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Analytical study of ground motion caused by seismic wave
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Summary
Studying seismic wave propagation across rock masses and the induced ground
motion is an important topic, which receives considerable attention in design and
construction of underground cavern/tunnel constructions and mining activities.
The current study investigates wave propagation across a rock mass with one fault
and the induced ground motion using a recursive approach. The rocks beside the
fault are assumed as viscoelastic media with seismic quality factors, Qp and Qs.
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Two kinds of interactions between stress waves and a discontinuity and between
stress waves and a free surface are analyzed, respectively. As the result of the wave
superposition, the mathematical expressions for induced ground vibration are
deduced. The proposed approach is then compared with the existing analysis for
special cases. Finally, parametric studies are carried out, which includes the
influences of fault stiffness, incident angle, and frequency of incident waves on
the peak particle velocities of the ground motions.
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1 | INTRODUCTION
A seismic wave arriving at the ground usually causes ground motion, which may induce damage of structures on the
ground. Prediction of ground motion is especially important in underground engineering construction and design.
Commonly, the peak particle velocity (PPV) was usually used to present the ground motion.1 Some codes in designing
underground ammunition storage still use PPV as the criterion in assessing the structural responses.2,3 In practice, based
on fitting large amounts of data collected from different sites, various empirical attenuation formulas were suggested to
estimate ground vibration and predict the PPV induced by blasts.4-6 Apart from the empirical relations, some analysis on
the ground motion characteristics according to the field experiment was carried out. For example, from 2000 to 2001,
Singapore DSTA conducted a series of explosion experiments in Sweden. Part of the experimental content was the record
and evaluation about explosion vibration on the surface of the earth.7 Based on an in‐site experiment, Hao et al.8
investigated the effect of rock joints on stress wave propagation and characteristics of ground motion. The result from field
experiment is more accurate than those by using other methods, but the cost is relatively large, and the resulting formula is
also effective for specific site.
Currently, theoretical researches are gradually carried out to analyze wave propagation or estimate the ground motion. For
example, Garvin9 derived an analytical solution in the case of a volumetric line source buried in an elastic half space. Most of
the existing studies were based on the analysis of experimental results and empirical formula deduction. There are few
researches based on stress wave propagation theory to analyze the ground motion. In this study, the process of seismic wave
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propagation across a rock mass and consequently induced ground motion are analyzed in detail by using the superposition
principle for the stress wave effect.
Rock blocks were generally regarded as homogeneous, isotropic elastic materials in previous studies. However, in fact, there
are a lot of joints, cracks, voids, and impurities in natural rocks. During wave propagation across nature rocks, the energy
attenuation and loss of stress wave take place in a certain degree with the increase in wave propagation distance. Therefore,
the traditional linear elastic model was inappropriate to describe the rocks.10 Johnson and Rasdolosaon11 considered that the
rock was actually medium viscoelastic body as a major part of the Earth. Also, a lot of testing and laboratory studies had proved
that most rocks showed a viscoelastic behavior.12 Considering the multiple wave reflections among joints, Li et al.13 proposed
equivalent viscoelastic medium model (EVMM) by introducing the virtual wave source. The EVMM was proved to be effective
to predict wave propagation across jointed rock masses compared with the other methods.14 Later, Li et al.15 improved the
EVMM with the seismic quality factor of rock mass to analyze wave propagation across layered rock mass. For a viscoelastic
medium, there are many models to choose, such as Kelvin model, Maxwell model, Burgers model, and other generalized
viscous models.16 Fan et al.17 conducted a laboratory dynamic test to study the dynamic behavior of sedimentary rocks. The
test results showed the viscoelastic property of sedimentary rocks.
Severe earthquakes were related to the dynamic property of the rock fault.18 When a body wave normally or obliquely
impinges on a rock fault, 2 different types of waves, that is, longitudinal wave (or P‐wave) and shear wave (or S‐wave), are
usually generated from the fault. Meanwhile, multiple reflections may be caused between the fault and ground. Hence, analysis
of wave propagation across rock masses and consequently induced ground motion becomes more complex. There are many
studies on wave propagation across one single discontinuity or multiple discontinuities. For the case of a single joint, Pyrak‐
Nolte et al.19 derived complete solutions of transmission and reflection coefficients, where the displacement discontinuous
method20 was adopted. Considering the compatibility condition on the joint interface, Li et al.21 analyzed the stochastic seismic
wave interaction with a slippery rock fault when the seismic waves propagate across the fault with an arbitrarily incident angle.
For the case of a set of parallel joints, Zhao and Cai22 adopted the displacement discontinuous method coupled with the
characteristic theory to analyze P‐ and S‐waves propagation normally across nonfilled joints. Zhao et al.23 carried out the study
of P‐wave transmission across parallel fractures with different mechanical behaviors. Considering the multiple reflections
between fractures, Zhao et al.24 applied propagator matrix method to analytically study wave attenuation across parallel
fractures at arbitrary incidence angles. Based on a new recursive method, Li25 studied the effects of nonlinear property of rock
joints and the impinging direction of incident wave on wave propagation. For the case of nonparallel joints, Zhu et al.26
numerically simulated the effect of multiple intersecting joint sets on wave transmission across jointed rock masses with UDEC.
Chai et al.27 analyzed the interaction between 2 nonparallel joints and wave propagation by using the recursive method. For the
problem of ground motion, Li et al.28 carried out a preliminary estimation induced by an underground explosion, where the rock
mass was equivalent to an elastic medium with one material damping ratio.
The aim of the present study is to investigate seismic wave propagation across 1 rock mass with one fault and its influence
on the ground motion. Two types of interactions between seismic wave and discontinuous interface, and seismic wave and free
surface are analyzed, respectively. The incident wave is assumed to be a seismic P‐wave. The rock blocks beside the fault are
equivalent as viscoelastic media with Kelvin model. The wave propagation equation across the Kelvin media is derived
considering the seismic quality factor of rocks. Wave propagation process and the induced ground motion are investigated step
by step. Then the proposed approach is verified by comparing with the existing methods for 2 special cases. Finally, the
parametric studies are carried out, such as the frequency and the impinging direction of incident wave and the stiffness of fault.

2 | T HEORET I CAL FOR M U L AT I O N S
2.1 | Problem description
Figure 1 shows one‐half space of a rock mass lying in x‐y plane with viscoelastic rocks, a fault, and a ground. The fault is
assumed to be planar, large in extent, and small in thickness compared with the wavelength of the incident wave. The ground
is smooth and planar. The angle between the fault and the ground is θ. When a P‐wave obliquely impinges on the fault with
incident angle α, transmitted and reflected P‐ and S‐waves are produced from the fault, as shown in Figure 1. Then, the
transmitted waves spread toward the ground and are reflected on the ground. The reflected waves caused from the ground
become new incident waves and propagate in the rock mass. When the new incident waves impinge on the fault, new reflection
and transmission take place repeatedly from the fault. Consequently, multiple reflections are induced between the fault and the
ground, which makes the wave propagation extremely complex in the rock mass.
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FIGURE 1 Schematic view of wave
propagation across a rock mass with a fault
and arriving at the ground [Colour figure can
be viewed at wileyonlinelibrary.com]

The process of wave propagation includes 4 stages: the first stage is the incident P‐wave propagating across the fault, the
second stage is the transmitted waves impinging and reflected from the ground, the third stage is the reflected waves from
the ground propagating toward and impinging on the fault, and in the fourth stage, waves are reflected multiply between the
fault and the ground. The waves between the ground and the fault are numbered and illustrated in Figure 1, where SJi and PJi
denote 5 pairs of S‐ and P‐waves (i = 1,5) successively produced from the fault and spreading to the ground in the first 3 stages;
Sgi and Pgi denote 2 pairs of reflected S‐ and P‐waves (i = 1,2) from the ground. The incident, transmitted, and reflected waves
from the fault and the ground satisfy the Snell's law. If the rocks beside the fault are assumed to be identical, there is
sin β cs
¼ ¼
sin α cp

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1‐2v
;
2ð1‐vÞ

(1)

where the symbol β denotes the emergence angles of the transmitted S‐wave; cp and cs denote the P‐ and S‐wave propagation
velocities in the rocks, respectively; and ν is the Poisson's ratio of rock. The emergence angles of the other waves can also be
calculated for wave propagation process. For example, the emergence angle of the reflected wave SJ1 from the fault is β. When
SJ1 arrives at and impinges on the ground, the reflected wave SJ1 becomes a new incident wave, and the corresponding incident
angle is β + θ. At this moment, the emergence angle of the reflected wave Pg1 can be calculated from the Snell's law and equals
sin−1[sin( β + θ)cp/cs]. When the reflected wave Pg1 becomes a new incident wave and arrives at the fault, the incident angle of
Pg1 to the fault is sin−1[sin(β + θ)cp/cs] + θ.

2.2 | Wave propagation in the viscoelastic rocks
As there exist defects, the rocks beside the fault are assumed to be viscoelastic media with Kelvin model. For the 2‐dimensional
problem shown in Figure 1, the equations of stress wave propagation in the elastic solid are commonly expressed as follows:
ρ

∂2 u
¼ ðλ þ 2μÞ∇2 u; for P‐waves
∂t 2

(2)

∂2 u
¼ μ∇2 u; for S‐waves
∂t 2

(3)

ρ

where λ and μ denote the Lame's constant; μ is the displacement; t is the time; and the operator ∇2 is written for
 2

∂
∂2
∂2
þ
þ
∂x2
∂y2
∂z2 .
The constitutive equations of Kelvin model can be expressed as follows16
σ ¼ kε þ η_ε

(4)
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where σ and ε denote stress and strain, respectively; k is the elastic coefficient, and η is the Newton viscous coefficient.
Kolsky16 analyzed the stress components of Kelvin model and proposed 2 viscous constants of the isotropy block, which were
 
denoted as λ’ and μ’ with respect to the Lame's constant. After the operator μ þ μ′ ∂t∂ is adopted instead of λ and the operator


μ þ μ′ ∂t∂ for μ, the relations between stress and strain for a Kelvin solid can be obtained as the same form as those of the elastic
solid. Similarly, replacing the operators in Eqs. 2 and 3, the equation of motion for a viscoelastic Kelvin medium can be
expressed as follows:
 0
 ∂u
∂2 u
0
; for P‐waves
(5)
ρ 2 ¼ ðλ þ 2μÞ∇2 u þ λ þ 2μ ∇2
∂t
∂t
ρ

 
∂2 u
0
2
2 ∂u
; for S‐waves
¼
μ∇
u
þ
μ
∇
∂t 2
∂t

(6)

For one incident wave with harmonic wave form u = A exp(iωt), the solution of Eqs. 5 and 6 is
uðx; t Þ ¼ A expð‐am xÞ exp½iðωt‐bm xÞ

(7)

where A denotes the amplitude of the incident wave; ω denotes the angle frequency of incident wave, and the parameters am and
bm are
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
"sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ #
u
u
2
ρE
ω
E 0 2m ω2
m

‐1
1
þ
am ¼ t  2
(8)
E 2m
2 E m þ E 0 2m ω2
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
"sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
#
u
u
ρE m ω2
E 0 2m ω2
t


1þ
þ1
bm ¼
E 2m
2 E 2m þ E 0 2m ω2

(9)

The symbol m is p and s for P‐ and S‐waves, respectively. When m is p, there are Em = λ + 2 μ and E ′m=λ’ + 2 μ’. When m is
s, there are Em = μ and E ′m =μ’.
According to the definition of the seismic quality factors of P‐ and S‐ waves, we can get the following expression for the
Kelvin model,29
Em 1
ðm ¼ p and sÞ
(10)
Qm ¼ 0
Em ω
where Qp and Qs denote the seismic quality factors of P‐ and S‐waves, respectively. Both of the quality factors are often used to
describe the rock material viscosity. When Qp and Qs tend to infinity, the viscous modulus tends to zero, and the rocks are
elastic. On the contrary, when Qp and Qs tend to zero, the elastic modulus are near zero, and in this situation, the material is
totally viscous. From Eq. 10, Eqs. 8 and 9 can be written as follows:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


ρω2


am ¼
1 þ 1=Q2m ‐1
2
2E m 1 þ 1=Qm
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


ρω2


1 þ 1=Q2m þ 1
bm ¼
2
2E m 1 þ 1=Qm

(11)

(12)

Therefore, once the quality factors are confirmed, the wave propagation in viscous‐elastic media can be calculated from
Eqs. 7, 11, and 12.
There are a lot of researches on studying the values and the relationship of quality factors, Qp and Qs. Most results
show that the values of Qp and Qs change with the depth. Winkler and Nur30 obtained the ratio of Qp to Qs, which ranges
from 0.34 to 1.39 and decreases with the increase in depth. From the study on the Tertiary sedimentary rocks, Clouser and
Langston31 measured the value scope in the depth of less than 1.4 km. It was found that Qp ranges from 10 to 70, whereas
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Qs is from 10 to 25. Meanwhile, through a lot of in situ tests and comparison with the related theories, the relation curves
of the 2 quality factors was written as follows31
Qs ¼

4 cs 2
Qp
3 cp

(13)

cp
Q
cs p

(14)

Qs ¼

where Eq. 13 is suitable for the shallow rock mass, whereas Eq. 14 is for the deep one. The current study focuses on wave
propagation in the rock mass near the ground, so Eq. 13 is chosen.

2.3 | Wave propagation across a discontinuity and reflection on a free surface
When a P‐ or S‐ wave impinges on a discontinuity in rocks, both reflection and transmission take place, as shown in Figure 2.
Based on the displacement discontinuity method, Pyrak‐Nolte et al.19 derived the reflection and transmission coefficients for
harmonic plane wave propagation across a linearly elastic joint with an arbitrary incident angle. The directions of the incident,
reflected, and transmitted waves meet the Snell's law. The reflection and transmission coefficients19 will be used in the following study.
Compared with the incident wave, the phase shift as well as the amplitude attenuation of transmitted and reflected
waves takes place. The phase shift of the transmitted waves, φTp→m and φTs→m (m = p and s for P‐ and S‐waves, respectively), caused by the discontinuity is related to the ratio of the imaginary part of the transmission coefficient. They can
be expressed as follows:
ϕTp→m ¼ tg‐1


!


Im T p→m
ImðT s→m Þ

 ; ϕTs→m ¼ tg‐1
ReðT s→m Þ
Re T p→m

(15)

If an incident P‐wave with harmonic waveform propagates across a linearly elastic rock discontinuity, the transmitted waves
after the discontinuity can be written as follows:
h
i
vTp→m ¼ T p→m A exp i ωt þ ϕ0 þ ϕTp→m

(16)

where φ0 denotes the initial phase of the incident wave, and |Tp ! m| is the transmission coefficient caused by incident P‐waves.
Since the phase shift between the reflected and incident waves is π/2, the reflected waves can be expressed as follows:
h
i
vRp→m ¼ Rp→m A exp i ωt þ ϕ0 þ ϕRp→m ‐π=2

(17)

FIGURE 2 Schematic view of incident, reflected and transmitted waves across a single rock discontinuity [Colour figure can be viewed at
wileyonlinelibrary.com]
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where |Rp ! m| is the reflection coefficient caused by incident P‐waves. If the incident wave is an S‐wave, the transmitted waves,
vTs→m , and reflected waves, vRs→m , can be derived,


vTs→m ¼ jT s→m jA exp i ωt þ ϕ0 þ ϕTs→m

(18)



vRs→m ¼ jRs→m jA exp i ωt þ ϕ0 þ ϕRs→m ‐π=2

(19)

where |Ts ! m| and |Rs ! m| denote the transmission and reflection coefficients caused by incident S‐waves. When the dynamic
property of the discontinuity is really weak, and the normal and shear stiffness, denoted as kn and ks, of the discontinuity tend to
zero, i.e., kn ! 0 and ks ! 0, the discontinuity is similar to a free surface, from which only reflected P‐ and S‐waves exist, as
shown in Figure 3. For a harmonic incident P‐wave impinging on a free surface, the reflection coefficients, Rp→p and Rp→s, and
the phase change, φRp→p and φRp→s , can also be obtained according to the existing method.16 Hence, the waves reflected from a
free surface can be expressed as follows:
h
i
vRp→m ¼ Rp→m A exp i ωt þ ϕ0 þ ϕRp→m ‐π=2 ðm ¼ p; sÞ

(20)

Similarly, the reflected wave for an incident S‐wave impinging on the free surface can be expressed as the similar form of
Eq. 20 when the subscript “p” is replaced by “s.”
When a velocity wave denoted as vIm (m = p, s) impinges on the ground, the normal and tangential components of the velocity of the ground motion, denoted as vnm and vτm, are respectively expressed as follows:
vnp ¼ cos α⋅vIp ‐ cos α⋅vRp→p þ sin β⋅vRp→s

(21)

vτp ¼ sin α⋅vIp þ sin α⋅vRp→p þ cos β⋅vRp→s

(22)

vns ¼ sin β⋅vIs ‐ cos α⋅vRs→p þ sin β⋅vRs→s

(23)

vτs ¼ ‐ cos β⋅vIs þ sin α⋅vRs→p þ cos β⋅vRs→s

(24)

Eqs. 21 to 24 can be expressed in a matrix form as follows:
vnm
vτm

FIGURE 3

"
¼

F m þ E⋅

m

Rp

m

Rs

#!
⋅vIm

(25)

Schematic view of incident, reflected, and transmitted waves at a free surface [Colour figure can be viewed at wileyonlinelibrary.com]
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where
E¼

Fp ¼

Fs ¼

− cosα

sinβ

sinα

cosβ

cosα
sinα
sinβ
− cosβ

(26)

(27)

(28)

2.4 | Wave propagation process
Stage 1. Incident P‐waves propagation across the fault
As shown in Figure 4, the intersection of the fault and the ground surface is coordinate origin O. The wave front shown in
Figure 4 is assumed at the initial time, i.e., t = 0. The traveling distance of the wave front from the initial position point N to
point M on the fault is defined as L0, which can be obtained according to the geometric relationship shown in Figure 4, namely,
L0 ¼ cosðα þ θÞ tan α⋅X 0

(29)

where the symbol X0 denotes an arbitrary point on the ground, and the line MX0 denotes the traveling distance of the transmitted wave vpJ1(t) from the fault to the ground. For the incident P‐wave with initial phase, the incident wave arriving at point M on
the fault can be written as follows:




vIp0 ðt Þ ¼ exp ‐ap L0 ⋅A exp i ωt þ ϕ0 ‐bp L0
(30)
The transmitted waves, vpJ1(t) and vsJ1(t) (abbreviated as PJ1 and SJ1, respectively), are generated from the fault and can be
deduced from Eq. 16 as follows:
h
i


vmJ1 ðt Þ ¼ T p→m ⋅ exp ‐ap L0 ⋅A exp i ωt þ ϕ0 ‐bp L0 þ ϕTp→m
(31)

Stage 2. Transmitted waves propagate to and are reflected from the ground
After stage 1, the transmitted waves, PJ1 and SJ1, become new incident waves and reach the ground after spreading a certain
distance, Lr, where r is pj1 and sj1 for PJ1 and SJ1, respectively. For example, Lpj1 denotes the line MX0 in Figure 4. The

FIGURE 4

Schematic view of wave propagation in stage 1 [Colour figure can be viewed at wileyonlinelibrary.com]
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coordinate of the points on the ground where they arrive at is XmJ1. Hence, when PJ1 and SJ1 arrive at the ground, the waves can
be expressed as follows:
h
i


v Im J1 ðt Þ ¼ expð‐am LmJ1 Þ ⋅ vmJ1 ½t‐d ðbm LmJ1 Þ=dω ¼ T p→m ⋅ exp ‐am LmJ1 ‐ap L0 ⋅ A exp i ωt þ ϕ0 ‐bp L0 þ ϕTp→m ‐bm LmJ1
(32)
The induced 4 types of reflected waves from the ground are denoted as Pg1, Sg1, Pg2, and Sg2, which can be obtained
from Eq. 20. The emergence angles of these 4 types of waves can be calculated from the wave propagation process, which
are sin−1[sin(β + θ) ⋅ cp/cs], β + θ, α + θ and sin−1[sin(α + θ) ⋅ cs/cp], respectively.
From Eqs. 25 to 28, the normal and tangential velocity components of ground vibration, vnmJ1 and vτmJ1, caused by the
transmitted waves, PJ1 and SJ1, can be obtained.
Stage 3. Reflected waves produced from the ground propagate toward the fault and reflected from the fault
The 4 reflected waves Pg1, Sg1, Pg2, and Sg2 from the ground then turn to new incident waves and propagate toward the fault,
respectively. The corresponding spreading distances for these 4 types of waves from the ground to the fault are Lr, where r is
pg1, sg1, pg2, and sg2, respectively. When the 4 waves arrive at the fault, there are 8 types of waves are reflected from the fault.
The new reflected waves on the fault are denoted as SJr and PJr (r = 2,5), respectively, as shown in Figure 1. The 8 reflected
waves can be calculated from Eqs. 17 and 19, where the incident waves are separately replaced by Sgr and Pgr (r = 1,2).
Stage 4. Waves are reflected multiply between the fault and the ground
Similar to stage 2, the 8 waves, SJr and PJr (r = 2,5) generated in stage 3, propagate to and are reflected at the ground.
Consequently, the ground vibration is caused by the waves impinging on the ground and the induced components can be
calculated from Eq. 25 for the 8 waves, respectively. Repeatedly, the multiple waves are produced from the ground and fault,
respectively, and propagate between the 2 discontinuities.

2.5 | Surface wave propagation
When a series of waves reach the ground and are reflected, surface wave is generated. The surface wave is caused from the
differential velocities of arbitrary 2 adjacent points, such as xi and xi+1, on the ground, and is expressed as follows28
vnsur ðxi ; t Þ
v τsur ðxi ; t Þ

¼

vn ðxiþ1 ; t Þ
vτ ðxiþ1 ; t Þ

−

vn ðxi ; t Þ
vτ ðxi ; t Þ

(33)

where vnsur(xi, t) and vτsur(xi, t) are the normal and tangential components of the surface wave at ground point xi. The amplitude
attenuation of the surface wave conforms to [xi/(xi + li)]1/2, where li is the spreading distance between 2 points xi and X0 on the
ground, that is, li = X0−xi. An approximate solution to relate the surface wave velocity cR and the S‐wave velocity cs given by
Achenbach32 was expressed as follows:
cR 0:862 þ 1:14ν
¼
cs
1þν

(34)

2.6 | Ground motion equation
Above all, when an incident P‐wave impinges on the fault, as shown in Figure 1, after multiple reflections between the fault and
ground, the vibration of any point on the ground is the superposition caused by all waves arriving at the point. For example, for a
point X0 on the ground, all the waves, such as the transmitted waves, SJ1 and PJ1 across the fault, the reflected waves, SJr and PJr
(r = 2,5), and the later multiple reflected waves from the fault, contribute to the vibration of the point.
As mentioned previously, surface waves propagation can also cause the ground motion. For example, the vibration
components of the point X0 caused by the surface wave propagating from point xi can be written as follows:
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"

v0 nsur ðt Þ
v

0

τsur ðt Þ

#

vnsur ðxi ; t−li =cR Þ

¼

(35)

v τsur ðxi ; t−li =cR Þ

li

where v′nsur and v′ τsur are the normal and tangential components of the ground motion caused by the surface wave. Combining
Eqs. 33 and 35, the vibration of the point X0 can be calculated.
The vibration of point X0 includes 2 portions, which are caused by the body waves and surface waves, respectively.
Considering the surface waves and its amplitude attenuation, the normal and tangential components of ground motion for point
X0 can be derived as follows:
v n ðt Þ
vτ ðt Þ

"

q

¼ ∑
k¼1

v0 nk ðt Þ

#

v0 τk ðt Þ

X0

"

þ lim ∑

Δx→0 l ¼0
i

X0

v0 nsur ðt Þ
v0 τsur ðt Þ

#
(36)
li

where v′n and v′τ denote the normal and tangential components of the ground motion caused by the body waves from the fault; q
denotes the total number of P‐ and S‐waves propagating across the rock mass and arriving at the ground; Δx is the interval
distance between 2 adjacent points on the ground, and there is Δx = tan(α + θ)/ tan α ⋅ cp ⋅ dt.

3 | V E R I F I CAT I O N
In this section, comparisons are conducted between the solutions from the present approach and the existing analytical methods,
by calculating 2 special cases when the fault and the ground are parallel to each other.
In the following analysis, the basic parameters for the rocks and the faults are shown as follows33: rock density ρ is
2650 kg/m3; the rocks beside the fault are assumed to be elastic, that is, the seismic quality factors Qp and Qs tend to infinity;
P‐wave velocity cp is 5830 m/s in the intact rocks, and shear wave velocity cs is 2940 m/s, and the distance between the fault
and the ground is 20 m. The symbols Kn and Ks denote the normalized normal and tangential stiffness of the fault,
respectively, and there are Kn = kn/(zsω), Ks = ks/(zsω), and Kn = 3.5Ks, where ω = 2πf. The amplitude and frequency of the
harmonic incident wave are 1 m/s and 50 Hz, respectively.

3.1 | Normally incident wave
When an incident wave propagates across the fault and arrives at the ground, the vibration of any point on the ground can be
obtained from Eq. 36, where the emergency angle of each wave is zero. For a certain point, such as X0 being 20 m, the relation
between the PPV and the normalized normal stiffness of fault is shown in Figure 5(a), where the normalized tangential stiffness
varies from 0 to 4. Based on the time domain recursive method,34 the particle velocity of the ground can also be calculated, and
the corresponding PPV is also shown in Figure 6(a). By comparison, it is found that the results from the ground motion equation
derived in this article agree very well with those using the time domain recursive method.

3.2 | Obliquely incident wave
For obliquely incidence cases, both transmitted P‐ and S‐waves will impinge on and be reflected from the ground. Kolsky16 analyzed the reflections of harmonic P‐ and S‐waves with any incident angle on a free surface and obtained the relationship between
the amplitudes of reflected and incident waves. The expression of the reflection coefficients can be derived in matrix forms16:
"

Rp→p

#
¼

Rp→s
"

Rs→s
Rs→p

#
¼

2 cos α sin β

cos 2 β

− cos 2 β sinα

sinβ sin2 β

− sin2 β sinβ

sinα cos 2 β

cos 2 β

sin β cos α

−1

⋅
−1

⋅

2 cos α sin β
cos 2 β sin α
sin 2 β sinβ
cos 2 β

; for incident P‐waves

(37)

; for incident S‐waves

(38)

For a point on the ground, such as X0 = 20 m, the vertical and horizontal components of PPV are calculated from Eqs. 37
and 38 and from Eq. 36, respectively, when the emergence angle of the incident P‐wave is 15°, and the fault is parallel to the
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FIGURE 5

Verification for the PPV on the ground [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 6

The PPV of points with different locations on the ground [Colour figure can be viewed at wileyonlinelibrary.com]

ET AL.

LI

ET AL.

11

ground. Figure 5(b) shows the both results from the existing method16 and present approach. We observe from the figure that
the components of the PPVs from the present approach are very close to those from Eqs. 37 and 38. There is a certain deviation
for the curves between the 2 methods. The reason to cause the discrepancy is that the effect of multiple reflections between the
fault and ground is taken into account in the current approach, while it is not considered in Kolsky's method.

4 | DISCUSSI ON
Besides the parameters shown in Section 3, the following basic parameters are considered in this section: the normal and
tangential stiffness kn and ks are 3.5 and 1.0 GPa/m, respectively; the seismic quality factor for P‐waves Qp is assumed to be
40; the strike of the fault θ is 5°, which is the angle between the fault and the ground. From Eq. 14, the seismic quality factor
for S‐waves Qs can be obtained.
When an incident P‐wave propagates across a fault and reflected between the ground and the fault, there are 10 induced
waves, SJr and PJr (r = 1,5), spreading to the ground and causing the ground motion, as shown in Figure 1. In the second stage,
the ground motion will be caused by other 32 P‐ and S‐waves reflected from the fault. By calculating, we find that the
amplitudes of some reflected waves from the fault in the second stage and the later stages are relatively small compared with
the amplitude of the incident wave, i.e., less than 1%. Therefore, the effect of those stress waves with too small amplitude on
the ground motion can be neglected, and the ground motion is mainly caused by 26 stress waves from the fault during wave
propagation. In consequence, the normal and tangential components of ground motion can be calculated from Eq. 36, where
the parameter q is 26.
This section is to carry out parametrical study to analyze the effects of the fault stiffness, incident angle, and frequency of
incident wave on the ground motion.

4.1 | Effect of point location on the ground
Figure 6 shows the variation of the vertical and horizontal components of PPVs with the point location on the ground, where the
point location is described by its coordinate system in Figure 1, i.e., its distance to the intersection point O. Besides the
obliquely incident wave with emergence angle α=5°, a normal case, i.e., α=0°, is also studied. The results of the 2 cases are
shown in Figure 6. It can be seen from the figure that the vertical and horizontal components of PPV vary with different points
on the ground. Except that the vertical component of PPV for the normal incident wave, i.e., α=0°, almost monotonously
decreases with the increase in distance on the ground, fluctuation can be observed from the other 3 curves. By comparison,
it is observed that for a given point the horizontal component of PPV for α=0° is approximately half of that for α=5°. Additionally, for the oblique case α=5°, there are obvious inflection points of 2 curves at points with coordinate approximately 90 m.

4.2 | Effect of frequency of incident wave
Figure 7 illustrates the vertical and horizontal components of PPV varying with the frequency of incident wave f for a certain
point on the ground, e.g., X0 = 50 m, where θ = α = 5°. It can be observed from Figure 7 that the vertical component of PPV
drops sharply when the frequency is less than 80 Hz and then decreases smoothly with increasing frequency of incident wave,
whereas the horizontal component of the PPV increases first and then turns to decrease at approximately f = 37 Hz with
increasing frequency of incident wave.
The resultant PPV is also shown in Figure 7. We can see from the figure that the value of PPV is lower when the frequency
is relatively high. For example, PPV is approximately 1.2 m/s for f being 50 Hz, PPV is approximately 0.4 m/s for f = 100 Hz,
and PPV is approximately 0.2 m/s for f = 200 Hz This phenomenon indicates that since the fault is like a filter to filter out stress
waves with high frequency, only the waves with lower frequency can propagate across the fault, arrive at the ground, and result
in the ground motion finally.

4.3 | Effect of normalized fault stiffness
Figure 8 shows the variation of the vertical and horizontal components of PPV with the normalized fault stiffness at the point
X0 = 50 m on the ground, where the ratio between the normalized normal and shear stiffness of the fault is 3.5. It is found that
the vertical and horizontal components of the PPV can be expressed as the functions of fault stiffness. Figure 8 shows that the
vertical and horizontal components of the PPV both increase with the increase in the fault normal stiffness, and the rising rate is

LI

12

FIGURE 7

The relation between PPV and frequency of incident wave [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 8

The relation between PPV and normalized normal stiffness of fault [Colour figure can be viewed at wileyonlinelibrary.com]

ET AL.

relatively high for Kn less than 1. At the point X0, the vertical component value of the PPV is greater than its horizontal
component value when the fault normal stiffness is given. Meanwhile, Figure 8 shows that the variations of the horizontal
component of PPV with the fault stiffness become stable when the fault stiffness Kn is greater than 1. In addition, the rising
rate of the vertical component is becoming lower when the normal stiffness is greater. When the fault is very soft, i.e., Kn near
zero, there is no ground motion caused as all the waves are reflected from the fault, and no waves transmit across the fault and
arrive at the ground.

4.4 | Effect of fault strike
The underground faults are usually not parallel to the ground. The ground vibration caused by 1 seismic wave varies with
different fault strikes. Figure 9 shows the relation between the PPVs of 3 points on the ground with the strike of fault when
the incident wave impinges on the fault with incident angle 5 degrees. The coordinates of the 3 points, A, B, and C, are 20,
40, and 60 m, respectively. It can be seen from the graph that the relation between ground vibration and fault strike is regular
when the fault strike ranges from 0° to 10°. With the fault strike increasing, the vertical components of the PPV for the points A
and B go down monotonously. The horizontal components of the PPV for the points A and C increase with the rise of the fault
strike. In addition, we can see that the points vibrate more seriously along the vertical direction than that along the horizontal
direction when the fault strike is less than 6°.
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The relation between PPV and fault strike [Colour figure can be viewed at wileyonlinelibrary.com]

When the fault strike is greater than 10°, in the third propagation stage, the new incident angle of some S‐waves from the
fault and arriving at the ground may be greater than the critical angle sin−1(cs/cp) = 30.3°, which causes the emergence angle of
the new reflected waves from the fault being not real valued any more. For example, if the fault strike is 11°, the new incident
angles of the waves SJ2 and SJ4 caused from the fault are 35.5° and 30.5°, respectively, in the third stage when the new incident
waves impinge on the ground.

4.5 | Limitations and other applications
During the second stage of wave propagation, when the transmitted wave from the fault becomes a new incident wave and
arrives at the ground, the emergence angles of the new incident P‐ and S‐waves are α + θ and β + θ, respectively. The
present approach is applicable only if the emergence angle of the new incident wave is less than its critical angle, that is,
0 ≤ α + θ < αc for P‐wave and 0 ≤ β + θ < βc for S‐wave, where the critical angles are αc = 90° and βc = sin−1(cs/cp). This
means the impinging angle of an incident P‐ or S‐wave must be less than the difference between the critical angle and the
fault strike; otherwise, the reflected wave from the ground in the second stage is not real valued, and the equations derived
in Section 2 are not available any more. As the fault and ground are not parallel with each other, the emergence angles of
the multiple reflected waves from the ground and fault become larger gradually with the number of multiple reflections
between the ground and the fault. The present approach is still available to analyze the ground motion caused by multiple
reflections until the emergence angles of the reflected waves from the ground or the fault are not less than the critical angle,
i.e., αc for P‐wave and βc for S‐wave.
It should be noted that the angle between the incident wave front and the ground is equal to α + θ, where the symbol θ
denotes the fault strike.

5 | CONCLUSIONS
In this article, a recursive approach is developed to analytically study wave propagation across a rock mass with a fault and the
induced ground motion. The ground motion equation is established by studying in detail the wave propagation process between
the fault and ground.
By comparing with existing methods for 2 special cases, the present approach is approved to be effective to analyze wave
propagation across rock faults and the caused ground motion. In addition, the verification indicates that the multiple reflections
between the fault and ground would influence the ground motion.
The parametric studies show that the ground motion is affected by many reasons, such as the normalized stiffness of fault
and the frequency of incident wave. Although the tendencies of the vertical and horizontal components of PPV for a point on the
ground with the frequency of incident wave are different, the resultant PPV decreases with increasing the incident frequency
when the fault strike and the incident angle are both 5°. A fault is similar to a filter to filter out seismic wave with high
frequency. When the stiffness of fault is very low, seismic waves are easily prevented from propagating across the fault, and
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there is no ground motion caused. Moreover, the vertical and horizontal components of PPV for any point on the ground vary
with the location of the point. When the fault is parallel or oblique to the ground, for a given point on the ground, the vertical
component of the PPV is always greater than its horizontal component.
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