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ABSTRACT

A novel boundary type meshless method called continuous—discontinuous hybrid boundary node method is pro-
posed in this paper, in which the enriched discontinuous shape function is developed to solve linear elastic crack
problems. Firstly, the whole boundary is divided into several individual segments, and variables on each one of
those segments are interpolated, respectively. For continuous segments, radial point interpolation method is em-
ployed. In regard to discontinuous segments, the enriched discontinuous basis functions combining with radial
point interpolation method are developed for simulating the discontinuity of displacement and stress field on
surfaces of crack, and the near tip asymptotic field functions are employed for simulating the high gradient of
stress field around crack tip, so that high accuracy and discontinuity property of a crack can be easily described.
Stress intensity factors are calculated directly using displacement extrapolation by displacement field near crack
tip. Some numerical examples are shown that the present method is effective and can be widely applied in some

practical engineering.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

For many structures, crack propagation is an important failure mech-
anism and requires accurate simulation essential for failure prediction.
And stress intensity factors are important property, which are directly
related to fracture propagation criteria. The analytical solutions of stress
intensity factors are hardly got for many complex structures, so numer-
ical methods must be applied for many cases.

Now many analytical and numerical methods are applied to solve
fracture response and reliability of cracked structures. The most popu-
lar method recently is the finite element method (FEM). Although FEM
is useful for many engineering analysis, even for fracture analysis of
cracks, the method has serious limitations in some problems character-
ized by a continuous change in geometry of the domain under analy-
sis. Crack propagation is a prime example in which a large number of
remeshing is needed in the use of FEM. For FEM and some similar meth-
ods, the only viable option for dealing with moving cracks is remeshing
during each discrete step, which is cumbersome and time-consuming.
The boundary element method (BEM) [23] and dual boundary element
method (DBEM) [24,25] which have certain advantages over FEM has
been also applied to solve crack problems in past decades, but the same
as FEM, element is inevitable in the calculation.

Meshfree or meshless methods have been developed rapidly in recent
years. A class of meshfree and meshless methods appear to demonstrate
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significant special for the moving boundary problems typified by crack
propagation. Such as smooth particle hydrodynamics (SPH) [11,15],
diffuse element method (DEM) [19], element-free Galerkin method
(EFGM) [4,12], meshless local Petrov—-Galerkin method (MLPGM) [3],
local boundary integral method [2], and meshless singular boundary
method(MSBM) [8,9]. For those methods, the elements meshing is not
used, since only a scattered set of nodal points is required in the domain
of interest. Since no element connectivity is needed, the burdensome
remeshing required by FEM is avoided.

Though all meshless methods do not need the element meshing for
field variable interpolation, some of them require a background mesh-
ing for integration. For example, the EFG method [4,12] uses moving
least square (MLS) for the shape function interpolation, and it does not
require element mesh for variable interpolation. However, background
element is inevitable for integration.

Appling MLS to the boundary integration equations, Mukherjee and
Mukherjee proposed boundary node method (BNM) [16], which only re-
quires to discretize the boundary. Although this method does not require
an element mesh for the interpolation of the boundary variables, a back-
ground element is still necessary for integration. Based on BNM, Zhang
et al. [39,40] proposed another boundary-type meshless method: hybrid
boundary node method (HBNM). It abandons background elements and
achieves a truly meshless method. Elements are required neither for in-
terpolation nor for integration. However, it has a drawback of serious
‘boundary layer effect’.
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To avoid this shortcoming, Zhang and Yao further proposed the reg-
ular hybrid boundary node method [41,42], in which the source points
of fundamental solution are located outside of the calculating domain.
Although this method can avoid the singular integration and boundary
layer effect, it creates some new problems. For example, how to arrange
the positions of the source points? To overcome these problems, Wang
et al. [30] presented a meshless singular hybrid node method for 2-
D elasticity, and obtained satisfactory results by means of reasonable
treatment of nearly singular integrals. And Miao et al. [13] proposed
the rigid body motion approach to deal with singular integration and
applied an adaptive integration scheme to solve boundary layer effect.

Those methods, however, can only be used for solving homoge-
neous problems. For inhomogeneous problems, domain integration is
inevitable, and some methods are proposed for domain integral, for ex-
ample, novel adaptive meshfree integration techniques are developed
by Racz and Bui [26], besides, dual reciprocity method (DRM) was first
proposed by Nardini and Brebbia [18] for elasto-dynamic problems in
1982 and extended by Wrobel and Brebbia [31] to time dependent dif-
fusion in 1986. Based on HBNM, DRM is first introduced into HBNM,
and a new truly meshless method dual hybrid boundary node method
(DHBNM) is proposed by Yan et al. [36,38] which can be applied to
inhomogeneous problems, dynamic problems and nonlinear problems
and so on. Furthermore, based on radial point interpolation method and
Taylor expansion, Yan et al. proposed a series of new hybrid boundary
node methods [33,37], and by those methods some new shape function
construction methods have been developed. Furthermore, combining ra-
dial point interpolation method, Yan et al. developed a new dual hybrid
boundary node methods [34,35], later Yan et al. [32] developed a new
shape function constructing method, named Shepard and Taylor inter-
polation method (STIM), by which no inversion operation is needed in
the whole process of shape function constructing.

Unfortunately, the above methods based on a pure continuous theory
are inadequate to describe such kinematic discontinuity of displacement
field, and a discontinuity description in displacement field has been
shown to be the necessity to describe the excessive discontinuous gap
for two surfaces of a crack. Recently, a lot of continuous—discontinuous
approaches have been proposed for solving those problems, for exam-
ple, Simone et al. [28] and Oliver et al. [21] proposed a computational
framework for the description of the continuous-discontinuous failure
in a regularized strain-softening continuum; Oliver [20] employed strain
softening constitutive equations to model strong discontinuities in solid
mechanics; then Moes et al. [14] and Armero and Linder [1] and Sto-
larska et al. [29] developed the extended finite element method for anal-
ysis of crack growth, and so on.

DHBNM has some advantages, such as, dimensionality reduction, no
element meshing, high accuracy and easily performance for large defor-
mation, and it is widely used for inhomogeneous problems, nonlinear
problems and dynamic problems, but its continuous property causes the
difficult of application for crack propagation. Based on the boundary
type meshless advantage property of hybrid boundary node method, a
new continuous—discontinuous hybrid boundary node method is pro-
posed to solve strong discontinuities problems in this paper. Firstly, the
whole boundary is divided into several individual segments, and vari-
ables on each one of those segments are interpolated individually. For
continuous segments, radial point interpolation method is employed.
In regard to discontinuous segments, the enriched discontinuous basis
functions combining with radial point interpolation method are devel-
oped for simulating the discontinuity of displacement and stress field
on surfaces of fracture, and the near tip asymptotic field function is em-
ployed for simulating the singularity of crack tip stress field around the
crack tip. Based on the above theory, a discontinuous hybrid boundary
node method is proposed in this paper. And high accuracy and disconti-
nuity property of a crack can be easily described in present method. This
method keeps the ‘boundary-only’ and truly meshless method character
of HBNM. The present work uses directly displacement extrapolation to
calculate stress intensity factors. Besides, in order to simulate the singu-
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larity of stress field on the tip of fracture, and the enriched basis func-
tions combined with radial point interpolation method are used near
the tip of crack. Some numerical examples are shown that the present
method is effective and can be widely applied in some practical engi-
neering.

The discussions of this method arrange as following: the hybrid
boundary node method will be discussed in Section 2. The enriched
discontinuous interpolation is developed in Section 3. Some numerical
implementation is demonstration in Section 4. The numerical examples
for 2-D linear elastic crack problems are showed in Section 5. Finally,
the paper will end with conclusions in Section 6.

2. Hybrid boundary node method

In this section, HBNM is introduced. Consider a 2D elasticity problem
in domain Q bounded by I'. The basic equations are
=b )]

0ij.j

0;; = 2Ge;; + Agyy by, 2)

(g +u;,) 3)

| =

g =
where b; is the body force, 1 is the Lame constant and G is the shear
modulus.

The boundary conditions can be given as

=

u; =

. onT, “

oyn; =1 orT, 5)
where #; and #; denote boundary node values and n is the unit outward
normal to the domain boundary T'.

Solving the above equations, the second-order partial differential

equations for the displacement components can be obtained as [37]

Gu; o + (6)

G
u, ;= b
1—2v k. ki i
Applying DRM, the solution variables u; can be divided into two
parts, i.e., the complementary solutions u{ and the particular solutions

u?, that is
u=ui + uf (7)
The particular solution «} has to satisfy the inhomogeneous equation

as

G,

P _
Gu T 20 ki = bi

ikk
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On the other hand, the complementary solution u{ must satisfy the
homogeneous equation and the modified boundary conditions. It can be

written in the form [37]

—uc’ =0 ®

C=n;—uf (10)

an

where 2¢, 7 denote complementary solutions on boundary node i.
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Fig. 1. Local domain and source point corresponding to s;.

2.1. Variational principle

The total potential energy can be given as [16,39]

n:/ %ui_’jcijk,u,(IdQ—/udeQ—/ u’tdr
Q Q T

t

12)

where u is the displacement vector, t is the boundary traction vector,
and the coefficients ¢;;;, = %ﬁijék, + G688

There are three independent variables in the variational principle,
namely the displacement in the domain, the displacement along the
boundary and the force acting normal to boundary. They can be writ-
ten as u, @i and t, respectively. Boundary compatibility conditions it = u
and a set of Lagrange multipliers boundary tractions are introduced into
Eq. (12).

Based on hybrid displacement variational principle, test function
h;(Q) is used to replace the variational part, one can get [16,39]

/ (r,.—f,.)hJ(Q)dr—/ 01;,;h,(Q)dQ =0 (13)
I's+Lg Qg

/ (w; — i;)h;(Q)dT’ =0 (14)
Ts+Lg

The shape and dimension of the sub-domains may be arbitrary. Ob-
viously, a circle is the simplest regularly shaped sub-domain in the 2D
space. The sub-domain Q; is chosen as the intersection of the domain Q
and a circle centered at a boundary node, s; (Fig. 1) [36,38], and the
radius of the circle is r;.

In Egs. (13) and (14), the variable of &; and 7; on L, are not defined.
If h;(Q) can be selected in such a way that the integral over L, vanish,
the problem can be solved successfully. Thus test function h;(Q) can be
written in the form [16,39]

exp[—(d;/c;)*] — expl—(r; /c;)*]

1 —expl—(ry/c;)?1
0 dy>ry

0<d;<ry

hy(Q) = 15)

where d; is the distance between the integral point, Q, in the domain
and the nodal point, s;. ¢; is a constant controlling the test function
shape, r; is the radius of the sub-domain. On Lg, d;=r;, from Eq. (15),
it can be seen that h;(Q) vanishes on the boundary.

Egs. (13) and (14) can be rewritten as follows [16,39]

/ (t,-—f,-)hJ(Q)dF—/ 0;;,ih,(Q)dQ =0 (16)
Is Qs

(u; — i)h;(Q)dT = 0
Is

a7
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2.2. The domain variables interpolation

The domain variables u and t are interpolated by the fundamental
solution and can be written as

N, T, I I
— _Z Uy Ul )X (18)
- u - ul ul x!
I=1 1% 22 2
N[ o
-4l
2 =l ] X

where Xil is the unknown parameter, N, is the total boundary node num-
ber, u/; and ], are the fundamental solution with the source point of P'
(Fig. 1).
The fundamental solution of the 2-D plane strain elasticity problem
is given by
I -1

"= Sai G (O~ =)

(20
Ao _ -1
Yoo Ar(l = wv)r
where 6 is the Kronecker delta function, r is the distance between the
source point and the field point, n; is the outward normal to the bound-
ary, r ; denotes (;)7’

i

{ [(1 =205, +2r,r ] ‘3—”1 + (1 =2v)(rym; - r,/.n,.)} @1

2.3. Hybrid boundary node method

From the above description, it is obvious that the second term of
Eq. (16) only attributes to the principal diagonal of the matrix. Substi-
tuting discontinuous shape functions into Egs. (16) and (17), and those
can be rewritten as [16,39]

N, ll ll T
B[ Ao
=T By Ip] %
f
S [ [ee 0 @wHE) 0 t
=Z / ) ) > th(Q)dT
=drs | 0 @) 0 DL()H©)] | by
b
22
N, I I I
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I=170s [y Up| X
uy
& Dis) 0 DYHHE) 0 ul
=) / \ . 2 phy(Q)dl
=drs | 0 @Y 0 DU(HH©)] |9
a
23)

in which @Y (s), <I>’I(s) are shape functions for displacement and stress
of the present method, and when the calculating node is located on
the common calculating boundary, @4 (s) = <I>’1(s), when the calculating
node is located on crack surface, those two shape functions are con-
structed by different basis functions, respectively, which can be seen
in next section; H(¢) is the Heaviside enrichment function, which is
employed for describing the discontinuity of crack and can be seen in
Eq. (42), and a{ , bf are additional node freedoms for discontinuity.

Using the above equations for all nodes, the system equations can be
written in the form

Tx = H,t® + C,b 4

Ux=H,u‘+C,a (25)
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Fig. 2. Interpolating segments model.

in which C,=C,=0 when calculating nodes are located on common
boundary, and matrix T, H, U can be referred in [16,39], and t¢, u¢
are boundary variable values, and C// = /Fs ' (s)H(&)h;(Q)dT, CIV =
frg @ (s)H (&)h;(Q)dT” when calculating nodes are located on crack sur-
faces.

3. The enriched discontinuous interpolation

In order to overcome the discontinuity of corner and improve the cal-
culation efficiency, the common outer boundary of the model is divided
into several segments, which can be seen in Fig. 2, the outer boundary
is divided into I'y, I'y, I'; and I'y, and each segment is interpolated by
radial point interpolation method(RPIM).

Firstly, the variable interpolation for continuous boundary is stud-
ied, and RPIM is developed to construct shape function for the common
continuous boundaries. Unlike the traditional HBNM, the shape func-
tion obtained by the present method has the delta function property, so
boundary conditions can be applied easily and directly, and computa-
tional expense can be greatly reduced. For simplification, the variable v
is employed to represent the variables of displacement u and boundary
traction t, which can be expressed as [37]

Ng m
W(s) # Vi(s) = ) Ri(Ma; + Y Py(s)b; = R ()a+ P (s)b
i=1 Jj=1

(26)

where Ng is the node number of interpolation segment, s denotes pa-
rameter coordinate of boundary curve; and m (m < Ng) is the num-
ber of monomials basis; a;, bj are interpolation coefficient; R;(r) is
the RBF, for example: Multi-quadrics (MQ) R;(r) = (+? + ¢)%; Gaussian
(EXP) R;(r) = exp[—br?]; Thin plate spline (TPS) R;(r) = r! ln(r,.)and Pj(s)
is the monomial basis PT(s)=[1, s, s2].

In order to get the constants coefficient g; and b;, Eq. (35) is enforced
to be satisfied at Ng nodes at interpolation segments, which can be ex-
pressed as

Ng m
vis) = D aR(r)+ Y b Pi(s) k=12, Ng @7
i=1 j=1
which can be expressed as matrix form
vp = Rya + Pyb (28)
where the vector of variables is
vy = [V(s1), Y(52)s o Vs )] (29)
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The moment matrix of RBFs is [37]

[ R(r)) Ry(ry) Ryg(ry)
R, = le”z) sz’z) RNS'(rz) 30)
Rirwg)  Rolryy) Ryy ()
The monomial moment matrix is
1 S s%
P, = 1 Sy s; a1
_1 SNg S%VS

In order to ensure unique solutions, the following constraints are

necessary for the present approximation
Pla=0 (32)

Combining Egs. (28) and (32) and expressing in matrix form, one
can get

- _Jvol _[Ro Po|fa) _
oot -l V(-

where al' = [a, ay, ..., an g, b1, byoobyl, V] = [V(s)), V(s5), oo V(s ), 0,0,0],

_ RO PO
o5 7

Then we can get [37]

(33)

v(s) = [RT(r) PT ()]G v, = B(s)7, (34)

in  which ®7(s)=[RT(r) PT($)]G™! =[®(s), D,y (s), ..., DOy (5), s
O ()]
Finally, the shape function of the present method, which is obtained

by RPIM, is given as
D7 (5) = [®(5), Dy(5), ... Dy (5)] (35)

So the displacement and normal traction of boundary nodes on the
common continuous boundary can be obtained as

Ns
i(s) = @ (Hu= Y ()

i=1

(36)

Ng
i(s) = ®T(s)t = Z @,(s)1, 37

i=1

In which u” = [y, u,, sty th =[t),tp, . 1] are nodes values of
boundary nodes.

For discontinuous crack segment I's, crack I's is consist with the up-
per crack surface I', and the bottom crack surface I';, an enriched discon-
tinuous interpolation is developed in this method. As we know, displace-
ment field and stress field around crack tip are singular or nonlinear. Us-
ing the traditional RPIM, we can hardly get the accurate results. In order
to accurately simulate the high gradient displacements near crack tip,
we use the enriched basis functions combining with RPIM when the ap-
proximating nodes are near enough to crack tip, and the fully enriched
basis functions for boundary displacement variable are given as [27]

pT(s)= [l,s, sz,\/;cosg,\/;sin g,\/;singsine, rcosgsine] (38)
For simplification, the radial basis function can be given as
pT(s) = [1,5.5%, /7] (39)

In this method, hybrid basis function is used, when nodes are located
nearby crack tip, the enriched basis function is used to approximate the
variables, and for nodes far away from crack tip the quadratic basis
function is used. Substituting Eq. (39) into Eq. (28), one can get the tra-
ditional continuous part of shape function for boundary displacement,
which is

Ns
i (s) = ), (), (40)
i=1
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In which ®{(s) is the continuous part of shape function related to Eq.
(39).

As we know, displacement and stress on segment I's are discontin-
uous. Based on partition of unity, the shape function of boundary dis-
placement for discontinuous boundary can be given as

Ng Ng
ii(s) = Z (s, + Z DY) H ()2, Z5))

i=1 j=1

In which g; is the additional degree of nodal freedom for modeling
strong discontinuity.

It is known to us that the displacements on the nodes of the upper
and bottom surfaces of crack are different, in order to model the strong
discontinuity caused by crack, the signed function is chosen as the Heav-

iside enrichment function, which is given as

1
H(E) = {_1

In which ¢ is the location function of calculation node.

As we know, the boundary displacement and traction in the present
method are interpolated, respectively, so for high gradient stress near
crack tip for mixed mode crack can be given as [7]

VEET,

vEeT, “2

K, 0 .0 . 30 Kip .6 6 36
o = cos—(l—sm—sm—)+ sln—<2+cos—cos—>
2zr 2 2 2 2zr 2 2 2
(43)
K K
o, = L cos Q(l +singsin3—0>+ I singcos€c0s3—€ (44)
” 2xr 2 2 2 2nr 2 2 2

Based on Egs. (43) and (44), the fully enriched basis function for
boundary traction variable can be given as

pT(s) = [l,s, 52, cos g/ﬁ, sin g/\/;, sin % sinﬁ/\/;, \/;cos % sinﬁ/\/;]
45)

Substituting Eq. (45) into Eq. (28), one can get the traditional con-
tinuous part of shape function for boundary traction, which is
Ns

fry(s) = ) @ls); (46)

i=1

In which ®i(s) is the continuous part of shape function related to
Eq. (45).

As we know, the displacement and stress on segment I's is discon-
tinuous. Based on partition of unity, the shape function of boundary
traction for discontinuous boundary can be given as

Ng Ns
i(s)= Y @)t + ) D()H (b, @7
j=1

i=1

In which b; is the additional degree of nodal freedom for modeling
strong discontinuity of boundary tractions.

4. Numerical implementation

In the above section, the complementary solution has been solved
successfully. Now the particular solution will be developed by dual
reciprocity method. Actually, the particular solution is the solution of
Eq. (8).

4.1. Dual reciprocity method

DRM can be used in elasticity to transform the domain integral aris-
ing from the application of body force into equivalent boundary inte-
grals. According to the interpolation, the approximation of the term
by (k=1,2) can be proposed as [37]

N+L

bex Y flaf

Jj=1

(48)
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where, a’l; are a set of unknown coefficients, f/ are the approximation
functions, N and L are the total numbers of boundary nodes and interior
nodes, respectively.

Eq. (48) can be rewritten as

a=Fp (49)

where vector b is the values of body force term on each calculation
nodes, and matrix F is the values of approximating function on each
nodes pairs.

Also, the particular solutions of the displacement can be interpolated
by the particular solution of basis form [37]

N+L
A (50)
j=1
where ﬁ{k is the basis form of particular solution.
If ui satisfies Eq. (8), the following equation can be obtained
G&  +—Ca  =5.f (€))
Ymicat T T2y Yikiam = Omk

The approximating function, f, can be chosen as, f/=1+r. So the
basis form of particular solution i, satisfying Eq. (51) is given by [37]

1-2v 10v

S
Yo =5 _ane " P 300 -va ( 3 )5'"’< Tk [T 2
The corresponding expression for the traction 7, is
_ 20 =2v)[ 1 +v 1 1 or
km = 5 gy [To gy et 3w E‘Smk%]’
1
+m [(4 =5v)rny, — (1 - 5V)",m"k
+[(4 = 5V)6 .k — r’mr,k] g—;]rz (53)

Solving Egs. (49) and (50), the particular solutions can be written as

N+L [=-1 = I
u u o
WP = z 11 12 1 (54)
! al Al al
I=1 [*21 22 2
N+L [7I i I
t t o
P _ Z 11 12 1
L= |:t1 i ] {al} G5
I=1 ["21 22 2

Substituting Eq. (49) into Egs. (54) and (55), one can obtain the
particular solution in matrix form as

uP = VF1p (56)

tP = QF b 6N

where V and Q are the matrices of the basic form of particular solution.
Substituting Eqs. (56) and (57) into Egs. (10) and (11), one can ob-
tain the complementary solution in matrix form

uw=u—vP=u-VFlp (58)

t=t—tP=t—QF b (59)

Appling dual reciprocity method, the domain integral of body force
term can be transferred into the boundary integral. Using Egs. (58) and
(59) for the common calculating boundary, Egs. (24) and (25) become

Tx = H(t — tP) (60)

Ux=H(u-uP) (61)

In this paper, we assume that the crack is always opening, then on
crack surface, we get the following relation

t,=t,=0 on T I (62)

N
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in which the subscript n, t represent the normal direction and tangential
direction, respectively. On boundary I's, we can get

Tx =H,(t—t?) + C;b (63)

Ux=H,(u-uP)+C,a (64)

in which H;, H, are matrix related to shape function of Eqs. (47) and
(41), respectively.

Based on the additional boundary condition of Eq. (62) and system
equations of Egs. (63) and (64), we get some additional equations, then
additional freedom a; and bj can be solved.

4.2. Stress intensity factor solving

There are many methods for calculating stress intensity factor for
crack problems, and the simplest one is two point displacement formu-
lation, and one of the most accurate one is the J-integral. In this paper,
the directly displacement extrapolation around crack tip is used to cal-
culate stress intensity factors K; and K. According to elastic fracture
mechanics, the displacement field around crack tip is given as [7]

36,
u, = (21(—1)00@——00@ >

K” "1 36,
(2)< +3) sm — +sin T (65)
K; et ) 0, 30,
= sin — — sin —
YT 2 K+ Dsin 3 2
_Ku 2k = 3) O 4 cos 20 (66)
4[4 2 K CcOoS ) CcOoS )

In which x =3—4v for plane strain problems and x =3 —4v for plane
stress problems, and and 6, is the local coordinate around crack tip,
which is shown in Fig. 3.

Via DHBNV, the displacement of crack tip nodes can be got. Accord-
ing to the numerical results u,(r;,7) and uy(rl,zr), in which r; satisfies

0.008 < - <0013 67)
a

Using extrapolation method, we can get the stress intensity factors
via Eq. (67) when r; —»0.

5. Numerical examples

A number of examples are presented to illustrate the effectiveness
of this method for linear elastic crack problems analysis. The results of
the present method are compared with both the analytical solutions and
those obtained by some other methods and some published results.

In these examples, the support size for the weight function d; is taken
to be 3.5h, the radius of the sub-domain r; is chosen as 0.85h, with h
being the average distance of the adjacent nodes. The parameter c; is
taken to be d;/c;=0.5, and the parameter c; is taken to be r;/c;=1.2,
and the influence of those parameters can be seen in the previous work
of author ([36,38], 2010, [33]).
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2D

A

Fig. 4. A unidirectional plate with a crack under uniform loading.
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Fig. 5. o, at the tip of the crack.

5.1. An edge-cracked plate under pure tension

Consider an edge-cracked plate under pure tension as shown in
Fig. 4 [10], which has the length, 2D=20 mm, width, L=52 mm, and
crack length a=12 mm. The far field tensile stress, c=0.2 GPa. The
plane stress problem is considered, and the material property are given
as: E=76 GPa, ;=0.286. Due to symmetry, only half of the plate was
analyzed. In the present calculation, 100 boundary nodes are used, and
the results obtained by different basis functions are used for comparison.

For convenience, the regulated stress intensity factor is used, which

is given as K; = K, /(c+/ax). For the same number of boundary nodes,
the regulated stress intensity factors which obtained by different basis
function is given as Table 1, in which the results obtained by reference
[10] are used for comparison and the analytical result is 1.44. It is shown
that the results obtained by fully enriched basis function and hybrid
enriched basis function are much more close to the analytical results
and published results.
The oy, o, near crack tip by different basis function are given in
Figs. 5 and 6, in which the analytical results and those obtained by nu-
merical manifold method (NMM) [10] are given for comparison. It is
shown in those figures that a good agreement is achieved between those
results, especial for the results that enriched basis function is used.

5.2. A central inclined cracked plate under tension

It is shown in Fig. 7, a angle-cracked plate with the length 2b=20 m
and the width 2h=30 m. There is an inclined crack in the center of the
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Table 1
Mode -1 stress intensity factor using different basis functions.
Type of basis function ~ The present method K, Relative error (%) NMM [10] K, Relative error (%)
Quadratic 1.37 4.9 1.32 8.2
Fully enriched 1.428 0.83 1.41 1.5
Radial enriched 1.416 1.66 1.41 1.5
Hybrid enriched 1.430 0.69 1.41 1.5
6 - Table 2
= Analytical results Stress intensity factors of central inclined plate under tensile.
—— Enriched basis — —
5 —4— NMM results(Li and Chen 2005) Anglea K Ky
Quadratic basis The present method ~ XFEM [6] The present method XFEM [6]
15 1.021 1.034 1.013 0.979
44 30 1.009 1.011 1.005 1.006
—_ 45 1.007 0.991 1.028 0.922
g‘f 60 1.011 1.017 1.007 1.013
Q 31 75 1.014 1.019 1.020 1.033
w” \‘\
2+ \ 24 -
“L\‘\ —=— K janalytical
1 (‘.Qfg‘ K janalytical
it YO 201 | ——K by DHBNM
SR Ehpp ey !
. RAF ot ot R b R A AN A B A K by XFEM (Dong et al. 2008)
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Fig. 6. o, at the tip of the crack.

A
=b+b=
T T T T

Fig. 7. A central inclined cracked plate under tensile.

plate with the length is 2a=3 m, and the angle between crack direction
and vertical direction is a. The far field tensile is c =1 Pa. The analytical
solutions are [6]

Ky = 6\/7 asin’a (68)

Ky =oy\/masinacosa (69)

The same as example 5.1, 60 boundary nodes are arranged on the
boundary and 30 nodes on the crack. The results on different inclined

angles are given in Table 2, in which K| = K;/K}*, where K;* is the
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Fig. 8. Stress intensity factors of central inclined plate on different angles.

analytical results which given as Eq. (68). For comparison, the results
which are obtained by extended finite element method [6] are also given
in Table 2. It is shown that a great agreement can be achieve between
the present method, those of extended finite element method (XFEM)
and analytical results.

The stress intensity factors obtained by different inclined angles by
the present method, those of analytical results and those obtained by
XFEM [6] are shown in Fig 8, in which we can see that the results ob-
tained by those methods are close to each other.

5.3. Panel with doubly cracked hole

In order to further illustrate the effectiveness of this method, we
examine the uniaxial stressing of a panel which contains a doubly-
cracked hole as shown in Fig. 9, which is subjected to an uniaxial ten-
sion o. The geometry of this problem satisfies the following equations,
2h/w=a/r=1, 2(r + a) = %w. Chang and Mear [5] and Pan [22] solved
this problem by forming a single-domain BEM.

For this problem, we use 60 outer boundary nodes, 30 nodes on hole
boundary and 30 nodes on crack. The solutions obtained by the present
method and those determined by Chang and Mear [5] and Pan [22] are
given in Table 3, which again shows excellent agreement between those
three methods.
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2h

Fig. 9. Double edge cracks emanating from a hole in a rectangular.

Table 3
SIF K;/c+/x(r + a) of double edge cracks.
Method Ky /o z(r+a)
DHBNM with Quadratic basis 1.6029
DHBNM with enriched basis 1.5632
Chang and Mear [5] 1.5627
Pan [22] 1.5636
- —
O a— —» O
- —»

Fig. 10. Model of circular-arc crack plate.

5.4. Arc crack

Consider a circular-arc crack of radius r embedded in an infinite do-
main, which is shown in Fig. 10. The center of the circular arc is the
origin of the coordinate system, and the midpoint of the crack is located
on the x-axis, and the angle of the arc is 2a. For this model, a uniaxial
tensile is applied in the x-direction. At this time, the mode one and mode
two stress intensity factors are functions of a.

In the present calculation, 60 nodes are used on arc crack. The results
for different angles of the present method and exact solutions [17] are
shown in Fig. 11, in which F = —X_—_ It is shown that the results

oV zrsina

obtained by those two methods are close to each other.

In Table 4, the stress intensity factors are compared with exact values
for particular angle a=450Q. It can be see that an excellent agreement
is achieved between those methods.

6. Conclusions

A new boundary node meshless method named as discontinuous
dual hybrid boundary node method is proposed. It combines the hy-
brid boundary node method, dual reciprocity method and discontin-
uous shape function constructing method. HBNM is used to solve the
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Fig. 11. Normalized stress intensity factors for arc crack on different angles.

Table 4

Normalized stress intensity factors for arc crack on a=45°.
Crack element or nodes  The present method BEM [17]

K/KP Ku/Kg® K/KP K/ K

20 1.028 1.012 1.045 1.011
40 1.016 1.009 1.017 1.012
50 1.009 1.007 1.010 1.009
60 1.007 1.008 1.007 1.007

complementary solution of homogeneous equation, and DRM is used to
deal with the inhomogeneous terms. The boundary integral equation
is discretized using the meshless shape functions based on a group of
arbitrarily distributed points on the boundary. It does not require any
element connectivity for constructing the shape function, and thus pos-
sesses the dimensionality reduction advantage. The present work uses
directly displacement extrapolation to calculate stress intensity factors.
Besides, the boundary is divided into several individual segments, and
each one of those segments is interpolated, respectively. For continuous
segments, radial point interpolation method is employed. In regard to
discontinuous segments, the enriched discontinuous basis functions in
radial point interpolation method are presented for simulating discon-
tinuity of displacement and stress field on surfaces of fracture, and the
near tip asymptotic field function is employed for simulating the sin-
gularity of the crack tip stress field around the crack tip. So that high
accuracy and discontinuity property of the crack can be easily described
in the present method.

Both single mode and mixed mode problems can be solved by this
method. A number of examples are presented to evaluate the accuracy
of the stress intensity factors calculated by this method, and compar-
isons are made between the results obtained by this method and some
published results. The numerical examples are shown that the present
method is effective and can be widely applied in practical engineering.

The main advantage of the present method compared to the tradi-
tional DHBNM is that a discontinuous structure can be considered and
no extra remeshing and integral technique are needed, then the present
method can be easily used for crack propagation, contact problem and
excavation for rock engineering, and the present method will be em-
ployed in crack propagation for rock and concrete engineering, exca-
vation and interface problems for rock engineering and crack contact,
cohesive problem in practical engineering.
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