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As a partition of unity method (PUM), the numerical manifold method (NMM) is capable of constructing global
approximation by simply multiplying PU function with local approximation. In order to enhance accuracy, high
order polynomials can be specified as local approximation. This, however, will hinder the engineering application
of NMM by its ill conditioning of the global stiffness matrix. In this study, an improved NMM (iNMM) without
extra degree of freedoms (DOFs) is developed. Without the extra DOFs, the resulting global stiffness becomes
linear independent. In addition, the stresses are continuous at all nodes. Numerical studies show the iNMM'’s
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1. Introduction

Over the past three decades, the concept of partition of unity (PU)
approximations has been established and a number of PU-based meth-
ods [1] were developed for solid mechanics, such as the partition of
unity method [2-5], the generalized finite element method [6], the ex-
tended finite element method (XFEM) [7,8], the numerical manifold
method (NMM) [9,10], the phantom-node method [11,12] and many
others [13-16].

Since the advent, the NMM has attracted much interest from re-
searchers in computational solid mechanics as it possesses several ad-
vantages over the FEM. For example, the local approximation function
in NMM can be freely chosen so as to obtain higher resolution of the
boundary value problem. In addition, the mathematical mesh in NMM
does not have to match the material interface or the fracture face, in-
dicating that NMM can always employ regular mesh to discretize the
problem domain. This, however, is nearly impossible for FEM, when
dealing with problems with complicated geometric boundaries. Accord-
ing to our experience from isoparametric elements, such as four-node
isoparametric quadrilateral element (Quad4) and eight-node isopara-
metric quadrilateral element (Quad8) [17], regular mesh can generally
achieve much better accuracy than distorted mesh. Moreover, NMM is
very suitable for simulating problems with moving boundaries, such as
crack propagation problems, while in FEM, the mesh has to be cease-
lessly regenerated so as to match the evolving fracture face. Due to the
attractive advantages, NMM has been successfully used to model static
crack propagation problems [18-23], dynamic crack propagation prob-
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lems [24], contact problems [25] seepage problems [26,27] and wave
propagation problems [28].

Within the framework of PU-based method, high-order global ap-
proximations can be directly constructed in the NMM by simply adopt-
ing high-order polynomial local approximations. Use of smooth polyno-
mial local approximations can achieve the following purposes [29,30]:
(1) perform p-adaptive analysis without the addition of extra nodes; (2)
avoid mesh grading yet obtain a same quality of approximation on a uni-
form mesh; (3) remove global refinement constraints. However, when
both the PU function and the local approximations are simultaneously
taken as high-order polynomials, the resulting global stiffness matrix
will be “linear dependence” (LD) and special equation solver is needed,
because traditional equation solver generally designed for positive def-
inite equations cannot solve singular equations. Here, the LD problem
means the global stiffness matrix is still singular even after the basic
boundary condition to eliminate the rigid body displacement has been
imposed.

The LD problem was first observed by Babuska and Melenk
[2,3] when they designed a one-dimensional PUM approximation for
the one-dimensional Helmholtz equation. To address LD problem, great
efforts have been made in the past years by various means. An et al.
[31] proposed an algorithm for predicting the rank deficiency of the
stiffness matrix by using the topological information inheriting in the
finite element mesh. Griebel and Schweitzer [32] proposed flat-top PU
functions to avoid the linear dependence problems. The only problem
is the complexity involved in the construction of the flat-top PU func-
tions [29]. Tian et al. [33] carried out numerical experiments among
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several GFEMs to investigate the LD problem. Based on the numerical
experiments, they proposed several approaches to eliminate the linear
dependence problem, such as suppressing the higher-order degrees of
freedom (DOF) and adjustment of the element geometry. However, as
discussed in [34], these approaches [33] cannot ensure the removal of
the LD problem and are also difficult to be implemented robustly in
practice. In [34], Cai et al. developed a PU-based triangular element
using a dual local approximation scheme by treating boundary and in-
terior nodes separately. According to their report, the use of dual local
approximation scheme can effectively remove the LD problem. Based on
overlapping polyhedral covers generated from Voronoi cells, Riker and
Holzer [35] proposed a mixed-cell-complex partition of unity method
(MCCPUM) to eliminate the LD problem. However, the generation of
mixed-cell-complex is very rather complicated and computationally ex-
pensive.

In other front, a family of PU-based “FE-Meshfree” elements was pro-
posed in [36-39] which successfully eliminates the LD problem and the
shape function possesses the desirable delta property. Although a least
square version of point interpolation method (LSPIM) [36,37] or radial
point interpolation method (RPIM) [40], which is time-consuming, is
used to construct the local approximations of the “FE-Meshfree” ele-
ments, extra nodes or DOFs are not needed, because they just use the
same mesh as in the FEM, and the total DOFs is the same as FEM. Nu-
merical tests carried out in [36-38] have shown that the “FE-Meshfree”
elements are computationally more efficient than FEM. If regular mesh
is adopted, accuracy obtained through “FE-Meshfree” elements is much
better than that obtained through FEM. If distorted mesh is adopted,
FE-Meshfree elements have much better mesh-distortion tolerance than
FEM.

Although high-order global approximations can be constructed eas-
ily in “FE-Meshfree” elements, the nodal stress is not continuous at
nodes, and stress smoothing operation is needed in the post process-
ing stage. To further improve the property of “FE-Meshfree” elements,
Yang Zheng et al. [41-48] developed a series of “FE-Meshfree” elements
with continuous nodal stress, such as the ‘FE-Meshfree’ three-node tri-
angular element with continuous nodal stress using radial-polynomial
basis functions (Trig3-RPIMcns) [48]. According to their report, Trig3-
RPIMcns can obtain better accuracy, higher convergence rate and higher
tolerance to mesh distortion than the three-node triangular elements
(Trig3) and the four-node quadrilateral element (Quad4) for linear elas-
tic, free vibration and forced vibration problems by simply using the
same mesh as in Trig3. Since Trig3-RPIMcns has to deploy conform-
ing mesh to discretize the problem domain, the time spent in mesh
generation for problems with complex boundaries is not negligible. If
crack propagation is involved, the burden of mesh generation is fur-
ther amplified. This demerit hinders the applications of Trig3-RPIMcns
for practical problems. Since there is no need for NMM to deploy con-
forming mesh, the mesh generation should be very convenient. Be-
sides, NMM can always adopt regular mesh to discretize the prob-
lem domain, and mesh distortion, which results in poor accuracy for
FEM, does not exist in NMM. Therefore, developing a method which
combines the advantages of both the Trig3-RPIMcns and the NMM is
essential.

In this study, an improved version of NMM (iNMM), which syner-
gizes the advantages of both the Trig3-RPIMcns and the numerical man-
ifold method (NMM), is developed for linear elastic problems. The prop-
erty and performance of the iNMM will be studied in great detail in the
rest of this paper. The outline of this paper is as follows: Section 2 briefly
introduces the numerical manifold method (NMM); Section 3 presents
the formulation of iNMM and the properties of the iNMM shape func-
tions are discussed. Section 4 presents the discrete equations for linear
elastic problems in the context of iNMM; Numerical examples and dis-
cussions are subsequently presented in Section 5. Some conclusions are
drawn in the last section.
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2. Basic concepts of NMM

The background of NMM has been described in great detail in [49].
Therefore, only the basic concepts are introduced in this section. To
illustrate these concepts, an example shown in Fig. 1 is employed.

The core and most innovative feature of the NMM is the adoption of
two cover systems, namely the mathematical cover (MC) and the phys-
ical cover (PC), from which the nodes and elements are generated.

The MC is the union of a series of user-defined overlapping small
domains. Each small domain is called mathematical patch (MP). In
Fig. 1, the MC is constructed by regular triangular mesh, and hence
each MP is the union of several triangles sharing the same node such
as MP;. It is noticed that the MC does not have to match the material
boundaries, holes or fracture faces of the problem domain, but have to
cover the problem domain completely.

The PC is the union of all the physical patches (PPs). The PPs are
generated by intersecting all the MPs with the physical mesh. Here, the
physical mesh is the union of all the material interfaces, joints, fractures
and domain boundaries, which are used to define the unique problem
domain. From a MP, at least one PP can be generated, such as PP,,
PP;, PP,4, and PPs (Fig. 1). It is noticed that each PP corresponds to a
“NMM node” (also named as “generalized node”), on which the degree
of freedoms (DOFs) are defined, such as GN;’ in Fig. 1. In the rest of this
paper, the “NMM node” will be simply called “node” for the purpose of
description.

In NMM, the basic units to integrate the weak form of the problem
are manifold elements. Each manifold element is the common domains
of neighboring PPs, such as E;, which is the common domains of PP,
PP, and PPs (Fig. 1).

3. Formulation for the iNMM

In order to synergize the advantages of both the Trig3-RPIMcns and
the numerical manifold method (NMM), an improved version of NMM
(INMM) is developed. Formulation of the iNMM will be described in
great detail in this section.

As a PU-based method, the global approximation of NMM in a man-
ifold element is obtained by multiplying the PU function with the local
approximation, and expressed as

(€]

where w;(x) and u;(x) are the PU function and the local approximation
function associated with physical patch i (PP;), respectively.

ul'(x) = wy () (x) + wy(X)uy (x) + wy(x)u3(x)

3.1. PU function of the iNMM

The area coordinates are used to construct the PU functions of iNMM.
The transformation of the area coordinates is defined as [50]:

Hf1 1 1Ly L, | [ oy xsox
=|x;  x3 x| Lof, [La =54 X v XX
vl oy »nllLs Ls X1 Yo = XY Y~ Yo X3 =X
| a; by cr|]1
ga a, by co||x| 2)
a3 by ||y
in which
1 1 1
2A=det|x; x, x3|, Li+Ly+Ly=1. 3)
Y1 V2 V3

Unlike traditional NMM, which uses the FEM shape functions to con-
struct the PU functions, the PU functions of the iNMM are expressed as
[48]
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Fig. 1. Mathematical patches, physical patches and manifold elements in NMM.
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There are four important properties for the PU functions of iNMM:

(i) the PU condition: ZL L wi(x) =1,
(ii) non-negative property, 0 < w;(x) <1,
(iii) the Kronecker-delta property wi(xj) = 6ij @ij =1,2,3).
(iv) the gradient of the PU functions is continuous at all the nodes.

3.2. Local approximation of the iNMM

There are mainly two ways to construct high order polynomial lo-
cal approximations. Here, “high order” means the order of polynomial
function is great than or equal to one. The first way is by using explicit
polynomials (Egs. (6)—(9)) to construct high order polynomial function,
such as in standard GFEM or NMM. This, however, will not only sig-
nificantly increase the global DOFs, but also lead to a LD problem. If
the LD problem arises, traditional equation solver will fail and special
equation solver is needed to solve the system equations. The second
way is by using a meshfree method, which has been widely used in the
“FE-Meshfree” elements [37]. In the second way, the number of global
DOFs remains unchanged. Moreover, the LD problem will not arise.
LSPIM [37], reduced CO-MLS (CO-LS) [43,44] and radial-polynomial

basis functions [40], which possess the desired Kronecker-delta prop-
erty, have been employed to construct the local approximation of ‘FE-
Meshfree’ elements.

Since the LSPIM adopts pure polynomial basis functions to construct
approximation, the singularity problem will appear if the nodes arrange-
ment does not cooperate consistently with polynomial basis functions
[51]. Therefore, the radial point interpolation method (RPIM) [40] is
employed to construct the local approximation of the iNMM, because
it combines the advantages of both radial basis functions and PIM, and
is free from the singularity problem. The local approximation of iNMM,
can then be expressed as

plil

u;(x) = z

j=1

M
ri(xa;+ Y pe(x. y)be = r(x, y)a + p(x. y)b ®)

k=1
where M is the number of polynomial terms and nl! is the total number
of nodes in the domain of PP;. a and b are two vectors yet to be deter-
mined. p(x, y) and r(x, y) denote polynomial functions and radial basis
functions. Based on the value of M, p(x, y) can be expressed as

IfM=3,px)={1 x y}; ©)

IM=4px)={1 x y xy} )

IfM=6px)={l x y xy x* y} ®)

2 2

IfM=8,p(x)={1 X y Xy x° y x2y xyz} )
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In this study, the number of polynomial basis terms, M, is selected
as follows: if 4 > nlll > 3, M=3;if5>nll >4, M=4;if7 >nll > 6,
M=6; if nlil > 8, M=8. The vector r(x, y) is expressed as [40]

r(x,y) = [r(x,y) ry(x, p) =+ rp(x, )] (10)
in which r]-(x, y) is expressed as [52]
sy = (d; + o) 1)

where dj(x,y) = y/(x— xj)2 +(y- yj)z, ¢ and g are two parameters yet

to be specified.
Enforcing Eq. (5) to pass through all the nodes in domain PP;, the

following equations are obtained:
u, = Ra+Pb (12)

where u; is a vector of corresponding nodal displacement of all the nodes
in domain PP;, the related matrix R and P are expressed as [40,52]

r(xpy1) ry(x1,¥1) Faii (X5 y1)
ri{xa, (X3, rain(xp,
R 1(X2, ¥2) 2(x2,2) i (X2, 12) (13)
Fi (Xt Yu)) (X001, Yytin) Pt (X001, Yylil)
['1 Xy 1 x% X1 y%
1 X y x2 X5 Y: y2
P= ’ .2 ,2 2. ? .2 (M = 6, sosixcolumns)
. . 2 . 2
L1 Xy Xy XgaYa o Yo

(14)

Obviously, there are totally (nl!!+M) parameters in Eq. (12). How-
ever, only nll equations are available. Nevertheless, according to the
work finished by Liu and Gu [40] and Golberg et al. [53], vectors of a
and b can be eliminated as proposed in their work and local approxima-
tion function in Eq. (5) is eventually expressed as [40]

u(x,y) = ®u;, i=1,23 ® =r(xyS,+Px,»S, (15)
where
o =@ ol ol KDE[]”] (16)
u; = [y uy u3 u,,[i]]T (17)
-1
S, = [PTR"'P] P'R7],
S, =R7I[I-PS,], (18)
a=S,u,
b=S,u,;,

Notice that the evidence of the existence of R~! for any scattered
nodes has been given by Wendland [54].

3.3. Properties of shape function

The global approximation, u'(x), of iNMM presented in Eq. (1) can
be rewritten in a simpler form:

N
W) = Y oy, (19

k=1
in which ¢ (x) is the shape function, a, is the displacement parameter
corresponding to node k and N (N = Z?:l nl1) is the total number of the
nodes in the three PPs corresponding to the manifold element.

The shape function of iNMM has the following important properties:

(1) Kronecker-delta property

@i(x;) =95 20)
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(a) node 12 and its neighboring elements

(b) influence domain of node 12 in the
Trig3(NMM)

(c) influence domain of node 12 in the
iNMM

Fig. 2. Comparison of the influence domain of node 12.

(2) Inter-element compatibility property.

(3) Higher order completeness properties i.e., reproducibility of all
the monomial terms appearing in the assumed basis (Egs. (6)-
(€))]

(4) Derivatives of u(x) are continuous at the nodes.

Shown in Fig. 2(a) is node 12 and its neighboring elements. It is
noticed that the influence domain of node 12 in the iNMM is actually
larger than that in the Trig3(NMM), as shown in Fig. 2(b) and (c). For the
purpose of comparison, the plots of the PU functions and shape functions
for the Trig8(NMM) and iNMM are all presented in Fig. 3. As can be seen
from Fig. 3, the shape function of iNMM is much smoother than that of
Trig3(NMM).

4. Discrete equations for iNMM

In the proposed iNMM, the displacement boundary conditions can-
not be imposed directly as in FEM, because mathematical cover (MC)
may not conform to the problem domain boundaries. Therefore, the
displacement boundary conditions should be included into the poten-
tial energy by the Lagrange multiplier method or the penalty function
method. For convenience, the developed iNMM adopts the penalty func-
tion method to impose the displacement boundary conditions, and the
potential energy is expressed as

ll(u)=/ 1eTadsz—/udeQ—/ u'pdS +
o2 Q r

s

/ lk(u —) (u—-a)dsS
r, 2
21

where I is the stress boundary, I'; is the displacement boundary, @ is
the given displacement on I'y, p is the given traction on Iy, k is the
user-specified penalty, which can be set as 10°E to obtain satisfactory
accuracy. Here, E is the Young’s modulus of the material closing to the
displacement boundary.

The global displacement approximations expressed in Eq. (19) can

be rewritten as
u=Nh (22)

in which N is the shape function matrix, h is the vector including the
degrees of freedom.
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5. Numerical examples

A set of numerical examples are carried out to assess the accuracy
obtained through the iNMM. Since iNMM can always adopt regular
mesh without considering the problem domain boundary to construct
the global approximation, regular mathematical mesh for iNMM will al-
ways be used in the rest of this paper to conduct these tests. The physical
units used in the present work are based on the international standard
unit system. Here, n defines the total number of the nodes in the com-
putational model. To assess accuracy and convergence, the relative L2

(a) PU or shape finction of Trig3 (NMM) errors in the displacement norm and in the energy norm are defined,
respectively, as follows:

(uex — unum)zdg
ey = fﬂ—z (26)
Jo @e)2dQ
% /Q (e — Enum)TD(Eex — gnumyd Q) o
e, = s
\ 2 o @) De)aQ
where the superscript “ex” represents the exact or analytical solution
(b) PU function of iNMM and the superscript “num” denotes a numerical solution.

Apart from iNMM, the following examples will also be calculated by
using the following numerical models, which are

(1) Quad4: Four-node isoparametric quadrilateral element.

(2) Quad8: Eight-node isoparametric quadrilateral element.

(3) NS-FEM: Node-based S-FEM based on triangular mesh [55].

(4) ES-FEM: Edge-based S-FEM based on triangular mesh [55].

(5) Trig3(NMM): Triangular mesh is employed to construct the MC,
while the shape function of Trig3 is used to construct the PU, and
constant for local approximation.

X (6) Quad4(NMM): Quadrilateral mesh is employed to construct the

(C) Shape function of INMM MC, while the shape function of Quad4 is used to construct the

PU, and constant for local approximation.

Fig. 3. Comparison of the PU and shape functions of Trig3(NMM) and iNMM.

5.1. Linear dependence test

This example is employed to test whether the proposed iNMM suffers
from the LD problem [33]. The material parameters employed for this
example are Young’s modulus E = 1.0 and Poisson’s ratio v = 0.25. The
plane stress condition is assumed. Fig. 5 shows all the meshes used for
this example. Table 1 lists the number of computed zero eigenvalues ob-
tained through the Trig3(NMM) and the proposed iNMM. According to
the result from Table 1, before applying boundary condition, three zero
Fig. 4. Manifold elements divided into triangles to conduct Gaussian quadrature. eigenvalues (corresponding to the three rigid body modes) are found for
all the meshes in both Trig3(NMM) and the iNMM. The number of zero
eigenvalues is also found to be invariant with respect to the mesh geom-

) Substitution of the global (.ii.spl.acement gpproximations (Eq. (22)) etry and mesh refinement. Furthermore, after applying the displacement
mF" Eq. (2D), th.e system. of equilibrium equations can then be expressed boundary condition to eliminate the rigid body displacement, there are
with the following matrix form: no more zero eigenvalues left, suggesting that the proposed iNMM is
Kp=gq 23) free of LD problem.
in which K is the global stiffness matrix, p is the vector including all the 5.2. Cantilever beam subject to a tip-shear force
degrees of freedom, q is the force vector. The global stiffness matrix K
and force vector q will be formed by assembling all the element stiffness A 2D cantilever beam with length L, height D, and unit thickness is
matrices K¢ and element load vector g, which are obtained by studied for the various behaviors of iNMM as a benchmark problem. As
. T Otk T " shown in Fig. 6, the cantilever beam is fixed at the left end and sub-
K= /ge B DB4Q + e N NdS 24 jected to a parabolic traction P at the right end. The analytical solution
¢ is available in [56], and expressed as
q¢ = NT'bdQ+ [ NTpdS+k [ NTads (25) Py D2
Q re re ty = =7 [OL = 30x + 2+ 00? = o)), 8)
respectively. 2
Since the manifold element (Fig. 1) in iNMM can be in arbitrary u, = - [3vy2( L-x)+@+ 5\/)u +@3L - x)xz], 29)
shape, the manifold element should be firstly divided into a number of 6ET 4
triangles (Fig. 4) and then Gauss quadrature rule is performed over each where I is the moment of inertia for the beam with rectangular cross
triangle. section and unit thickness.
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© (d)

®

Fig. 5. Meshes employed in iNMM to test the LD issue (/\-constrains in both the x- and y-directions, O-constrains in the y-direction).

Table 1

Nullity of stiffness matrices of Trig3(NMM) and iNMM, see Fig. 5 for the meshes.

Mesh  Total DOfs  Trig3(NMM) iNMM
Nullity DOfs (without essential Nullity DOfs (apply essential Nullity DOfs (without essential Nullity DOfs (apply essential
boundary treatment) boundary treatment) boundary treatment) boundary treatment)
(a) 6 3 0 3 0
(b) 8 3 0 3 0
(c) 12 3 0 3 0
(d 18 3 0 3 0
(e) 24 3 0 3 0
® 32 3 0 3 0
y ? 5.2.1. Effect of parameters c and q
I The values of ¢ and g will affect the performance of RPIM [40,52],
] and hence obtaining the optimal values for ¢ and q in terms of iNMM
D Aq)P is very important. In Dinis’s work [57,58], it was found that higher ac-
b— ! N X curacy is obtained if c—0.0 and g—1.0. In Liu’s work [40], good results
e T -

Fig. 6. A cantilever beam subjected to a tip-shear force on the right end.

The stress corresponding to the displacements are

(5-7)

The geometric and mechanical parameters for this example are
L =48,D =12, E = 3.0 x 107 and v = 0.3. The load P = 1000, and
the plane stress condition is assumed. In the computation, the points on
the boundary of x = 0 are constrained using the exact displacements
given from the analytical solutions, and the traction is specified on the
boundary at x = L using the analytical solutions.

P

P(L —x)y _P
21

7 (30)

GXX(X, y) = B ayy(x, y) = 0, Txy(x’ y) =

are obtained when ¢ = 1.0 and q = 1.03 for the free vibration problem,
while in Xu and Rajendran’s work [59], good results are obtained when
¢ = 0.0001 and g = 2.01 for the static problems.

In this study, various values of parameters ¢ and q are used to test
their influence on the accuracy of the proposed method. The discrete
model presented in Fig. 7(a) is adopted. Results obtained through iNMM
in both displacement norm and energy norm are plotted in Fig. 8. In
addition, deflection of point A versus q is also plotted, as shown in Fig.
9. As can be seen from Figs. 8 and 9, good results are obtained when
¢=0.0001 and q=2.01. For all the computations hereon, the optimal
parameter combination, with ¢ = 0.0001, g = 2.01, will be used.

5.2.2. Convergence study

In order to investigate the convergence of solution by iNMM,
four discrete models with regular grids are constructed as shown in
Fig. 7. The convergence curves are plotted in Fig. 10. Accuracy ob-

(a) mesh A (85 nodes)

(b) mesh B (175 nodes)

(c) mesh C(297 nodes)

(d) mesh D (451 nodes)

Fig. 7. Mesh for cantilever beam subjected to a tip-shear force.
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(a) Relative error in displacement norm
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(b) Relative error in energy norm

Fig. 8. Relative error in displacement and energy norms versus g in the cantilever beam problem subjected to a tip-shear force.
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-8.85
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_8.86 —8—¢=0.01
: —t— =1
Analytical sol.
-8.87 1
>

= -8.88
-8.89
-8.9

1 2 3

q

Fig. 9. Deflection of point A versus q in the cantilever beam problem subjected to a tip-
shear force.

tained through iNMM in both displacement norm and energy norm are
compared to that obtained through Trig3(NMM) and Quad4(NMM). As
can be seen from Fig. 10, the numerical results obtained through the
proposed iNMM are significantly better than those obtained through
Trig3(NMM) and Quad4(NMM) in both displacement norm and energy
norm.

The contour plot of o, on the regular mesh for Trig3(NMM),
Quad4(NMM) and iNMM is plotted in Fig. 11. It can be found that the

—e— Trig3(NMM)
—=— Quad4(NMM)
iNMM 1

1 \\
2 B\\

lgey

3 \\\
-4 . . . .
1 1.1 1.2 1.3
lg(n)/2

(a) Relative error in displacement norm

““““‘ A

(a) Trig3(NMM)

(b) Quad4(NMM)

(c) INMM

Fig. 11. Contour plot of ¢, for the cantilever beam subjected to a tip-shear force (see Fig.
7(c) for the mesh).
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Fig. 10. Comparison of accuracy for cantilever beam problem subjected to a tip-shear force.
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s A i

Fig. 12. A 2D cantilever beam subjected to a tip-moment.

global stress field obtained through iNMM is much smoother than that
obtained through Trig3(NMM) and Quad4(NMM).

5.3. Cantilever beam subject to a tip-moment

A cantilever beam subjected a tip-moment is considered in this sec-
tion, as shown in Fig. 12. The geometric and mechanical parameters for
this example are D = 12, L = 48, Young’s modulus E = 3.0x 107 and Pois-
son’s ratio v = 0.3. The bending moment M = 2.4 x 10%, and the plane
stress condition is assumed. The analytical solution for this example can
be found in [56].

For the purpose of studying the convergence of solution by iNMM,
this example also adopts the four discrete models (Fig. 7) presented in
Section 5.2. The convergence curves in terms of displacement norm and
energy norm are plotted in Fig. 13. As can be seen from Fig. 13, the
numerical results obtained through the proposed iNMM are significantly
better than those obtained through Trig3(NMM) and Quad4(NMM) in
both displacement norm and energy norm.

In addition, the contour plot of 5, obtained through Trig3(NMM) and
iNMM is plotted in Fig. 14. It can be found that the global stress field
obtained through the proposed iNMM is smoother than that obtained
through Trig3(NMM).

5.4. Cook’s skew beam

As shown in Fig. 15(a), Cook’s skew beam [59] is taken as an example
in this section. Fig. 15(b) gives an example mesh for Trig3(NMM) and
iNMM with 4 x 4 layers (Part of the mathematical mesh which will not
be used has been discarded) and 22 nodes for this problem, while Fig.
15(c) gives an example mesh for node-based S-FEM (NS-FEM) and edge-
based S-FEM (ES-FEM) [55] with 4 x 4 layers and 25 nodes, Fig. 15(d)
gives an example mesh for Quad4 (25 nodes) and Quad8 (65 nodes) with
4 X 4 layers, and Fig. 15(e) gives an example mesh for Quad4(NMM)
with 4 x 4 layers (part of mathematical mesh which will not be used
has been discarded) and 22 nodes.

—o— Trig3(NMM)
——8— Quad4(NMM)
———— iNMM 1

-1 1
o
iy

) B\\s\
3 \.
4 . .
1 1.1 1.2 1.3

le(n)/2
(a)Relative error in displacement norm
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R ™

(a) Trigd(NMM)

. - - - - -

(b) INMM

Fig. 14. Contour plot of o, for cantilever beam subjected to a tip-moment (see Fig. 7(c)
for the mesh).

Table 2
Vertical displacement v, for point A for Cook’s skew beam.
Element type Mesh
4x4 8x8 16x16  32x32
Quad4 n 25 81 289 1089
V, 1829 22,08 2343 23.82
ES-FEM n 25 81 289 1089
V, 19.72 2274  23.65 23.88
NS-FEM n 25 81 289 1089
V, 2641 2485 2424 24.05
Quad8 n 65 225 833 3201
vV, 2371 2388 2393 23.96
Trig3(NMM) n 22 60 183 622
Va 16.93 21.20 23.07 23.70
Quad4(NMM) n 22 60 183 622
V, 1972 2256  23.54 23.85
iNMM n 22 60 183 622
V, 2242 2380 2393 23.96

Reference 23.96

The numerical results of 4 types of mesh obtained through the
proposed iNMM and other numerical models including Trig3(NMM),
Quad4(NMM), Quad4, Quad8, NS-FEM and ES-FEM, are listed together
in Table 2. For the purpose of observation, the calculated displace-
ments versus n (the number of nodes) from Table 2 are also plotted in
Fig. 16.

0.5
—e— Trig3(NMM)
0 —&— Quad4(NMM) | |
———— iNMM

05 \\
1 \\

1 1.1 1.2 1.3
le(n)/2

(b)Relative error in energy norm

Fig. 13. Comparison of accuracy for cantilever beam problem subjected to a tip-moment.
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(b) example mesh for Trig3(NMM) and the

INMM with 4 X4 layers and 22 nodes

(d) example mesh for Quad4 element with

4 X4 layers and 25 nodes

(e) example mesh for Quad4(NMM) with 4x4 layers and 22 nodes

Fig. 15. Cook’s skew beam.
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Fig. 16. Displacement of Cook’s skew beam.
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Fig. 17. Dimensions of slope model [41].

As can be seen in Fig. 16, the results obtained through the pro-
posed iNMM are much better than those obtained through Trig3(NMM),
Quad4(NMM), Quad4, NS-FEM and ES-FEM. In addition, the iNMM
gives results comparable to those obtained through Quad8. It is noticed
that Quad8 is very sensitive to mesh quality [41]. Often in practice, it is
very difficult to generate high quality mesh for problems with complex
geometry. But, the proposed iNMM is free from this problem, because
it can always adopt regular mathematical mesh without considering the
problem domain boundary to discretize the problem domain.

5.5. Slope

In this section, a homogeneous slope [41] subjected to self-weight
is considered, as shown in Fig. 17. The bottom of the slope is fixed,
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(a) 166 nodes

(d) 166 nodes

(b) 597 nodes

(c) 2257 nodes

(f) 2257 nodes

Fig. 18. Discretized models of a slope.
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Fig. 19. Vertical displacement errors of point A.

while the left and right sides are subjected to normal constraint. In the
computation, the material parameters are assumed as Young’s modulus
E = 8 x 107, Poisson’s ratio v = 0.43 and unit weight y = 1.962 x 10%.
The discretized models for this example are shown in Fig. 18. The ref-
erence solution for the vertical displacement of point A is —1.6068
[41].

The vertical displacement errors of point A versus n obtained by
Trig3(NMM), Quad4(NMM) and the proposed iNMM are plotted in
Fig. 19. As can be seen from Fig. 19, the proposed iNMM obtained much
better results than Trig3(NMM) and Quad4(NMM).

5.6. A rectangular plate with two holes

A rectangular plate with two holes is considered in this example,
as shown in Fig. 20. The bottom of the plate is constrained in normal
direction. Only the midpoint of the bottom is fixed. The upside of the
plate is subjected to a uniformly distributed load. In the computation,
the material parameters are assumed as Young’s modulus E = 3 x 107,
Poisson’s ratio v = 0.3 and P = 1. The plane stress condition is as-
sumed. The discretized models for Trig3(NMM) and iNMM are shown in
Fig. 21(a)—(c), while the discretized models for Quad4(NMM) are shown
in Fig. 21(d)-(f). Due to the lack of theoretical solution, the problem do-
main is discretized with very fine mesh with 18,147 nodes, as shown in
Fig. 22. A reference solution is calculated by Quad4(NMM) using this
discretized model. The reference solution for the vertical displacement
of point A is 1.064 x 107°.
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Fig. 20. Dimensions of a rectangular plate with two holes.

The vertical displacement errors of point A versus n obtained by
Trig3(NMM), Quad4(NMM) and the proposed iNMM are plotted in
Fig. 23. As can be seen from Fig. 23, the proposed iNMM obtained much
better results than Trig3(NMM) and Quad4(NMM).

6. Discussions and conclusions

In this study, an improved version of numerical manifold method
(iNMM) has been proposed. The proposed iNMM performs excellently
for linear elastic problems of two dimensional solid. Some important
observations from this work are as follows:

(1) In the iNMM, high-order global approximation can be con-
structed without extra nodes or DOFs. The shape function of
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(a) 229 nodes 237 nodes

(d)

(b) 362 nodes (e) 370 nodes

(c) 468 nodes (f) 472 nodes

Fig. 21. Discretized models of the plate with two holes.

iNMM processes the much desired Kronecker-delta property.
Moreover, the proposed iNMM is free from the LD problem.

The stress field obtained through iNMM is continuous at the
nodes. With this advantage, the nodal stress can be conveniently
obtained without any smoothing operation.

Inheriting all the advantage from numerical manifold method
(NMM), the iNMM can always adopt regular mesh without con-
sidering the problem domain boundary to discretize the problem
domain.

Accuracy obtained through the proposed iNMM is significantly
better than that obtained through Trig3(NMM), Quad4(NMM),
Quad4, NS-FEM and ES-FEM.

(2)

(3)

(€3]

In view of the advantages of the iNMM, it is worth to further study
and apply it to other fields. It is noticed the present work is still very
preliminary. In the following work, we will apply the present iNMM to
simulate multiple crack propagation problems.
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Fig. 22. Discretized model of the plate with two holes to obtain reference solution (18,147
nodes).

(U Ep——
,é —
§ -2 M/,/‘e/ﬁ
&
B 4 ]
.8
e -6 —— Trig3(NMM)
3 —— Quadd(NMM)
5 -8 ——+— iNMM .
""" Reference
-10 ' : '
1.2 1.25 1.3
lg(n)/2

Fig. 23. Vertical displacement errors of point A for the rectangular plate with two holes.
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