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A B S T R A C T

Existing analytical or approximate solutions that are appropriate for describing the migration mechanics of CO2

and the evolution of fluid pressure in reservoirs do not consider the high compressibility of CO2, which reduces
their calculation accuracy and application value. Therefore, this work first derives a new governing equation
that represents the movement of complex fluids in reservoirs, based on the equation of continuity and the
generalized Darcy's law. A more rigorous definition of the coefficient of compressibility of fluid is then pre-
sented, and a power function model (PFM) that characterizes the relationship between the physical properties of
CO2 and the pressure is derived. Meanwhile, to avoid the difficulty of determining the saturation of fluids, a
method that directly assumes the average relative permeability of each fluid phase in different fluid domains is
proposed, based on the theory of gradual change. An advanced analytical solution is obtained that includes both
the partial miscibility and the compressibility of CO2 and brine in evaluating the evolution of fluid pressure by
integrating within different regions. Finally, two typical sample analyses are used to verify the reliability, im-
proved nature and universality of this new analytical solution. Based on the physical characteristics and the
results calculated for the examples, this work elaborates the concept and basis of partitioning for use in further
work.

1. Introduction

Investigations into the theory of multiphase flow in porous media
originated in the exploitation of oil and gas resources. It has been
shown by many years of engineering practice that the actual flow that is
present during the process of exploitation of oil fields under conditions
of saturated vapor pressure or with injection of water is two-phase flow
involving oil-gas or oil-water (Kong, 2010). Therefore, the theory of
multiphase flow was established gradually beginning in the 1930s. In
this area, the most classic analytical solution is the particular solution
for two phase flow in one dimension that was solved by Buckley and
Leverett (1942), according to the method of characteristics, assuming
incompressible and immiscible flow and no capillary pressure. It has
been verified by ample practical engineering applications (Blunt and
King, 1991; Kong, 2010). The relevant fluids are mainly incompressible
or slightly compressible oil, water, natural gas, etc. in the traditional
exploitation of oil and gas. They are immiscible and the capillary
pressure is also small, so that the assumptions of the above analytical
solution are basically appropriate (Kong, 2010).

However, in the most recent twenty years, oil and gas resources
have become increasingly depleted, and traditional oil and gas

resources and exploitation patterns cannot meet the demand of human
development for energy. Therefore, some scholars have proposed a new
exploitation method that involves injecting gas (nitrogen) to enhance
the recovery efficiency of oil and gas resources (Johns et al., 2002;
Taber et al., 1997), and new underground resources of shale gas
(Cooper et al., 2016; Golding et al., 2013), condensate gas (Li et al.,
2012), etc., have been discovered. Moreover, the demand for CO2 (the
main greenhouse gas causing global warming) storage is becoming in-
creasingly large because of the increasingly deteriorated environment
(IPCC, 2005). Many investigations have suggested that CO2 geological
storage is the most effective method of sequestration (Bachu, 2000; Lal,
2008; Michael et al., 2010). Subsequently, the concept and method of
exploiting underground resources of oil, gas, geothermal energy, etc. by
injecting CO2 and realizing CO2 storage at the same time has obtained
general support among scholars, considering the economic costs
(Alvarado and Manrique, 2010; Damen et al., 2005; Gozalpour et al.,
2005; Nagy and Olajossy, 2008; Poordad and Forutan, 2013; Pruess,
2006; Wojnarowski, 2012). Hence, the main fluids are CO2-brine or
CO2-oil in this new kind of engineering. However, it is not known
whether the traditional analytical solutions for multiphase flow are
valid because of the particularity of CO2. Consequently, the physical
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properties of CO2 have been studied in many ways (Fenghour et al.,
1998; Span and Wagner, 1996; Vesovic et al., 1990). The results show
that the phase diagram of CO2 is very special, compared with water and
other gases. With changes in pressure and temperature, CO2 can reach a
supercritical state, in addition to the conventional three states of gas,
liquid, and solid. When the pressure and temperature approach the
critical point (7.38MPa, 31.1 °C), the physical properties of CO2 are
very different (Span and Wagner, 1996). Fig. 1 shows the state curves of
the physical properties of CO2 and brine as a function of pressure ((a):
density; (b): viscosity). It is clear that CO2 has properties including high
compressibility, low viscosity and low density compared with water.
Therefore, the traditional assumption of an incompressible fluid de-
scribed above is inappropriate. In addition, CO2 is also partially mis-
cible in brine (Dilmore et al., 2006; Lu et al., 2008).

Generally, to consider the complicated physical properties of CO2,
scholars prefer to apply numerical methods to explore the migration
mechanics of CO2 plumes and the evolution of fluid pressure in re-
servoirs (Pruess, 2005; Zyvoloski, 2007). However, the numerical
method is very dependent on the availability of a high performance
electronic computer, and problems often occur during the solution
process. These problems include numerical oscillations, non-con-
vergence and low efficiency. Therefore, sometimes the analytical
method reflecting the physical essence of flow may be a better choice
(Mathias et al., 2009; Mijic et al., 2014; Wu et al., 2016). In terms of
analytical methods, many scholars have done considerable work in the
area of CO2 geological storage (Celia et al., 2015; Mijic et al., 2014).
The work of Nordbotten and his research group (Nordbotten and Celia,
2006a,b; Nordbotten et al., 2005a,b) is most representative. They ob-
tained a continuous function that represents the thickness of CO2 plume
based on the principle of energy minimization, and then proposed some
semi-analytical solutions and approximate solutions. Subsequently, it
was further developed by other scholars (Azizi and Cinar, 2013; Cihan
et al., 2013; Mathias et al., 2009; Mathias et al., 2011a; Mathias et al.,
2011b; Vilarrasa et al., 2013). Whereas, only the partial miscibility of
CO2 and brine is considered in the above work and it is limited to semi-
analytical solutions or approximate solutions (Wu et al., 2016). More
recently, Wu et al. (2016) developed an explicit integral solution by
directly integrating the governing equation of fluid migration in the
reservoir. The process of solution did not involve any numerical
method, it is a pure analytical solution that considers the partial mis-
cibility of CO2 and brine. However, as to the compressibility of fluid,
which has a great of impact on the evolution of fluid pressure in the

reservoir for the high compressible fluid media, no breakthroughs at all
exist in present analytical work. It should be noted that minority
scholars (Mijic et al., 2014; Nordbotten and Celia, 2006b;
Vilarrasa et al., 2010) presented some iterative algorithms for treating
compressibility, although they are separated from the essence of the
analytical method. The most pressing problem is that the variation in
the density and viscosity of CO2 under different pressures and tem-
peratures is very considerable; however the appropriate function to
characterize this complicated relationship has not yet been derived.
Therefore, when considering the compressibility of fluid, the only ap-
plicable method to update the parameters of the fluid involves estab-
lishing a data base (Pruess, 2005; Zyvoloski, 2007), so that it transforms
into a numerical solution method.

To solve the above problem regarding the compressibility of fluid,
this work first describes the problem clearly and presents the basic
assumptions applied in this article before presenting the following three
innovative studies. In Section 3, we derive a new governing equation
that describes the movement of complex fluids in reservoirs by com-
bining the equation of continuity, including the compressibility of fluid,
with the formulation of Darcy's law generalized to multiphase flows. In
Section 4, we define a new coefficient of compressibility using the basic
concept of compressibility. The power function model characterizing
the relationship between the physical properties of CO2 and pressure is
then deduced. In Section 5, we apply the power function model to the
above governing equation and obtain an advanced analytical solution,
including the compressibility of fluid, for the evolution of fluid pressure
in the reservoir by integrating within different regions. Finally, we
analyze two typical examples to verify the reliability, improved nature
and universality of this work by comparing the calculated results from
this advanced analytical solution with the results of previous analytical
solutions and simulated results from TOUGH2/ECO2N.

2. Problem description and basic assumptions

To express the problem clearly and conveniently, this work subse-
quently takes a two-phase flow involving CO2-brine as an example to
establish an analytical solution for fluid pressure evolution in the re-
servoir. The corresponding practical projects are mainly CO2 geological
storage and CO2-enhanced geothermal systems. In these projects, CO2 is
generally injected into the target reservoirs through injection wells at a
constant mass injection rate (Bai et al., 2017; Wu et al., 2017). As the
reservoirs are completely saturated with brine in their natural state, the

Fig. 1. State curves of the physical properties of
CO2 and brine as a function of pressure ((a):
density; (b): viscosity). Data taken from the
NIST (National Institute of Standards and
Technology, USA) Chemistry WebBook (2016).
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actual migration of the injected CO2 is a process by which the CO2

continuously displaces the brine. However, the density of CO2 is smaller
than that of the brine, as shown in Fig. 1, which induces an apparent
phenomenon of buoyancy; thus, the CO2 is concentrated at the tops of
reservoirs (Nordbotten et al., 2005a). In the flow field of the injected
CO2, CO2 co-exists with brine in each pore, and they will form separate
flow channels by each other because the CO2 and brine are only par-
tially miscible (Kong, 2010). The ratios of CO2 and brine are expressed
by their saturations at one point, and the saturation of CO2 increases
gradually while it decreases for brine during the same process, as the
displacement develops (Wu et al., 2016). Therefore, from a macroscopic
point of view, a schematic profile of CO2 and brine flow in the reservoir
like that shown in Fig. 2 is completely different from the piston-like
displacement (Kong, 2010) in traditional oil and gas fields.

To describe the actual process of displacement using mathematical
models, some necessary constraining conditions are needed. The main
basic assumptions applied in this work are as follows.

(1) A homogeneous and isotropic reservoir without a hydraulic gra-
dient in its natural state extends infinitely in the horizontal direc-
tion and is overlain and underlain by thick, impervious rocks.

(2) The flow is steady and isothermal two phase flow. Given that the
depths of the target reservoirs are greater than 800 m, the tem-
perature of any given reservoir is relatively high and steady (Bachu,
2000, 2003). Thus, the actual flow in the reservoir can be regarded
as an isothermal process, if the injection rate is not particularly
large. Though displacement is essentially an unsteady movement
because the saturation, density and viscosity of the fluids are all
changing, it can be considered as a steady flow to permit con-
sideration of the homogeneous and infinite reservoir under a con-
stant injection rate (Nordbotten et al., 2005a).

(3) The vertical pressure gradient and the capillary pressure in the re-
servoir are neglected.

(4) Chemical reactions are not considered.
(5) The reservoir is saturated at all points. There is a sharp interface

between the CO2 and the brine; the CO2 domain exists on one side
of the interface, whereas the brine domain exists on the other side
(Nordbotten et al., 2005a). As injection time increases, the interface
extends outward gradually and the whole flow field presents three
regions with different characteristics. The partial miscibility of CO2

and brine is considered by the saturation of fluids in region 2
(Wu et al., 2016). The former half of this assumption was proposed
by Nordbotten et al. (2005a); subsequently, they developed the
assumption of two interfaces to consider the residual saturation of
brine (Nordbotten and Celia, 2006b). While the physical concept is
very clear, it causes great difficulties for the mathematical model,
and the partial CO2 dissolved into brine at the CO2 front is still not
included (Mathias et al., 2011a; Wu et al., 2016). Therefore,
Wu et al. (2016) abandoned the multi-interface assumption and
developed the latter half of this assumption, subsequently obtaining

a pure analytical solution that not only includes the residual sa-
turation of brine but also considers the partial dissolution of CO2

into brine. Therefore, that assumption is also applied in this article,
so that the final analytical solution can consider both the partial
miscibility and the compressibility of CO2 and brine. Noting that
the above three regions in Fig. 2 are not fully agreement with the
three domains (CO2 domain, brine domain 1 and brine domain 2) of
Wu et al. (2016) in geometry, although the Fig. 2 here is similar to
that of Wu et al. (2016). Specifically, CO2 domain includes the re-
gion 1 and a part of region 2, while the brine domain 1 only is a part
of region 2. The physical difference of that is the residual brine
distributes in the whole CO2 domain in Wu et al. (2016), while it
only distributes in a part of region 2 in this work because the re-
sidual brine of region 1 will evaporates and then migrates into the
region 2. It will be elaborated further in Section 5.

3. Mathematical model

As mentioned previously, the pores of the porous medium are all
saturated with fluids, and each fluid phase has its separate flow
channel. Thus, the equation of continuity describing the multiphase
flow of complex fluids in the reservoir can be expressed by,

∂
∂

+ ∇ =
ρ ϕS

t
ρ V

( )
·( ) 0α α

α α (1)

∑ =S 1α (2)

where ρ is the density of the fluid [ML−3]; ϕ is the porosity of the
reservoir; S denotes the saturation of the fluid; t is injection time [T];
and V is a tensor of Darcy velocity [LT−1]. The subscript α identifies
each fluid, with α=c for CO2 and α=w for brine in this article.

As the upper and lower boundaries are both thick impervious rock
layers, they can be regarded as zero flow boundaries (the second kind of
boundary). The reservoir extends infinitely in the radial direction, so
the remote outer boundary is a constant pressure boundary, which is
consistent with the initial formation pressure, and its location is a
function of time. Therefore, the outer boundary conditions are,

⎧

⎨
⎩
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=
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where P is the vertically averaged fluid pressure in the reservoir
[ML−1T−2]; n is the direction normal to the upper and lower bound-
aries of the reservoir; PR0 is the vertically averaged fluid pressure at the
location of R0; and P0 is the initial formation pressure.

In addition, there is an inner boundary in the reservoir, i.e., the
injection well. It can be considered as a source term or inner boundary
when establishing the flow model (Kong, 2010). The latter is adopted
here to ease the derivation of the model, as shown in Eq. (4),

∂
∂

= −ρ k
μ

P
r

C
πr B2r

c

wellwell (4)

where k is the absolute permeability of the reservoir [L2]; μ is the
viscosity of the fluid [ML−1T−1]; r is the radial distance far from the
center of the wellbore [L]; and Cc is the mass injection rate [MT−1].

The initial condition is,

= =P r t P( , 0) 0 (5)

For steady two phase flow, Eq. (1) can be simplified to,

∇ + =ρ ρV V·( ) 0c c w w (6)

Furthermore, as the homogeneous and isotropic reservoir extends
infinitely in the horizontal direction, the radial Darcy velocity of the
fluid is radially symmetric. Hence, in cylindrical coordinates, Eq. (6)
can be transformed into,

Fig. 2. Schematic profile of CO2 and brine flow in the reservoir (rwell is the radius of the
injection well [L]; Rc and Rmax are the maximum radiuses of the CO2 plume at the bottom
and top of the reservoir [L], respectively; and R0 is the maximum radius that the flow
influences in the reservoir [L], which corresponds to the outer boundary; and b and B are
the thicknesses of the CO2 plume and the reservoir [L], respectively).

H. Wu et al. Advances in Water Resources 112 (2018) 95–105

97



∂
∂
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where vr is the radial Darcy velocity of the fluid [LT−1].
Integrating Eq. (7), we have,

+ =r ρ v ρ v( ) Const.r rc c w w (8)

Taking the relative permeability to represent the athletic ability of
each fluid phase in the reservoir, the radial Darcy velocity of the fluid
is,
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Bringing Eq. (9) into Eq. (8),
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where kr is the relative permeability of the fluid.
Importing the inner boundary condition represented by Eq. (2), we

obtained Const. =Cc/2πB. Thus, the governing equation that includes
the compressibility of the fluid and depicts the movement of complex
fluids in a reservoir is,
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Since =υ μ ρ/ , Eq. (11) can also be expressed as,
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where υ is the kinematic viscosity of the fluid [L2T−1].

4. Coefficient of compressibility

As the physical properties of fluids are functions of pressure for
isothermal flow (Kong, 2010), to solve the above governing equation by
analytical methods, the density and viscosity or kinematic viscosity of
the fluid must be expressed as explicit functions of pressure. As shown
in Fig. 1, the changes in the density and viscosity of brine are very small
as pressure increases, so these quantities can be considered to be con-
stants. For CO2, though, the differences in density and viscosity under
different pressure are very great, although rapid changes only occur
near the critical point. When the pressure approaches a certain value
(which changes with temperature; for example, it is approximately
20MPa for 60 °C), the relationship between the density and viscosity of
CO2 and the pressure satisfies some type of function. The conclusions of
Bachu (2003) indicate that the depths of target reservoirs are relatively
large, so that the temperature of the target reservoir is higher than
40 °C, and the initial formation pressure is larger than 12MPa. There-
fore, after CO2 is injected into the reservoir, it is in a supercritical state.
Therefore, it is appropriate to use a type of function to characterize the
density and viscosity of CO2 within a certain pressure interval, from the
viewpoint of engineering demands.

In traditional treatments of seepage mechanics in porous media, the
coefficient of compressibility of a fluid is defined as (Kong, 2010),

= −c
V

dV
dP

1
f (13)

where cf is the traditional coefficient of compressibility of the fluid
[ML−1T−2]; and V is the volume of the fluid [L3]. The negative sign
means that the volume decreases as pressure increases.

On the basis of Eq. (13), an exponential function model (EFM) for
density can be deduced,

= −ρ ρ ec P P
0

( )ρf 0 (14)

where ρ0 is the original density of the fluid corresponding to P0 [ML−3];
and cfρ is the coefficient of compressibility of the fluid in terms of

density [ML−1T−2].
Similarly, EFMs describing the viscosity and kinematic viscosity can

be obtained,

= −μ μ ec P P
0

( )μf 0 (15)

= −υ υ ec P P
0

( )υf 0 (16)

where μ0[ML−1T−1] and υ0[L2T−1] are the original viscosity and the
original kinematic viscosity of the fluid corresponding to P0, respec-
tively; and cfμ[ML−1T−2] and c υf [ML−1T−2] are the coefficients of
compressibility of the fluid for viscosity and kinematic viscosity, re-
spectively.

Moreover, the above three coefficients of compressibility satisfy the
following relationship, so if two of them are known, the third can be
determined.

= −c c cυ μ ρf f f (17)

However, it can be found that the density and viscosity of super-
critical CO2 do not rise in a way that follows the form of an exponential
function as pressure increases; the actual rate of rise decreases gradu-
ally, according to Fig. 1. Therefore, the traditional definition of the
coefficient of compressibility is inappropriate, especially for CO2.
Analyzing Eq. (13) from a mathematical perspective, a problem can be
found in that the traditional definition adopts the ratio of the volu-
metric relative change to the absolute change of pressure, which is not
enough scientific in mathematics. A more rigorous definition about the
coefficient of compressibility would be,

′ = −c dV
V

dP
P

/f (18)

where ′cf is the new coefficient of compressibility of a fluid defined by
this work.

Hence, the power function model (PFM) describing the density,
viscosity and kinematic viscosity can be derived,
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where ′ ′ ′c c andc,ρ μ υf f f are the new coefficients describing the compressi-
bility of fluids with respect to density, viscosity and kinematic viscosity,
respectively.

Similarly, the three new coefficients of compressibility satisfy
Eq. (20),

′ = ′ − ′c c cυ μ ρf f f (20)

Here, taking the data of NIST Chemistry WebBook (2016) as stan-
dard, we compared it with the results predicted using the EFM and the
PFM for density, viscosity and kinematic viscosity to verify which de-
finition of the coefficient of compressibility is more reliable and ap-
propriate. We adopt the three different temperatures shown in Fig. 1
(40 °C, 60 °C, and 80 °C), and the corresponding pressure intervals are
15–35MPa, 20–40MPa and 25–45MPa, respectively. The original
pressure under different temperatures is close to the corresponding
initial formation pressure, so the results can be applied in engineering
applications directly. Table 1 shows the values of coefficients of com-
pressibility in the EFM and PFM under different temperatures, and the
comparison of predicted results are shown in Fig. 3 and Table 2.
Meanwhile, considering Eq. (12), the kinematic viscosity of brine under
different pressures are also shown in Fig. 3.

Based on Fig. 3, it is clear that the results predicted by the PFM are
more consistent with the NIST data, compared with the results pre-
dicted by the EFM. In addition, the coefficients associated with the PFM
are all larger than those of the EFM, according to Table 2. These results
suggest that the new definition of the coefficient of compressibility can
better characterize the relationship between the physical properties of
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fluids and pressure. Therefore, it will be applied in Section 5. As the
physical properties of brine are taken to be constant, in the following
text, the symbols representing the coefficients of compressibility will be
the same as in Eq. (19). All these symbols denote the coefficients of
compressibility of CO2. Moreover, the rate of increase of the PFM is
decreasing, as well as the increase in pressure. According to Fig. 3, these
results are consistent with the actual case. Therefore, the results pre-
dicted by the PFM are still relatively ideal, even extending the interval
of pressure to some extent. As Fig. 3(d) shows, the kinematic viscosity
of brine is more stable than its density and viscosity. This result in-
dicates that incorporating the density into the governing equation
transforms the viscosity into the kinematic viscosity, which improves
the accuracy of models, though they are all regarded as constants for
brine. That is, models that include the compressibility of fluid are more
reliable.

5. Solution using analytical methods

According to assumption (5) and the idea of Wu et al. (2016), during

the process of injecting CO2 to displace brine, the whole flow field can
be divided into three regions, as shown in Fig. 2. Region 1 is dry CO2. It
is continuously provided with gas, inducing increases in fluid pressure,
so it can be named as the gas source region. Region 2 is wet CO2 and
brine containing a little CO2. Here, CO2 is continuously transferred
from the gas source region into region 3. It displaces the original brine
at the same time, so this region is named the region of displacement.
The CO2 and brine are partially miscible and form a sharp interface in
this region. Therefore, we name the two sides of the interface as the CO2

domain and the brine domain. Region 3 contains only brine, which
continuously drains away and decreases in pressure, so this region is
named the region of drainage. In existing work, to solve the governing
equation describing the movement of complex fluids in the reservoir by
analytical methods or semi-analytical methods, the usual approach is to
assume the saturation of each fluid phase in the flow field, select the
relative permeability model, and finally solve the model. There is no
problem for the gas source region and the region of drainage. However,
with regard to the region of displacement, the approach of assuming an

Table 1
The values of coefficients of compressibility for the EFM and PFM under different tem-
peratures.

T (°C) EFM PFM

cfρ (1/Pa) cfμ (1/Pa) c υf (1/Pa) ′c ρf ′c μf ′c υf

40 1.05×10−8 2.2× 10−8 1.15×10−8 0.21 0.46 0.25
60 1.15×10−8 2.15× 10−8 1×10−8 0.31 0.58 0.27
80 1.25×10−8 2.1× 10−8 8.5× 10−9 0.36 0.63 0.27

Fig. 3. Comparison of results predicted by the
EFM and the PFM ((a): the density of CO2; (b):
the viscosity of CO2; (c): the kinematic visc-
osity of CO2; (d): the kinematic viscosity of
brine).

Table 2
The coefficient of association (R2) between the results predicted by the EFM and the PFM
and the data of NIST Chemistry WebBook (2016).

T (°C) R2 of EFM R2 of PFM

Density Viscosity Kinematic
viscosity

Density Viscosity Kinematic
viscosity

40 0.954 0.948 0.952 0.996 0.998 0.998
60 0.956 0.951 0.961 0.985 0.989 0.998
80 0.957 0.953 0.978 0.992 0.993 0.997
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average saturation based on the different fluid domains must be dis-
cussed further. The most important disadvantage is its indeterminacy; it
is difficult to find the appropriate average saturation. Wu et al. (2016)
presented a method for performing sensitivity analysis using various
parameter combinations to determine the saturation of each fluid phase
of different fluid domains in the region of displacement; however, it is
random and difficult to apply.

Actually, according to the mathematical model in Section 3, the
parameter necessary for solving the governing equation above is the
relative permeability of each fluid phase, not their saturation. There-
fore, it may be better to directly assume the relative permeability of
each fluid phase in the flow field. In the gas source region, the residual
brine will evaporate into the CO2. It is then brought into the region of
displacement by the CO2 and forms the wet CO2 in the region of dis-
placement. Given that only CO2 exists in the gas source region, the
relative permeability of CO2 and brine are 1 and 0, respectively. In the
region of drainage, the flow is made up solely of brine, and the relative
permeability of CO2 and the brine are 0 and 1, respectively. These
values are consistent with the method of assuming saturation. For the
region of displacement, it is necessary to assume the relative perme-
ability of each fluid phase, based on the different fluid domains.

Taking the region of displacement as the unit of the control body,
we have =k 0r Rw, c and =k 1r Rc, c at the left side, i.e., only CO2 is flowing
into the unit; similarly, on the right side, =k 1r Rw, max and =k 0r Rc, max ,
i.e., only brine flows out the unit. From left to right, the relative per-
meability of CO2 changes gradually from 1 to 0, while the relative
permeability of the brine changes from 0 to 1. Therefore, according to
the theory of gradual change, the average of the relative permeability of
each fluid phase at the two sides of the unit can be considered to be the
average relative permeability of the unit,

⎧
⎨⎩

= + =
= + =

k k k
k k k

( )/2 0.5

( )/2 0.5
r r R r R

r r R r R

c,2 c, c,

w,2 w, w,

c max

c max (21)

where krα x, is the averaged relative permeability of a fluid at the lo-
cation/region of x. The second subscript x=1, 2, 3, 2c, 2w, Rc and
Rmax, which denote the gas source region, the region of displacement,
the region of drainage, the CO2 domain in the region of displacement,
the brine domain in the region of displacement, and the location of Rc

and Rmax, respectively. Similarly, the parameters krα,x,Sα,x,ρα,x and so
on, are all like this.

As the enriched fluid phase is the main flow in the different fluid
domains, the contribution of the other fluid to the effective perme-
ability is negligible (Kong, 2010). Hence, the averaged relative per-
meability of CO2 in the CO2 domain is equal to the averaged relative
permeability of CO2 in the region of displacement, i.e., =k kr rc,2c c,2 .
Similarly, =k kr rw,2w w,2 . Thus, the average saturation of each fluid
phase in the CO2 domain and the brine domain can be obtained on the
basis of the relative permeability model. If we bring the average sa-
turation into the relative permeability model again, the relative per-
meability of the non-enriched fluid phase can be obtained, so the re-
liability of ignoring it can be verified. We take the Corey model
(Pruess et al., 1999) as an example, setting the residual saturation of
CO2 and brine to 0.05 and 0.4, respectively. According to =k 0.5rc,2c
and =k 0.5r w,2w , we obtained =S 0.5465w,2c and =S 0.8625w,2w , and
then we have =k 0.005r w,2c and =k 0.007rc,2w . The relative errors are
1% and 1.4%, respectively, so ignoring the relative permeability of non-
enriched fluid phase leads to acceptable reliability.

Based on the above analysis, to obtain the solution to the governing
equation, the method of integrating within different regions is available
(Wu et al., 2016). As the given outer boundary condition is located at
the right side of the region of drainage, so the order of integrating is
opposite to the direction of flow, i.e., it progresses in order from the
region of drainage to the region of displacement and the gas source
region. Moreover, the results from the preceding region are taken as the
given outer boundary conditions for the next region.

It is convenient to define the mass mobility of each fluid phase
ωα[L−2T] as,

= =ω k
ρ
μ

k
υα rα

α

α

rα

α (22)

Within the region of drainage (Rmax ≤ r ≤ R0), only brine flow
occurs, so the total mass mobility of region is equal to the mass mobility
of brine, or,

= =ω ω
k
υ

r
3 w,3

w,3

w,3 (23)

Hence, the integral form of the above governing equation in this
region is,

∫ ∫= −dP C
πkB rω

dr
2

1
P

P

r

Rc

w,3

0 0

(24)

Integrating Eq. (24), we obtain,

= +P P C
πkBω

R
r2

ln0
c

w,3

0

(25)

Therefore, the fluid pressure at Rmax is,

= +P P C
πkBω

R
R2

lnR
c

0
w,3

0

max
max (26)

For the region of displacement (Rc ≤ r < Rmax ), as shown in Fig. 2,
the CO2 domain and the brine domain both exist at any given location,
so the total mass mobility of the complex fluid is,

= + + − +ω b
B

ω ω B b
B

ω ω( ) ( )2 c,2c w,2c c,2w w,2w (27)

As the relative permeability of the non-enriched fluid phases is
negligible compared with the enriched fluid phase within different fluid
domains, Eq. (27) can be simplified to,

= + −ω b
B

ω B b
B

ω2 c,2c w,2w (28)

The interface between the CO2 domain and the brine domain sa-
tisfies the following continuous function, which was derived by
Nordbotten et al. (2005a) based on the principle of energy minimiza-
tion and the calculus of variations. Expressing it in terms of mass mo-
bility leads to,

⎜ ⎟=
−

⎛

⎝
− ⎞

⎠
b B

ω ω
ω ω M

ϕπBr ρ
ω

( )c,2c w,2w

c,2c w,2w c
2

c
w,2w

(29)

where

∫=M C dt
t

c 0 c (30)

where Mc is the total mass injection flux [M].
According to Eq. (28) and Eq. (29), we have,

= =ω
ω ω M

ϕπBr ρ
k ω M

ϕπBr μ
r

2
c,2c w,2w c

2
c

c,2c w,2w c
2

c (31)

Bringing the PFM describing the density of CO2 into Eq. (31),

⎜ ⎟= = ⎛
⎝
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(32)

Substituting Eq. (32) into the governing equation, we obtain,

∫ ∫⎜ ⎟
⎛
⎝

⎞
⎠

= −
− ′

P
P

dP C
πkB

ϕπBρ
ω ω M
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2P

P

R r

R R

R

c c,
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f
2

max max

max (34)

Integrating Eq. (34), we have,
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Therefore, the fluid pressure at the location of Rc is,

= ⎡
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The gas source region (rwell ≤ r < Rc) is similar to the region of
drainage. Only CO2 flow occurs here, and the mass mobility of this
region is,

⎜ ⎟ ⎜ ⎟= = ⎛
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Incorporating this relation into the governing equation, the integral
form of the governing equation in this region can be deduced; that is,

∫ ∫⎜ ⎟
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Integrating Eq. (38), we have,
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Therefore, the fluid pressure located at the wall of wellbore is,
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In conclusion, the fluid pressure at any time and at any position
within the reservoir can be solved using the following analytically de-
rived equation.
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(41)

Note that Eq. (41) is similar to Eq. (20) of Wu et al. (2016). The
essential difference is that only the partial miscibility of CO2 and brine
is included in the latter; however, the compressibility of fluid is also
considered in the former, except that. To include the compressibility,
the new definition for the coefficient of compressibility and the as-
sumption of relative permeability both are very significant and avail-
able for multi-phase flow in porous media. In addition, the former be-
longs to the class of power function models, while the latter is an
exponential function model.

As to the three characteristic radiuses in the reservoir, they are
obtained by the following method. Letting b= B and b=0, Rc and
Rmax can be derived directly; that is,

= =R
ω M

ω ϕπBρ
R

ω M
ω ϕπBρ

,R

R R

R

R R
c

w, c

c, c,
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c, c

w, c,

c

c c

max

max max (42)

To obtain the characteristic radius R0, the method of
Wu et al. (2016) is adopted, as follows,

= + =
+

+R Ttu
u

R u kt
μ ϕ α β

R4
*

4
( )0

0
max

0

w p w
max

(43)

where u* is the storage coefficient of the porous medium; T is the

transmissivity of the porous medium [L2T−1]; αp,βw are the traditional
coefficient of compressibility of the pore and brine (water) [ML−1T−2],
respectively; and u0 is the zero of the well function, which corresponds
to the outer boundary.

6. Application and verification

In this section, analyses of two typical examples are implemented to
verify the reliability, improved nature and universality of the above
advanced analytical solution for depicting the evaluation of fluid
pressure in the reservoir. Specifically, it includes three aspects: (1)
Comparison of the results calculated using the advanced analytical
solution with simulated results from TOUGH2/ECO2N Pruess, 2005) to
verify its reliability. ((2) Comparison of the results calculated using the
advanced analytical solution with the results of previous analytical
solution Wu et al., 2016) to verify that it represents an improvement.
((3) Application to two examples with differing reservoir characteristics
to verify its universality. Example 1 represents a typical reservoir in the
Shenhua CCS demonstration project, China, whose depth and tem-
perature are approximately 2 km and 60 °C, respectively. It represents a
reservoir with characteristics widely seen in China, including a small
thickness and low permeability (Liu et al., 2013; Xie et al., 2015a; Xie
et al., 2015b). The basic parameters used in the calculations are shown
in Table 3. Example 2 is a standard example presented in the manual of
TOUGH2/ECO2N. The depth and temperature of the reservoir are ap-
proximately 1.2 km and 45 °C, respectively. It is a quite typical reservoir
and has characteristics that are seen all over the world, including a
considerable thickness and high permeability (Bachu, 2003; Pruess,
2005). The basic parameters used in the calculations are shown in
Table 4.

6.1. Example 1

For Example 1, in TOUGH2/ ECO2N, the cylindrical grids extend
50 km in the radial direction. We selected the Corey model to calculate
the relative permeability, and the residual saturation of brine and CO2

are 0.4 and 0.05, respectively. The capillary pressure is ignored, and
10,000 days of continuous CO2 injection are simulated. The results
calculated with this advanced analytical solution (Ana. Sol. 2 in figures)
and the previous analytical solution (Ana. Sol. 1 in figures) and the

Table 3
The basic parameters used in the calculations related to Example 1.

Parameter Value Parameter Value

rwell (m) 0.2 ρc0 (kg/m3) 723.68
B (m) 10 c′fρ 0.31
k (m2) 8*10−15 μc0 (μPa·s) 60.042
P0 (MPa) 20 c′fμ 0.58
ϕ 0.1 υc0 (mm2/s) 0.0829
αp (1/Pa) 4.5*10−10 ′c υf 0.27
βw (1/Pa) 4.5*10−10 υw (mm2/s) 0.475
Cc (kg/s) 2 μw (μPa·s) 471.42

Table 4
The basic parameters used in calculations related to Example 2.

Parameter Value Parameter Value

rwell (m) 0.3 ρc0 (kg/m3) 657.74
B (m) 100 c′fρ 0.27
k (m2) 1*10−13 μc0 (μPa·s) 51.257
P0 (MPa) 12 c′fμ 0.53
ϕ 0.12 υc0 (mm2/s) 0.0779
αp (1/Pa) 4.5*10−10 ′c υf 0.26
βw (1/Pa) 4.5*10−10 υw (mm2/s) 0.600
Cc (kg/s) 100 μw (μPa·s) 597.77
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simulated results from TOUGH2/ ECO2N (TOUGH2 in figures) are
plotted in one figure. Figs. 4 and 6 show a comparison of predicted fluid
pressure profiles at three different locations as a function of injection
time, as well as a comparison of predicted fluid pressure profiles at
three different moments as a function of radial distance, respectively. In
addition, the corresponding relative error profiles of the analytical so-
lutions are shown in Figs. 5 and 7.

It is clear from Figs. 4 and 6 that the fluid pressures predicted using

the analytical solutions and the numerical solution have the same trend.
The curves rise as injection time increases, while it decreases as radial
distance increases. This result verifies the reliability of this advanced
analytical solution. As shown in Figs. 5 and 7, the maximal relative error
of the previous analytical solution exceeds 6%, whereas it is only 4% for
the advanced analytical solution, and the relative error is mostly less
than 3%. This result suggests that the analytical solution that includes the
compressibility is more accurate and closer to actual conditions, so the

Fig. 4. Comparison of predicted fluid pressure profiles in the
reservoir as a function of injection time for Example 1.

Fig. 5. Relative error of the analytical solutions as a function
of injection time for Example 1.

Fig. 6. Comparison of predicted fluid pressure profiles in the
reservoir as a function of radial distance for Example 1.
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advancement represented by this work is clear. Furthermore, there are
three turning points of pressure drop in the spatial distribution curves of
pressure. Taking the results for 10 days as example, the three turning
points are located at 11.46m, 65.99m and 1018.52m, respectively. They
are consistent with the three characteristic radiuses (Rc, Rmax and R0) in
the reservoir at that moment. Therefore, it can be found from Fig. 6 that
the rates of pressure decrease are constants in the gas source region and
the region of drainage, while the rate of pressure decrease rises gradually
in the region of displacement. In addition, the ordering of the three rates
is: the region of displacement> the region of drainage> the gas source
region. The results also indicate that the resistance to flow in the region
of displacement is the largest, and it increases along the flow direction.
Moreover, the resistance to flow of the single CO2 phase is small. The
main reasons are as follows. (1) The surface tension at the interface
between the CO2 and the brine is sufficiently large. (2) The viscosity of
CO2 is small. Moreover, from the perspective of relative error, the re-
lative errors of the analytical solutions are greatest in the region of dis-
placement, compared with the other two regions. This result indicates
that the unsteady flow mainly occurs in the region of displacement,
whereas steady flow occurs in the gas source region and the region of
drainage. With increasing injection time, the ratio of the region of dis-
placement to the other two regions becomes increasingly small, so the
actual flow in the reservoir tends to gradually become quasi-steady.

6.2. Example 2

For Example 2, in TOUGH2/ECO2N, the differences in the para-
meter values used compared with Example 1 include two aspects. (1)

The cylindrical grids extend 100 km in the radial direction, and (2) the
residual saturation of the brine is 0.3. We use the same way to display
the results, which are shown in Figs. 8–11. The conclusions drawn from
Figs. 8–11 are consistent with those obtained from Figs. 4–7, which
demonstrated that the advanced analytical solution is applicable in
both of the two kinds of typical reservoirs. Thus, the universality of the
advanced analytical solution is verified, and it is applicable all over the
world.

7. Conclusions

To consider the compressibility of fluids, especially for CO2, this
work derived a new governing equation of describing the movement of
complex fluids in reservoirs that is based on the equation of continuity
and including the compressibility of fluid and Darcy's law generalized
to multiphase flows. An advanced analytical solution about the evolu-
tion of fluid pressure was then obtained by integrating within different
regions. Analyses of two typical examples verified the reliability, im-
proved nature and universality of this new analytical solution, and it
can be used in engineering applications all over the world.

To solve the problems associated with the traditional coefficient of
compressibility, which cannot characterize the relationship between
the physical properties of CO2 and pressure, this work provided a more
rigorous definition for the coefficient of compressibility of fluid, then
derived the corresponding power function model (PFM). Comparison
with a standard data base shows that the PFM is more accurate and
applicable than the traditional exponential function model, verifying
the reliability of the new definition.

Fig. 7. Relative error of the analytical solutions as a func-
tion of radial distance for Example 1.

Fig. 8. Comparison of predicted fluid pressure profiles in the
reservoir as a function of injection time for Example 2.
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Regarding the problem of difficulties in determining the saturation
of fluids, a method of directly assuming the averaged relative perme-
ability of each fluid phase in different fluid domains was proposed,
according to the theory of gradual change. This method avoids the
difficulties of determining the saturation of fluids and also eliminates
the errors associated with the relative permeability models for risk as-
sessment of reservoirs, improving the simulation accuracy.

According to the characteristics of the movement and distribution of
complex fluids in reservoirs, this work divided the flow field into three

regions. Ordered according to increasing radial distance, these regions
are the gas source region, the region of displacement and the region of
drainage. Moreover, unsteady flow is always present in the region of
displacement, while steady flow occurs in the other two regions. With
increasing injection time, the ratio of the region of displacement to the
other two regions becomes increasingly small, so that the actual flow in
the reservoir tends to gradually become quasi-steady.

The results of the sample calculations show that the surface tension
at the interface between the CO2 and the brine is sufficiently large that

Fig. 10. Comparison of predicted fluid pressure profiles in
the reservoir as a function of radial distance for Example 2.

Fig. 11. Relative error of analytical solutions as a function of
radial distance for Example 2.

Fig. 9. Relative error of analytical solutions as a function of
injection time for Example 2.
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the assumption of neglecting the capillary pressure induces a certain
amount of error. It is worthwhile to investigate it in the future.
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