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a b s t r a c t 

This paper presents a continuous–discontinuous hybrid boundary node method for frictional contact problems. 

In this method, the outer and internal boundaries are divided into several individual segments, for a continu- 

ous segment on outer boundary, the radial point interpolation method (RPIM) is employed for shape function 

construction, for discontinuous segments, the enriched discontinuous basis functions combined with RPIM are 

developed, in order to reflect the local field property of displacement and stress around crack tip, different basis 

functions for displacement and traction are developed for shape function construction on discontinuous segments 

individually. And the near tip asymptotic field functions and Heaviside function are employed for simulating the 

high gradient of stress field and discontinuous displacement field on contact surfaces. Besides a frictional contact 

theory and complementation detail for the present method is proposed, and some additional equations are devel- 

oped for frictional contact iteration. Based on above technique and theory, a continuous–discontinuous hybrid 

boundary node method is proposed for frictional contact problems. Some numerical examples are shown that the 

present method is effective and can be widely used for some frictional contact engineering. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

The frictional contact problems are one of the most important prob-

ems in civil, mechanical and engineering areas. At the same time, it is

lso one of the most difficult problems to simulate by numerical method,

ecause they are always nonlinear, and the convergence of frictional

teration is always difficult, besides, many geometric and mathematical

odels are also difficult to choose. Then it is a challenging task to model

nd simulate a frictional contact problem, such as sheet metal forming,

am mechanism rotating, bridge bearing, impact and penetration.

hose types of problems can be modeled with adaptive finite element

ethod (FEM) method using the penalty method [1–2] and variational

nequalities [3] , but high-level mesh density must be enforced around

ontact region. Hughes et al. [4] proposed a finite element analysis

ethod for contact problem with a small deformation assumption. 

Besides widely used of FEM for frictional contact problems, bound-

ry element method (BEM) is also employed for simulating frictional

ontact problem, such as, Xiao and Yue [5] proposed a generalized

elvin solution based BEM for contact problems of elastic indenter

n functionally graded materials, and Gun and Gao [6] proposed a

uadratic BEM formulation for continuous non-homogeneous, isotropic

nd linear elastic functionally graded material contact problems with
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riction. Olukoko et al. [7] gave a review of three alternative ap-

roaches to modeling frictional contact problems using the boundary

lement method. Hack and Becker [8] developed a local axes boundary

lement formulation for analysis of frictional contact problems under

angential loading. Gun [9] used boundary element method to simulate

D elasto-plastic contact problems with friction. 

Many meshless methods have been proposed in literature for analy-

is frictional contact problems. Aimed to overcome contact constraints

nd solving contact problems, an adaptive meshless method (MLM) for

olving mechanical contact problems is proposed by Li and Lee [10] ,

hich automatically insert additional nodes into large error regions

dentified in terms of mechanical stresses, and it is a combination of

 sliding line algorithm and the penalty method, thus, it can solve

onlinear contact problems with large deformation. Belaasilia et al.

11] applied a numerical mesh-free model for simulating elasto-plastic

tructures with contact, which is based on the asymptotic numerical

ethod and it is in the meshless collocation framework. Gun [12] pre-

ented a quadratic meshless boundary element formulation for isotropic

amage analysis of contact problems with friction. 

As a widely used meshless method, the meshless local Petrov–

alerkin (MLPG) approach for large deformation contact analysis is

eveloped by Hu et al. [13] , in which the MLPG approach was based on a

ocal weak form with RBF coupled with polynomial basis function. Xiao
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t al. [14] combined subdomain variational inequality, MLPG method

nd radial basis functions for solving two-dimensional contact problems,

hich is based on the Heaviside step function and radial basis functions.

A new complex variable element free Galerkin (EFG) was investi-

ated by Li et al. [15] , in which the technique based on Galerkin weak

orm and the penalty method was used to impose essential boundary

onditions. Timesli et al. [16,17] proposed a new algorithm on moving

east square method to simulate material mixing in friction stir welding,

nd furthermore, Mesmoudi et al. [18] developed a 2D mechanical-

hermal coupled model to simulate material mixing observed in friction

tir welding process. Belytschko and Fleming [19] proposed a contact

lgorithm based on the penalty method combined with EFG method

or contact problems. Tiago and Pimenta [20] implemented element

ree Galerkin with moving least square (MLS) to nonlinear analysis

f plates undergoing arbitrary large deformations. Ullah and Augarde

21] developed an adaptive meshless approach based on EFG method

or nonlinear solid mechanics. EFG was applied in the simulation of

orging process by Guedes and Cesarde Sa [22] , in which blending

nite elements with EFG in order to overcome the difficulty of meshless

ethods in dealing with essential boundary conditions. 

Besides, Youssef et al. [23] proposed a numerical mesh-free model

or simulating elasto-plastic structures with contact, which was based

n the asymptotic numerical method. Chen et al. [24] discussed

ome recent enhancements in meshfree methods for incompressible

oundary value problems, in which a mixed transformation method

nd a boundary singular kernel method were applied for imposition of

ssential boundary condition and contact constraints. Campbell et al.

25] proposed a contact algorithm for smoothed particle hydrodynam-

cs (SPH), Attaway et al. [26] coupled SPH and finite elements for a

ontact problem, Kulasegaram et al. [27] proposed a new approach to

andle the contact between Lagrangian SPH particles and rigid solid

oundaries. Kim et al. [28] used a meshless method for a frictional

ontact problem with a rigid body, in which a continuum-based shape

esign sensitivity formulation was proposed. Chen et al. [29] used

 meshless method based on the reproducing kernel particle method

RKPM) for metal forming analysis. Li et al. [30,31] employed radial

oint interpolation method for contact analysis of solids and metal

orming process. The boundary singular kernel method was proposed

y Chen and Wang [32] for computation of contact problems. 

Hybrid boundary node method (HBNM) [33] is derived from bound-

ry node method, which is first proposed by Mukherjee [34] , short

fter that, singular hybrid boundary node method is proposed by Miao

t al. [35] . Later, Yan et al. employed dual reciprocity method (DRM)

36] to HBNM, and proposed the dual reciprocity hybrid boundary

ode method (DHBNM) to solve inhomogeneous [37] , dynamic [38] ,

onlinear [39] , and convection-diffusion problems [40] etc. further-

ore, based on Shepard interpolation method and Taylor expansion,

an et al. [41] propose a new shape function constructing method,

.e., the Shepard and Taylor interpolation method (STIM), and develop

 continuous–discontinuous hybrid boundary node method [42] for

rack propagation. 

In this paper, a continuous–discontinuous hybrid boundary node

ethod for frictional contact problems is presented, in which the outer

nd internal boundaries are divided into several individual segments,

or continuous segments on outer boundary, the radial point interpo-

ation method (RPIM) is employed for shape function construction,

or discontinuous segments, the enriched discontinuous basis functions

ombined with RPIM are developed, and different basis functions are

mployed to construct shape functions for displacement and traction

espectively to reflect the local field property of displacement and

tress around crack tip. And the near tip asymptotic field functions and

eaviside function are employed for simulating the high gradient of

tress field and discontinuous displacement field on contact surfaces.

esides a frictional contact theory and complementation detail for

he present method is proposed, and some additional equations are

eveloped for frictional contact iteration. Based on above technique
20 
nd theory, a continuous–discontinuous hybrid boundary node method

s proposed for frictional contact problems. Some numerical examples

re shown that the present method is effective and can be widely used

or some frictional contact engineering. 

. Continuous–discontinuous hybrid boundary node method 

Consider a calculating domain Ω, and its boundary is Γ. According

o theory of hybrid boundary node method, only boundary needs to be

iscrete, and the boundary is divided into several continuous segments

n this method, and the variable interpolation is approximated on each

ontinuous segment individually, then the shape function on continuous

egment is constructed by radial point interpolation method, and discon-

inuity is approximated by the enriched discontinuous interpolation. 

.1. Continuous interpolation 

Radial point interpolation method is employed in this section to

onstruct shape function for the common continuous segments, by

hich the shape function has the delta function property, and boundary

onditions can be applied easily and directly, and computational

xpense can be greatly reduced compared to moving least square. 

According to theory of RPIM, the variables of displacement u on a

ontinuous segment can be expressed as [43] 

 ( 𝑠 ) ≈ 𝑢 ℎ ( 𝑠 ) = 

𝑁 𝑆 ∑
𝑖 =1 

𝑅 𝑖 ( 𝑟 ) 𝑎 𝑖 + 

𝑚 ∑
𝑗=1 

𝑃 𝑗 ( 𝑠 ) 𝑏 𝑗 (1)

here N S is the node number on approximating segment, s de-

otes parameter coordinate of approximating segment; and m ( m <

 S ) is the number of monomials basis, and the monomials basis is

 𝑗 ( 𝑠 ) = 𝑠 𝑘 𝑘 = 0 , 1 , ..., 𝑚 ; a i , b j are approximating coefficient; R i ( r ) is

he RBF, for example: multi-quadrics (MQ) 𝑅 𝑖 ( 𝑟 ) = ( 𝑟 2 
𝑖 
+ 𝑐 2 ) 𝑞 ; Gaussian

EXP) 𝑅 𝑖 ( 𝑟 ) = exp [− 𝑏𝑟 2 
𝑖 
] ; thin plate spline (TPS) 𝑅 𝑖 ( 𝑟 ) = 𝑟 𝑛 

𝑖 
ln ( 𝑟 

𝑖 
) . 

In order to obtain the constants coefficient a i and b j , Eq. (1) is

nforced to be satisfied at N S nodes at approximating segment, and

ombined with a constraint of the monomial basis and constant

oefficient a i , one get the system equations as follows [43] : 

̃
 0 = 

{ 

𝐮 0 
0 

} 

= 

[ 
𝐑 0 𝐏 0 
𝐏 𝑇 0 𝟎 

] { 

𝐚 
𝐛 

} 

= 𝐆 𝐚 0 (2)

here 𝐚 𝑇 0 = [ 𝑎 1 , 𝑎 2 , ..., 𝑎 𝑁 𝑆 
, 𝑏 1 , 𝑏 2 ... 𝑏 𝑚 ] , 𝐮 𝑇 0 = [ 𝑢 ( 𝑠 1 ) , 𝑢 ( 𝑠 2 ) , ..., 𝑢 ( 𝑠 𝑁 𝑆 

) , 0 , 0 , 0] ,
nd R 0 is the matrix of RBF values on each approximating nodes, P 0 is

he matrix of the monomials basis values on each approximating nodes.

Solving Eq. (2) , one can get the approximating coefficients, which is 

 0 = 𝐆 

−1 𝐮̃ 0 (3)

Substituting Eq. (3) into Eq. (1) , one can get the shape function of

he present method, which can be given as 

𝑇 ( 𝐬 ) = [ Φ1 ( 𝑠 ) , Φ2 ( 𝑠 ) , ..., Φ𝑁 𝑆 
( 𝑠 ) , ..., Φ𝑁 𝑆 + 𝑚 ( 𝑠 )] = [ 𝐑 

𝑇 ( 𝐫) 𝐏 𝑇 ( 𝐬 ) ] 𝐆 

−1 (4)

So variables for the displacement on the common continuous

oundary can be obtained as [43] 

̃
 ( 𝐬 ) = 𝚽𝑇 ( 𝐬 ) 𝐮 = 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
𝑢̃ ( 𝑠 1 ) 
𝑢̃ ( 𝑠 2 ) 
⋮ 

𝑢̃ ( 𝑠 N S ) 

⎫ ⎪ ⎪ ⎬ ⎪ ⎪ ⎭ 
= 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ 

𝑁 𝑆 ∑
𝑖 =1 

Φ𝑖 ( 𝑠 1 ) 𝑢 𝑖 
𝑁 𝑆 ∑
𝑖 =1 

Φ𝑖 ( 𝑠 2 ) 𝑢 𝑖 

⋮ 
𝑁 𝑆 ∑
𝑖 =1 

Φ𝑖 ( 𝑠 𝑁 𝑆 
) 𝑢 𝑖 

⎫ ⎪ ⎪ ⎪ ⎪ ⎬ ⎪ ⎪ ⎪ ⎪ ⎭ 
(5)

n which 𝐮 𝑇 = [ 𝑢 1 , 𝑢 2 , ..., 𝑢 𝑁 𝑆 
] . The same as Eq. (5) , variables for the

oundary traction can also be approximated by this shape function,

hich is 

 ( 𝐬 ) = 𝚽𝑇 ( 𝐬 ) 𝐭 (6)

n which 𝐭 𝑇 = [ 𝑡 1 , 𝑡 2 , ..., 𝑡 𝑁 𝑆 
] are nodal values on approximating nodes

n continuous segment. 
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Fig. 1. Local domain and source point corresponding to s J . 
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.2. The enriched discontinuous interpolation 

As we know, a discontinuous segment consists with the upper

urface and the bottom surface, and the displacements on the upper and

ottom surfaces may different, which causes the discontinuous prop-

rties of stress. An enriched discontinuous interpolation is employed

n this method to simulate the discontinuous displacement and stress

f discontinuous structures, besides, the exact near-tip asymptotic field

unctions are used to simulate the high gradient stresses near crack tip.

Based on linear elastic fracture mechanics, the displacement around

rack tip is a function of r 1/2 , in which r is a polar coordinate in local

rack tip coordinate system, then the radial basis function in Eq. (1) for

iscontinuous cracks can be given as [42] 

 

𝐓 ( 𝐬 ) = [1 , 𝑠, 𝑠 2 , 𝑟 1∕2 ] (7)

Substituting Eq. (7) into Eq. (2) , one can get the continuous part of

hape function for displacement on discontinuous crack, which is 

̃ ( 𝑠 ) = 

𝑁 𝑆 ∑
𝑖 =1 

Φ𝑢 
𝑖 
( 𝑠 ) 𝑢 𝑖 (8)

n which Φ𝑢 
𝑖 
( 𝑠 ) is the continuous part of shape function related to

q. (7) . Compared to continuous structure, displacement and stress on

iscontinuous segment are discontinuous. Based on partition of unity,

he shape function of displacement on discontinuous structure can be

iven as [42] 

̃ ( 𝑠 ) = 

𝑁 𝑆 ∑
𝑖 =1 

Φ𝑢 
𝑖 
( 𝑠 ) 𝑢 𝑖 + 

𝑁 𝑆 ∑
𝑗=1 

Φ𝑢 
𝑗 
( 𝑠 ) 𝐻( 𝜉) a 𝑗 (9)

n which a j is the additional degree of nodal freedom for modeling

trong discontinuity, and the signed function is chosen as the Heaviside

nrichment function, which is 

( 𝜉) = 

{ 

1 ∀𝜉 ∈ Γ𝑠 
−1 ∀𝜉 ∈ Γ𝑡 

(10)

n which 𝜉 is distance from calculation node to crack surface, and 𝜉 > 0

hen calculation node is on upper of the crack surface, and 𝜉 < 0 when

alculation node is bottom of the crack surface, and 𝜉 = 0 when the calcu-

ation nodes is located on the crack surface, which can be seen in Fig. 2 .

In the present method, the displacement and traction on discontin-

ous segment and boundaries are approximated individually. The same

s displacement approximating, the stress field around crack tip is a

unction of r -1/2 , then the radial basis function in Eq. (1) for traction

pproximating on discontinuous cracks can be given as 

 

𝐓 ( 𝐬 ) = 

[
1 , 𝑠, 𝑠 2 , 𝑟 −1∕2 

]
(11) 

Substituting Eq. (11) into Eq. (2) , one can get the continuous part

f shape function for boundary traction, which is 

 ̃( 𝑠 ) = 

𝑁 𝑆 ∑
𝑖 =1 

Φ𝑡 
𝑖 
( 𝑠 ) 𝑡 𝑖 (12)

n which Φ𝑡 
𝑖 
( 𝑠 ) is the continuous part of shape function related to

q. (11) . The same as Eq. (9) , the traction on discontinuous segment

s discontinuous, then an enrichment shape function is constructed,

hich is 

 ̃( 𝑠 ) = 

𝑁 𝑆 ∑
𝑖 =1 

Φ𝑡 
𝑖 
( 𝑠 ) 𝑡 𝑖 + 

𝑁 𝑆 ∑
𝑗=1 

Φ𝑡 
𝑗 
( 𝑠 ) 𝐻( 𝜉) b 𝑗 (13)

n which b j is the additional degree of nodal freedom for modeling

trong discontinuity of boundary tractions. 

.3. Hybrid boundary node method 

Consider a 2D elasticity problem with domain Ω bounded by Γ. The

overning equations are: 

𝑖𝑗,𝑗 = 0 (14)
21 
 𝑖 = 𝑢̂ 𝑖 on Γ𝑢 (15) 

𝑖𝑗 𝑛 𝑗 = ̂𝑡 𝑖 on Γ𝑡 (16) 

here 𝑢̂ 𝑖 and ̂𝑡 𝑖 denote boundary node values and n is the unit outward

ormal to the domain boundary Γ. 

According to hybrid displacement variational theory, the total

otential energy can be given as [33] 

= ∫Ω
1 
2 
𝑢 𝑖,𝑗 𝑐 𝑖𝑗𝑘𝑙 𝑢 𝑘𝑙 𝑑Ω − ∫Ω 𝐮 𝑇 𝐛 𝑑 Ω − ∫Γ𝑡 𝐮 

𝑇 𝐭 𝑑 Γ (17)

here u is the displacement vector, 𝐭 is the boundary traction vector,

nd the coefficients 𝑐 𝑖𝑗𝑘𝑙 = 

2 𝐺𝜈
1−2 𝜈 𝛿𝑖𝑗 𝛿𝑘𝑙 + 𝐺 𝛿𝑖𝑙 𝛿𝑗𝑘 , and G is the shear

odulus. 

Based on hybrid displacement variational principle and hybrid

oundary node method [42,43] , test function h J ( Q ) is used to replace

he variational part, one can get 

Γ𝑆 + 𝐿 𝑆 
( 𝑡 𝑖 − ̃𝑡 𝑖 ) ℎ 𝐽 ( 𝑄 ) 𝑑Γ − ∫Ω𝑆 

𝜎𝑖𝑗,𝑗 ℎ 𝐽 ( 𝑄 ) 𝑑Ω = 0 (18)

Γ𝑆 + 𝐿 𝑆 
( 𝑢 𝑖 − ̃𝑢 𝑖 ) ℎ 𝐽 ( 𝑄 ) 𝑑Γ = 0 (19)

n which the sub-domain Ωs is chosen as the intersection of the domain

and a circle centered at a boundary node, s J ( Fig. 1 ) and the radius

f the circle is r J . 

And test function h J ( Q ) is chosen to ensure that the integral about

ariable of 𝑢̃ 𝑖 and 𝑡 𝑖 on L s is equal to zero, then test function can be

ritten as [42,43] 

 𝐽 ( 𝑄 ) = 

⎧ ⎪ ⎨ ⎪ ⎩ 
exp [− ( 𝑑 𝐽 ∕ 𝑐 𝐽 ) 2 ] − exp [− ( 𝑟 𝐽 ∕ 𝑐 𝐽 ) 2 ] 

1 − exp [− ( 𝑟 𝐽 ∕ 𝑐 𝐽 ) 2 ] 
0 ≤ 𝑑 𝐽 < 𝑟 𝐽 

0 𝑑 𝐽 ≥ 𝑟 𝐽 

(20)

here d J is the distance between the integral point, Q , in the domain

nd the nodal point, s J . c J is a constant controlling the test function

hape, r J is the radius of the sub-domain. 

Then Eqs. (18) and (19) can be rewritten as follows [42,43] : 

Γ𝑆 
( 𝑡 𝑖 − ̃𝑡 𝑖 ) ℎ 𝐽 ( 𝑄 ) 𝑑Γ − ∫Ω𝑆 

𝜎𝑖𝑗,𝑗 ℎ 𝐽 ( 𝑄 ) 𝑑Ω = 0 (21)

Γ𝑆 
( 𝑢 𝑖 − ̃𝑢 𝑖 ) ℎ 𝐽 ( 𝑄 ) 𝑑Γ = 0 (22)

Based on hybrid displacement variational theory, the domain vari-

bles u and t are interpolated by the fundamental solution, which is 
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Fig. 2. Crack surface model. 
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Fig. 3. Model of two sliding elastic bodies. 
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 = 

{ 

𝑢 1 
𝑢 2 

} 

= 

𝑁 𝑡 ∑
𝐼=1 

[ 
𝑢 𝐼 11 𝑢 𝐼 12 
𝑢 𝐼 21 𝑢 𝐼 22 

] { 

𝑥 𝐼 1 
𝑥 𝐼 2 

} 

(23)

 = 

{ 

𝑡 1 
𝑡 2 

} 

= 

𝑁 𝑡 ∑
𝐼=1 

[ 
𝑡 𝐼 11 𝑡 𝐼 12 
𝑡 𝐼 21 𝑡 𝐼 22 

] { 

𝑥 𝐼 1 
𝑥 𝐼 2 

} 

(24)

here 𝑥 𝐼 
𝑖 

is the unknown parameter, N t is the total boundary node

umber, 𝑢 𝐼 
𝑖𝑗 

and 𝑡 𝐼 
𝑖𝑗 

are the fundamental solution with the source point

f P I ( Fig. 1 ), which can be seen in references [42,43] . 

Substituting Eqs. (9) , (13) , (23) and (24) into Eqs. (21) and (22) ,

he linear system equation can be rewritten as [42] 

𝑁 𝑡 

𝐼=1 
∫Γ𝑆 

[ 
𝑡 𝐼 11 𝑡 𝐼 12 
𝑡 𝐼 21 𝑡 𝐼 22 

] { 

𝑥 𝐼 1 
𝑥 𝐼 2 

} 

ℎ 𝐽 ( 𝑄 ) 𝑑Γ

= 

𝑁 𝑡 ∑
𝐼=1 

∫Γ𝑆 

[ 
Φ𝑡 

𝐼 
( 𝑠 ) 0 Φ𝑡 

𝐼 
( 𝑠 ) 𝐻( 𝜉) 0 

0 Φ𝑡 
𝐼 
( 𝑠 ) 0 Φ𝑡 

𝐼 
( 𝑠 ) 𝐻( 𝜉) 

] ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
𝑡 𝐼 1 
𝑡 𝐼 2 
𝑏 𝐼 1 
𝑏 𝐼 2 

⎫ ⎪ ⎪ ⎬ ⎪ ⎪ ⎭ 
ℎ 𝐽 ( 𝑄 ) 𝑑Γ (25)

𝑁 𝑡 

𝐼=1 
∫Γ𝑆 

[ 
𝑢 𝐼 11 𝑢 𝐼 12 
𝑢 𝐼 21 𝑢 𝐼 22 

] { 

𝑥 𝐼 1 
𝑥 𝐼 2 

} 

ℎ 𝐽 ( 𝑄 ) 𝑑Γ

= 

𝑁 𝑡 ∑
𝐼=1 

∫Γ𝑆 

[ 
Φ𝑢 

𝐼 
( 𝑠 ) 0 Φ𝑢 

𝐼 
( 𝑠 ) 𝐻( 𝜉) 0 

0 Φ𝑢 
𝐼 
( 𝑠 ) 0 Φ𝑢 

𝐼 
( 𝑠 ) 𝐻( 𝜉) 

] ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
𝑢 𝐼 1 
𝑢 𝐼 2 
𝑎 𝐼 1 
𝑎 𝐼 2 

⎫ ⎪ ⎪ ⎬ ⎪ ⎪ ⎭ 
ℎ 𝐽 ( 𝑄 ) 𝑑Γ (26)

n which Φ𝑢 
𝐼 
( 𝑠 ) , Φ𝑡 

𝐼 
( 𝑠 ) are shape functions for displacement and boundary

raction of the present method, and 𝑎 𝐼 1 , 𝑏 
𝐼 
1 are additional node freedoms

or discontinuity. 

The system equations can be rewritten in matrix form, which is 

𝐱 = 𝐇 𝑡 𝐭 + 𝐂 𝑡 𝐛 (27)

𝐱 = 𝐇 𝑢 𝐮 + 𝐂 𝑢 𝐚 (28)

n which T, H, U can be referred in [42,43] , and t, u are boundary

ariable values, and 

 

𝐼𝐽 
𝑡 

= ∫Γ𝑆 Φ
𝑡 
𝐼 
( 𝑠 ) 𝐻( 𝜉) ℎ 𝐽 ( 𝑄 ) 𝑑Γ (29)

 

𝐼𝐽 
𝑢 

= ∫Γ𝑆 Φ
𝑢 
𝐼 
( 𝑠 ) 𝐻( 𝜉) ℎ 𝐽 ( 𝑄 ) 𝑑Γ (30)

. Frictional contact theory for HBNM 

.1. Contact model for HBNM 

Consider a discontinuous surface S , which is shown in Fig. 2 , and the

iscontinuity S includes two separate surfaces S + and S − . According

o contact theory, when the surfaces S + and S − are closed under the

ompression, a normal traction and a tangential friction force arise. 
22 
Based on Coulomb friction model, the normal gap function of

iscontinuous surface is given as [44,45] 

 𝑁 

= [ 𝐮 𝑆+ − 𝐮 𝑆− ] ⋅ 𝐧 = Δ𝐮 ⋅ 𝐧 (31)

here u S + and u S − are the displacements at calculating node in-

erpreted to lie on the S + and S − sides of discontinuous surface

 , respectively, and n is normal vector. And the relative tangential

isplacement vector can be given as 

 𝑇 = [ 𝐮 𝑆+ − 𝐮 𝑆− ] ⋅𝐦 = Δ𝐮 ⋅𝐦 (32)

n which m is tangential vector of discontinuous surface of calculating

ode. 

In the present method, the constraint is handled by the penalty

ethod, which can be given as 

 𝑁 

= 𝜀 𝑁 

𝑔 𝑁 

(33)

n which 𝜀 N is the normal penalty parameter analogous to a normal

pring that allows the contact surfaces to slightly overlap, and t N is the

ormal component of traction on contact surface. And Coulomb friction

odel is employed in this paper, then 

 𝑐 ( 𝑡 N , 𝑡 𝑇 ) = 

‖‖𝑡 𝑇 ‖‖ − 𝜇𝐶 ( 𝑡 𝑁 

) ‖‖𝑡 𝑁 

‖‖{ 

= 0 slip 
< 0 stick (34)

n which t T is the tangential component of traction on contact surface,

nd 𝜇C ( t N ) is the frictional coefficient of contact surface. Then the

raction vector t on discontinuous surface can be written as 

 = 

[ 
𝑡 𝑇 
𝑡 𝑁 

] 
= 

[ 
𝐺 𝑇 0 
0 𝜀 𝑁 

] [ 
𝑔 𝑇 
𝑔 𝑁 

] 
(35)

n which G T is tangential stiffness of contact surface. 

In the normal direction, contact condition on the discontinuous

urface S must be satisfied the constraint, which is 

 𝑁 

≥ 0 , 𝑡 𝑁 

≤ 0 , 𝑔 𝑁 

𝑡 𝑁 

= 0 (36)

The same as Eq. (36) , a predictor–corrector scheme is constructed

o obtain the tangential traction. So the traction predictor is 

 

𝐭𝐫 
𝑇 

= ( 𝑡 𝑇 ) 𝑛 + 𝐺 𝑇 Δ𝑔 𝑇 (37)

n which 𝑡 𝐭𝐫 
𝑇 

is predicted value of tangential traction on contact surface,

nd ( t T ) n is the tangential traction after n steps of iteration. Check

hether ‖𝑡 𝐭𝐫 
𝑇 
‖ + 𝜇𝐶 𝜀 𝑁 

𝑔 𝑁 

≤ 0 , if so, we accept the predictor as the

nal value, in which contact condition is stick; otherwise, we use the

ackward implicit algorithm to correct for plastic sliding, in which the

ontact condition is slip. So we can get the tangential traction by a
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Fig. 4. Shear stress contours by different methods. 
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( 𝑡 𝑇 ) 𝑛 +1 = ( 𝑡 𝑇 ) 𝑛 + 𝐺 𝑇 Δ𝑔 𝑇 
‖‖‖𝑡 𝐭𝐫 𝑇 

‖‖‖ + 𝜇𝐶 𝜀 𝑁 

𝑔 𝑁 

≤ 0 

( 𝑡 𝑇 ) 𝑛 +1 = − 𝜇𝐶 𝜀 𝑁 

𝑔 𝑁 

𝑡 𝐭𝐫 
𝑇 ‖‖‖𝑡 𝐭𝐫 𝑇 ‖‖‖

‖‖‖𝑡 𝐭𝐫 𝑇 

‖‖‖ + 𝜇𝐶 𝜀 𝑁 

𝑔 𝑁 

> 0 
(38) 

The iteration finishes when unbalanced force is equal to zero. 

.2. Additional equations 

When discontinuous surface is close, a traction arises on discon-

inuous surface, and only Eqs. (27) and (28) cannot obtain the finally

olution of contact problem, then several additional equation must be

onstructed. First, the traction on close contact surface must satisfy 

 

𝑆+ 
𝑇 

+ 𝑡 𝑆− 
𝑇 

= 0 (39)

 

𝑆+ 
𝑁 

+ 𝑡 𝑆− 
𝑁 

= 0 (40)

As we know, Eqs. (39) and (40) must be satisfied on any location

n contact surface, then, it must be satisfied on any integral subdomain

s , then Eqs. (39) and (40) can rewritten as integral form, which is 

Γ𝑆 
𝑡 𝑆+ 
𝑇 

𝑑Γ + ∫Γ𝑆 𝑡 
𝑆− 
𝑇 

𝑑Γ = 0 (41)

Γ𝑆 
𝑡 𝑆+ 
𝑁 

𝑑Γ + ∫Γ𝑆 𝑡 
𝑆− 
𝑁 

𝑑Γ = 0 (42)

Besides, a relation between crack opening displacement and contact

tress can be constructed, based on Eq. (35) , one can get 

 = 

[ 
𝑡 𝑇 
𝑡 𝑁 

] 
= 

[ 
𝐺 𝑇 0 
0 𝜀 𝑁 

] [ 
𝑔 𝑇 
𝑔 𝑁 

] 
= 𝐆 Δ𝐮 (43)

n which G is the stiffness matrix related to normal and tangential

ontact stiffness, and Δu is a vector of crack opening displacement. 

Combining Eqs. (27) , (28) , (41) –(43) , one can get the solution of

ny contact problems. 

. Numerical examples 

In order to illustrate the accuracy and efficiency of the present

ethod in frictional contact problems, several numerical examples

bout fictional contact problems are given. After optimization, the

adius of the sub-domain r J is chosen as 0.8 h , with h being the average

istance of the adjacent nodes, and r / c = 1.25 is applied. 
J J 

23 
.1. Contact frictional behavior of two elastic bodies 

Contact frictional behavior of two elastic bodies is considered in this

ection, and the model can be seen in Fig. 3 [44] . The bottom body is

onstrained at the bottom side, while a uniform horizontal and vertical

oadings of F x = 2.5 ×10 3 N/m and F y = 1.0 ×10 4 N/m are imposed on

he top side of upper body. And the Young’s modulus and Poisson’s

oefficient are given as: E = 2.0 ×10 10 Pa and 𝜈 = 0.3. The fictional

oefficient between those two elastic bodies is 𝜇C = 0.3. 

In Fig. 4 (a) and (b), the distribution of shear stress contours of 𝜏xy by

ifferent methods are presented, and it can be seen that the results by

he present method are very close to those by continuous–discontinuous

ellular automaton method (CDCA) [44] . 

Besides, the normal compressive stress and tangential fiction with

ifferent coordinates are shown in Figs. 5 and 6 , in which one can

ee that those results by different methods greatly agree with each

ther. And it can be seen that normal stress is also no relation with the

ormal penalty parameter, but in order to ensure much little embedded

isplacement, 𝜀 N should be much larger than Young’s modulus. While

he tangential stress is greatly influenced by the tangential stiffness of

ontact surface, and when G T = 1.0 ×10 8 , it is shown that x ≤ 0.56,

liding occurs, but x > 0.56, two elastic block are stick, no relative

liding occurs, but G T = 1.0 ×10 10 , it is shown that x ≤ 0.65, sliding

ccurs, but x > 0.65, two elastic block are stick. 
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Fig. 6. Tangential stress t T by different methods. 

Table 1 

Normal stress t N by different methods. 

HBNM CDCA 

x coordinate 𝜀 N 𝜀 N 𝜀 N 𝜀 N 

2.0 ×10 12 2.0 ×10 14 2.0 ×10 12 2.0 ×10 14 

0.1 − 3844.66 − 3852.42 − 3845.04 − 3853.09 

0.3 − 7198.63 − 7197.11 − 7198.56 − 7197.03 

0.5 − 10,076.01 − 10,066.05 − 10,076.29 − 10,066.36 

0.7 − 12,987.35 − 12,980.10 − 12,988.00 − 12,980.80 

0.9 − 15,948.30 − 15,958.65 − 15,947.39 − 15,957.51 

Table 2 

Tangential stress t T by different methods. 

HBNM CDCA 

x coordinate G T G T G T G T 
1.0 ×10 8 1.0 ×10 10 1.0 ×10 8 1.0 ×10 10 

0.1 1155.73 1153.4 1156.08 1153.8 

0.3 2159.14 2159.59 2159.10 2159.57 

0.5 3019.81 3022.81 3019.90 3022.89 

0.7 3121.45 3452.66 3121.49 3451.98 

0.9 3112.49 2753.21 3112.56 2753.41 
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Fig. 8. Geometry and model of compressive crack. 
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Normal stress and tangential stress on some nodes are given in

ables 1 and 2 , in which a great agreement can be achieved between

he present method results and CDCA results. 

Fig. 7 plots the convergence curve of the present method, in which

ne can see that the present method converges quickly and smoothly,

nd the average relative error 𝑒 𝑢 = 

1 
𝑁 

∑𝑁 

𝑖 =1 | 𝑢 𝑖 − 𝑢 CDCA 𝑢 CDCA 
|, in which u CDCA is

he result by CDCA method [44] with 40,000 elements. 

.2. Compressive crack 

A rectangle rock specimen with a compressive crack is considered

n this section, the geometry of model and crack can be seen in Fig. 8 ,

nd the crack is located in the center of the rock specimen. Young’s

odulus of this specimen is E = 5.0 GPa, and Poisson’s ratio is 𝜈 = 0.25.

ormal stiffness and tangential stiffness of crack surface are given as

000 GPa and 10 GPa, and the coefficient of friction of crack surface is

iven as 𝜇c = 0.30. The compressive stress is given as F y = 2.0 MPa. 

It can be seen in Figs. 9 and 10 that the normal stress t N and

angential stress t T are plotted, in which one can see that contact stress

nd friction on contact surface are agreed with each other by those two
24 
ethods, and the present method results is much more smooth than

hat by CDCA. It can be also seen that the tangential stiffness is no

nfluenced to the contact stress in the present example, and results by

ifferent tangential stiffness are almost the same with each other. 

.3. Pull out of pile 

A pile foundation simulation is considered in this section, and

eometry of pile and soil model can be seen in Fig. 11 , a half of

odel is considered for simplification. The material properties of

he concrete pile are given as: E c = 2.0 ×10 9 Pa, v c = 0.3 and density

c = 2.5 ×10 3 kg/m 

3 . The material properties of clay soil can be seen

s: E s = 2.0 ×10 8 , v c = 0.25 and density 𝜌c = 2.0 ×10 3 kg/m 

3 . The

ontact friction behavior between pile and soil is modeled by the Mohr–

oulomb law with c f = 5.0 kPa, 𝜇c = 0.58 and the maximum tensile

tress of 𝜎s = 300 kPa. The soil is restrained at the bottom and right

and edges, and a tensile force of F y = 50 kN/m is imposed on the upper

odes of the pile. For comparison, results by continuous discontinuous

ellular automaton method and XFEM are employed [44] . 

The shear stress on the contact surface of pile due to the pull-out

orce is presented in Fig. 12 , in which the results obtained by Lei

46] and Liu and Borja [47] using extended finite element method

XFEM) and Yan et al. [44] using CDCA are employed for comparison.

t can be seen that a great agreement can be achieved between those
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Fig. 9. Normal stress t N by different methods. 

Fig. 10. Tangential stress t T by different methods. 

Fig. 11. Geometry and model of pile and soil structure. 

Fig. 12. Shear stress of contact surface between soil and pile. 

f  

a

5

 

m  

o  

s  

i  

d  

c  

s  

a  

a  

t  

t  

p  

d

 

h  

c  

c

d  

c  

p  

m  

f

A

 

e  

R  

I  

(  

C

R

 

 

 

25 
our methods, which illustrates that the present method is effective and

ccurate. 

. Conclusions 

In this paper, a continuous–discontinuous hybrid boundary node

ethod for frictional contact problems is presented, in which the

uter and internal boundaries are divided into several individual

egments, for continuous segments on outer boundary, the radial point

nterpolation method is employed for shape function construction, for

iscontinuous segments, the enriched discontinuous basis functions

ombined with RPIM are developed, different from outer continuous

egments, basis functions for displacement and traction are different

nd exactly reflect the properties of local displacement and stress

round the crack tip, then the shape functions for displacement and

raction on discontinuous surfaces are constructed individually. And

he near tip asymptotic field functions and Heaviside function are em-

loyed for simulating the high gradient of stress field and discontinuous

isplacement field on contact surfaces. 

Besides a frictional contact theory and complementation detail for

ybrid boundary node method is proposed, and based on frictional

ontact theory, some additional equations are developed for frictional

ontact iteration. Based on above technique and theory, a continuous–

iscontinuous hybrid boundary node method is proposed for frictional

ontact problems. For comparison, some numerical results by the

resent method, CDCA and XFEM are given to illustrate that the present

ethod is effective and accurate, and it can be widely used for some

rictional contact engineering. 
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