x, y)=0 and essential boundary f(x,y)=0 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 8 The essential boundary AB is represented approximately by the broken line. The 

turning points of the broken line are the intersection points of the essential boundary AB and 

the background cell boundaries. See the details on the right. In our practice, all the 

background cells are actually triangular rather than quadrilateral. 
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Fig. 9 Variation of u vs y-coordinate at x = 0.5 (Example 1 and h = 0.1). In the legends, “1.5h” 

and “2h” are the results from the proposed method with 1.5h and 2h as the radius of the 

influence domain of each MLS node; “Piecewise Constant”, “Continuous Linear” and 

“Mortar Method” are the schemes of three different Lagrange Multiplier methods; “1e4”, 

“1e6”, and “1e8” are there penalty values adopted in the penalty method. 
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Fig. 10 Distribution of u along the material interface (Example 1 and h = 0.1). 

 

 

 

 

Fig. 11 Comparison of convergence rates (Example 1) 
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Fig. 12 Problem domain and node distribution of Example 2 

 

 

 

 
Fig. 13 Distribution of u along the horizontal axis (Example 2, h = 0.25). All the three 

Lagrange multiplier methods yield worst solution in the circular region. The proposed method 

gives the best result; the penalty method with penalty = 10
4
, a slightly less accurate than the 

proposed; nevertheless, it gives a quite worse result with penalty = 10
6
. 
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Fig. 14 Distribution of u along x = 0.5 (Example 3, h = 0.25) 

 

 

 

Fig. 15 Distribution of u along y = 0.5 (Example 3, h = 0.25) 
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Fig. 16 Comparison of convergence rates (Example 3) 

 

 

 

 

Fig. 17 Problem domain of Example 4 
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Fig. 18 A distribution of MLS nodes (h = 0.08) 

 

 

 

Fig. 19 Background grid corresponding to the distribution of MLS nodes in Fig. 18 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 20 A local polar system on physical patch    containing essential boundary of straight 

lines   
 -  and   

 -  (see also Eq. 27) 
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Fig. 21 Distribution of u along x = 0 (Example 4, h=0.08) 

 

 

Fig. 22 Distribution of u along y = 0.5 (Example 4, h=0.08) 
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Fig. 23 Weir on isotropic foundation with a row of pile sheets 

 

 

 

(a) Flow net from case 1 (h = 0.2 but with no singular patches around point F) with 11986 

nodes 

 

 

 

(b) Flow net from case 2 (h = 0.5 but with patches around point F being singular) with 2024 

nodes 

Fig. 24 Flow net from two cases 
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Table 1 Behavior ranks of three methods adopted for the four examples 

Problem/h Prop 

Lagrange multiplier Penalty 

C L M (P1) (P2) (P3) 

Ex-1/0.1 1 5 2 6 4(10
4
) 3(10

6
) 7(10

8
) 

Ex-2/0.25 1 5 6 7 2(10
3
) 3(10

4
) 4(10

6
) 

Ex-3/0.25 5 4 2 1 3(10
4
) 6(10

5
) 7(10

6
) 

Ex-4/0.08 6 1 4 2 3(10
4
) 5(10

6
) 7(10

8
) 

1) The value at a cell is the behavior rank of a method for a specific problem, with the digit “1” behaving 

best and “7” worst. For example, the cell at the 2nd row and 3rd column is the digit “6”, suggesting that 

for Example 2(h=0.25), the Lagrange multiplier method with linear interpolation gives the result only 

better than the Lagrange multiplier method with mortar interpolation. 

2) The digits in the parentheses at columns (P1), (P2) and (P3) are the penalty values. 

 


