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A 9% expansion of freezing water in the elliptical cavities (fractures) of rock leads to frost heaving pressure and
thermal stress, which are the main cause of the freeze-thaw damage of a fractured rock mass. Considering the
inﬂuence of thermal stress and water ﬂow in elliptical cavities (fractures), a mathematical model for predicting
frost heaving pressure in the elliptical cavities (fractures) of rock is presented, assuming that the rock matrix is
impermeable. The maximum tensile stress and frost cracking angle on the elliptical cavity are deduced and the
critical condition for simplifying the elliptical cavity to planar fracture is suggested based on the method of
complex variable function and elastic mechanics theory. Moreover, the eﬀects of the main parameters on frost
heaving pressure and frost-cracking conditions are determined to investigate the frost cracking of water-ﬁlled
elliptical cavities (fractures). The ﬂow ﬂux of water, the aspect ratios of cavities (fractures) and the elastic
moduli of rock have a great direct inﬂuence on the frost heaving pressure and cracking angle, whereas the dip
angle of the cavity (fracture) and the thermal expansion coeﬃcient of rock indirectly aﬀect them by changing the
thermal stress. It is suggested that the stress intensity factor is adopted to predict the frost propagation of planar
elliptical cavities only if the aspect ratio exceeds ﬁfteen.

1. Introduction
The breakdown of fractured rock masses by freezing is an important
subject with broad repercussions in rock engineering, building materials and geomorphology (Matsuoka and Murton, 2008; Freire-Lista
et al., 2015; Draebing et al., 2017). The 9% volumetric expansion of
freezing water inside water-ﬁlled cavities (fractures) in intact rock will
induce expansive pressure, which is deﬁned as frost heaving pressure
(Girard et al., 2013). The development of frost heaving pressure in
saturated fractures may lead to frost cracking and fracture propagation,
which is one of the major threats to the construction of rock engineering structures in cold regions.
Frost heaving pressure in open fractures (slots) and the frostcracking phenomenon have been widely studied by laboratory tests.
The measured value of this pressure modulated by ice extrusion in such
open fractures (slots) is from 0 to 7 Mpa, Which may cause the deformation of the crack (slot) walls (Davidson and Nye, 1985; Arosio
et al., 2013; Bost and Pouya, 2017), as is supported by ﬁeld

observations (Ishikawa et al., 2004). There are many factors that inﬂuence frost heaving pressure, including the geometry of the cavity
(Tharp, 1987), the degree of saturation (McGreevy and Whalley, 1985),
rock mechanical parameters (Liu et al., 2015), thermodynamic parameters and freezing direction (Jia et al., 2017). Therefore, the relationship between frost heaving pressure and those parameters needs
to be further studied.
Additionally, some models of frost heaving pressure have been
proposed to investigate the frost-cracking mechanisms of rock, which
are summarized in Table 1. These studies have shown that frost
cracking mainly results from two diﬀerent mechanisms of frost heave in
rock, namely, (1) the 9% volumetric expansion of freezing water in
cavities (fractures) with little water ﬂow into porous rocks (Davidson
and Nye, 1985; Tharp, 1987; Liu et al., 2015; Jia et al., 2017) and (2)
ice segregation, which is the slow growth of ice inside rocks by water
migration from unfrozen zones towards a frozen fringe under sustained
freezing conditions (Walder and Hallet, 1985; Hallet et al., 1991;
Murton et al., 2006). According to the volumetric expansion theory,
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Table 1
Mathematical models of frost heaving pressure in previous works.
Reference
Walder and Hallet (1985)

Function form

pf =

ρi L (−Tc )
(1
Ta

− e−t / τ ) + p0 e−t / τ

Davidson and Nye (1985)

pf = k 0

Tharp (1987)

pf = 2s(1/r − 1/r0)

Vlahou and Worster (2010)

pf =

Liu et al. (2015)

pf =

Jia et al. (2017)

pf =

2c
d

Rh
L (Tc − Ta )
⎛⎜ 1 − 1 ⎟⎞ T 1 + kr
a
⎝ ρi ρw ⎠
ki − 1
ki
2χ − 1 + vs
+
Ki 2Gs (1 + vs )

24Es I × WA
d3 (4l − d)

Characterization description

Basic theory

Closed three-dimensional ellipsoid in permeable
rock
An open slot in low-permeability material

Ice segregation

Cavities with diﬀerent radii in low-permeability
rock
A closed circular hole in permeable rock

Capillary pressures

Freezing water expansion considering ice extrusion

Freezing water expansion considering water migration in
rock

An open elliptical cavity in low-permeability rock

Freezing water expansion considering water ﬂow in
fractures

An open fracture in low-permeability granite

Freezing water expansion based on cantilever-beam
theory

Note: t is time; L is the latent heat of fusion of ice; Tc is the freezing temperature at a fracture wall, and ρi and ρw are the densities of ice and water, respectively; τ is the characteristic time;
p0 is the initial ice pressure and Ta = 273.15 K. k0 is the friction force at the slot wall; d is the width and c is the frozen length of the slot. s is the interfacial tension of ice against water; r is
the radius of a small spherical cavity and r0 is the radius of a large ice-ﬁlled cavity. Rh is the radius of a hole and kr is the permeability of rock. ki is the volumetric expansion coeﬃcient of
freezing water considering migration; Ki is the bulk modulus of ice and χ is the aspect ratio of an elliptical cavity (fracture). Es, νs and Gs are the elastic modulus, Poisson's ratio and the
shear modulus of rock, respectively. I is the bending moment of inertia of a rock beam; d is the contact length between ice and a rock wall in a fracture; l is the length of a crack and WA is
the maximum displacement at the open end of a fracture.

cracking angle, are also built according to elasticity theory. In Section
4, this developed model is ﬁrst validated by comparison with a previous
freezing experiment conducted by Bost and Pouya (2017). Then, a
sensitivity analysis of the cavity geometry and mechanical parameters
of rock is conducted to reveal the evolution law of frost heaving pressure and frost cracking mechanisms. Finally, some signiﬁcant discussions and conclusions are presented in Section 5.

destructive frost heaving pressure in cavities (fractures) requires at least
91% water saturation (Prick, 1997), whereas ice segregation is constrained by the availability of water and the permeability of the rock
(Ishikawa et al., 2004). In fact, the expansion of freezing water and ice
segregation in high-permeability porous rock occur simultaneously
under the freezing point, whereas the migration of water in low-permeability rock may be negligible (Ruedrich et al., 2011). Generally,
low-permeability rock refers to rock with permeability of < 10− 16 m2
(Vlahou and Worster, 2010; Zheng et al., 2015). Frost heaving pressure
induced by the expansion of freezing water is believed to be the principal mechanism responsible for shattering jointed and low-permeability rocks in cold regions, as has been observed in experiments (Jia
et al., 2017).
Addtionally, thermal shock caused by falling temperature is also an
eﬀective process for damaging and cracking rock masses in cold regions. When the thermal stress is of suﬃcient magnitude that the rock is
unable to adjust fast enough to accommodate the required deformation,
it fails (Hall, 1999). An impressive tensile stress may arise on the
fracture tip of a rock because of the shrinkage of the rock matrix around
the fracture surface. Therefore, the cause of deterioration at low temperatures is the fracturing of rock because of freezing water that exceeds a critical saturation and temperature change (Hori and Morihiro,
1998; Al-Omari et al., 2015). It has been suggested that the relationship
between minor crack propagation events and thermal stress should be
considered by ﬁeld observations because rock is likely to have undergone internal deformation as a result of the temperature diﬀerence
between the front and rear surfaces (Ishikawa et al., 2004). For lowporosity intact rock, the coeﬃcient of thermal expansion at ambient
temperature, including sub-zero temperature, is generally a positive
value (Huang et al., 2018a). The freezing process of this rock may induce huge tensile thermal stresses that drive fracture expansion and
propagation under displacement constraints (Glamheden and
Lindblom, 2002). Therefore, the inﬂuence of thermal stress on frost
heaving pressure and frost cracking should be considered (Ozcelik
et al., 2012).
Because the inﬂuences of thermal stresses on frost heaving pressures
have not been included in previous models, there is a lack of detailed
calculation models of frost heaving pressure and frost cracking criteria
for elliptical cavities (fractures) under freezing conditions. In Section 2
we present a mathematical model for calculating frost heaving pressure
in elliptical cavities (fractures) within low-permeability rock considering the inﬂuence of thermal stresses on the deformation of cavities
(fractures). Then, in Section 3, the frost cracking criteria, including the
equations used to calculate the maximum tensile stress and frost

2. Mathematical model
2.1. State of the problem
Consider a two-dimensional elliptical cavity (fracture) ﬁlled with
water embedded in semi-inﬁnite low-permeability rock near a free
surface. The rock matrix around the elliptical cavity (fracture) is assumed to be impervious. Water can ﬂow inside the cavity (fracture) in
the direction perpendicular to the cross section of this cavity (fracture),
as is shown in Fig. 1. Therefore, this model is not limited to the close
elliptical cavities (fractures). The rock is a homogeneous, linearly
elastic medium under plane strain conditions. Cooling occurs downward from the free surface and extends to the interior. Generally, the
thermal conductivity in rock does not exceed more than ﬁve times that
in water/ice. Therefore, the temperature diﬀerence around the saturated fracture can be ignored, as has been demonstrated by Li and Lee
(2015). An unfrozen water ﬁlm exists between the solid ice and the
fracture surface even below the freezing point of bulk water
(Döppenschmidt and Butt, 2000). Therefore, the frost heaving pressure
is assumed to be uniformly distributed in the elliptical cavity (fracture)
under uniform freezing and this pressurized cavity (fracture) keeps the

Fig. 1. The calculation model of the stress ﬁeld for an elliptical cavity (fracture).
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ellipse under uniform frost heaving pressure and thermal stress. The
velocity of water migration in low-permeability rock is very slow
compared to that of water ﬂow in cavities (fractures), which should be
negligible to simplify our model (Jia et al., 2017). Therefore, frost
heaving pressure induced by a 9% volumetric expansion of water and
thermal stress because of constrained thermal contraction under low
temperature are the main causes of freezing fracture. The simpliﬁed
model is shown in Fig. 1.

1.2

Calculated values
w2(x)/w2max+x2/l2=1

1.0

w(x)/wmax

0.8

2.2. Cavity (fracture) displacements

0.6

0.4

(1) Cavity (fracture) displacements caused by frost heaving pressure
0.2

The solution of displacement at any designated point for a single
cavity (fracture) in an elastic medium can be obtained by elasticity
theory combined with the complex variable method as follows
(Muskhelishvili, 1977):

ω (ξ )
ξ ω′ (ξ ) ⎡ 3 − νs
1
(ur + iuθ ) = ⋅
φ (ξ ) −
φ′ (ξ ) − ψ (ξ )⎤
⋅
⎥
1
2Gs
ρs |ω′ (ξ )| ⎢
ν
+
′ (ξ )
ω
s
⎣
⎦

0.0
0.0

w (x ) =

wmax
πa

∫0

H(x , s ) = ln

1.2

a

H(x , s ) ds

(10)

a2 − x 2 +

a2 − s 2

a2 − x 2 −

a2 − s 2

(11)

It can be shown in Fig. 2 that the values calculated by Eq. (10) agree
with the elliptical curve, which means that the planar cavity (fracture)
under inner pressure opens into an ellipse with the maximum opening
at point B (Fig. 1). Therefore, it is proper to assume that the shape of an
elliptical cavity (fracture) remains unchanged under uniform frost
heaving pressure.
Considering that Δa and Δb are very small values, Δa × Δb ≈ 0
when ignoring higher-order values. The volume of the frozen elliptical
cavity (fracture) per thickness can be written as

(4)

Vcf = π (ab + aΔb + bΔa)

where pf is the frost heaving pressure caused by the expansion of the
water/ice phase transition in the cavity (fracture).
Substituting Eqs. (2), (3) and (4) into Eq. (1), the radius displacements at points A and B on plane strain can be written as

urA

1.0

where

(3)

ξ
1 − mξ 2

0.8

Eq. (9) has been validated in many studies (e.g. Gudmundsson,
2000). In fact, the elliptical cavity (fracture) opening w(x) must satisfy
the non-local elastic relation (Detournay, 2004):

where ξ = ρeiθ = ρ(cosθ + i sin θ); ρ and θ are the polar coordinates in
the ξ plane; R = (a + b)/2 and m = (a − b)/(a + b); a and b are the
semi-major and semi-minor axes of an elliptical cavity (fracture), respectively. i is an imaginary unit.
The complex functions for a uniform pressurized cavity (fracture) in
a free medium without considering thermal stress can be expressed as:

ψ (ξ ) = −pf R (1 + m2)

0.6

Fig. 2. The calculated opening of a planar fracture satisﬁes the elliptical equation.

(1)

(2)

φ (ξ ) = −pf Rmξ

0.4

x/l

where Gs and νs are the shear modulus and Poisson's ratio of rock, respectively. φ(ξ) and ψ(ξ) are complex functions determined by the
boundary condition and ω(ξ) is the position function of this designated
point on the ξ plane. ur and uθ are radial and tangential displacement,
respectively, and ω′ (ξ ) is the conjugate function of the derivatives of
ω(ξ).
According to conformal mapping, for an elliptical cavity (fracture):

1
ω (ξ ) = R ⎜⎛ + mξ ⎞⎟
⎝ξ
⎠

0.2

(12)

Substituting Eqs. (7) and (8) into Eq. (12) yields

Vcf = πab + π

pf R2
[1 + (3 − 4νs ) m2]
Gs

(13)

p R
= f [1 − (3 − 4νs ) m]
2Gs

(5)

The second item on the right side of Eq. (13) is the expansion of the
elliptical cavity (fracture) caused by frost heaving pressure.

pf R
[1 + (3 − 4νs ) m]
2Gs

(6)

2.3. Thermal stress

urB =

Point A and B are the end points of semi-major and semi-minor axes
of the elliptical cavity (fracture), respectively (Fig. 1).
Then, the increments of the semi-major and semi-minor axes are:

Δa =

pf R
[1 − (3 − 4νs ) m]
2Gs

p R
Δb = f [1 + (3 − 4νs ) m]
2Gs

Thermal stress is induced by a temperature drop under a constraint
boundary or incompatible thermal deformation, which can be described
in tensor form as follows given a plane strain condition:

σijT = 2Gs εijT + λ s ε vT δij −

(7)

(8)

wmax

T

εyT,

(14)

δij is the Kronecker symbol,
is the equivalent
where εv = εx +
coeﬃcient of linear thermal expansion, T is temperature, and
ν E
λs = (1 − 2ν s)(1s + ν ) is the Lame constant.
s
s
The equilibrium equation expressed by displacement is:
T

There is a special case when b < < a where m ≈ 1 and R ≈ a/2.
Substituting m ≈ 1 and R ≈ a/2 into Eq. (8), the maximum opening of
the planar fracture is:

4a (1 − νs 2) pf
= 2Δb =
Es

αsT Es ΔT
δij
1 − 2vs

Gs ∇2 ui + (λs + Gs ) uk, ki −
(9)

αsT

αsT Es
ΔT , i = 0
1 − 2νs

where ui is the thermal displacement due to temperature change.
3

(15)
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thickness driven by the frost heaving pressure. It should be noted that
water can ﬂow along cavities (fractures), although the rock matrix is
assumed to be impermeable in low-permeability rock.The cavity
(fracture) ice is compressed by the combined action of frost heaving
pressure and tensile stress. According to the conservation law of mass,
the mass of compressed ice is equal to that of free ice produced by the
phase transition per unit water:

The stress and displacement boundary conditions of the compatible
displacement method are:

λs uk, k ni + Gs nj (ui, j + uj, i ) −
u=u
v =v

αsT Es
⋅ΔTni = 0
1 − 2νs

}

(16)
(17)

p
ρi = ρic ⎛1 − f ⎞
K
i⎠
⎝

It can be seen that the thermal stress in a medium is equivalent to
the stress produced by the combined action of equivalent mass forces
and surface tractions.
The equivalent mass forces are

fx =
fy =

⎜

1 − 2νs ∂y

V c0 = πab

⎬
⎪
⎭

αsT Es
Px = Py =
⋅ΔT
1 − 2νs

ζ = Q V c0
(19)

pf =

(21)
(22)

Then, the thermal stress along the major axis can be calculated by
the coordinate transformations of stress:

σcr =

−σβT

2Gs αsT Es ΔT 2
sin β
=−
2Gs + λs 1 − 2νs

τcr = −τβT = −

2Gs αsT Es ΔT
cos β sin β
2Gs + λs 1 − 2νs

where

σβT

(pf − σβT ) R2
Gs

[1 + (3 − 4νs ) m2]

ki
Ki

ρw
ρi

(30)

(1 − ζ ) , the eﬀective volumetric expansion coeﬃcient of
E

Gs (ki − 1) + σβT

(23)

(24)

3. Frost-cracking criterion
3.1. The maximum tensile stress criterion
The freezing fractures of intact rock masses often occur in cold regions under repeated freezing and thawing conditions (Duca et al.,
2015). There are many reliable criterias to determine the cracking and
propagation condition, such as loss of material stability criterion, loss of
hyperbolicity criterion and Rankine criterion (Rabczuk and Belytschko,
2007). The Rankine criterion or the maximum tensile stress criterion is
commonly used to predict cavity (fracture) cracking (Shen and
Stephansson, 1994). To derive the cracking position and frost cracking
condition, assume θ is the cracking angle in the ξ plane that corresponds to γ in the z plane. Using elasticity theory, in the ξ plane the
stress at point C on the surface of the elliptical cavity (fracture) (point C
in the z plane is shown in Fig. 1) under thermal loads and frost heaving
pressure can be obtained as follows:

(25)

can be calculated by using Eq. (23).

2.4. Frost heaving pressure
During the freezing process, an elliptical cavity (fracture) is always
saturated with water/ice. The water/ice medium in the cavity (fracture)
must satisfy the conservation of mass:

ρw (V c0 − Q) − ρic Vcf = 0

+

is reduced to a circular hole. We can derive pf = 1 + k G / K . Which
i s
i
shows that the frost heaving pressure is independent of hole size inside
homogeneous and linearly-elastic rock.

This derivation process indicates that if the elliptical cavity (fracture) remains unchanged, an equivalent stress (σcr, τcr) should be applied on the cavity (fracture) surface. The opening of a cavity (fracture)
caused by thermal stress is equal to that under this equivalent stress.
Therefore, we can obtain from Eq. (13) the volumetric increment of
a cavity (fracture) per thickness induced by the combined action of frost
heaving pressure and thermal stress under the boundary conditions
shown in Fig. 1:

Vcf = πab + π

1
Ee

σβT ⎞
⎛
k
−
1
+
i
⎜
Ee ⎟
⎠
⎝

freezing water considering water ﬂow; Ee = 2(1 + v )[(χ + 1 / χ s)(1 − v ) + 2v − 1]
s
s
s
an equivalent elastic modulus related to the rock mechanical parameters and the cavity (fracture) geometry, in which χ = a/b is called
the aspect ratio.
Eq. (30) is the ﬁnal expression of the frost heaving pressure of an
elliptical cavity in low-permeability rock. When a/b → ∞,
pf = σβT < 0. The elliptical cavity is reduced to a planar non-thickness
fracture. In this case, for thermal contractile rock, αsT > 0 and
σβT < 0. The freezing opening of the fracture is smaller than the tensile
opening, which will also induce tensile stress in fracture ice when the
temperature drops. Another special case is a/b = 1. The elliptical cavity

Therefore, the equivalent mass forces are almost zero when Eq. (20)
is substituted into Eq. (18). Under the constraint conditions shown in
Fig. 1, we can derive the thermal stress in intact rock under equivalent
surface tractions using elastic theory:

σyT = 0

1

where ki =

(20)

2Gs αs Es ΔT
2Gs + λs 1 − 2νs

(29)

Substituting Eqs. (25), (27), (28) and (29) into Eq. (26) yields

Because the temperature diﬀerence around a saturated cavity
(fracture) is very small (Li and Lee, 2015), we can obtain

∂ΔT
∂ΔT
=
=0
∂x
∂y

(28)

We introduce the dimensionless variable ζ, which is deﬁned as the
ﬂow ratio of water:

(18)

and the equivalent surface tractions are:

σxT =

(27)

where ρi is the density of free ice and Ki is the bulk modulus of ice.
Above the freezing point:

αsT Es ∂ΔT
⎫
1 − 2νsT ∂x ⎪
αsT Es ∂ΔT

⎟

⎧ τρθ = 0
⎪ σρ = pf
⎪
1 − 3m2 + 2m cos 2(θ − η)
σ = −pf
1 + m2 − 2m cos 2(θ − η)
⎨ θ
⎪
1 − m2 + 2m cos 2η − 2 cos 2θ
+ σxT
⎪
1 + m2 − 2m cos 2(θ − η)
⎩

(26)

Vc0

is the volume of the cavity (fracture) per thickness before
where
freezing. ρw is the density of bulk water and ρic is the density of compressed ice. Q is the water ﬂux ﬂow out of the cavity (fracture) per

(31)

where η is the dip angle in the ξ plane corresponding to β in the z plane.
4
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means of fracture mechanics can be expressed as follows:

According to the coordinate transformation relation:

mρ − 1/ ρ
tan η
tan(−β ) =
mρ + 1/ ρ

(32)

On the cavity (fracture) surface ρ = 1. Then, we can obtain

tan η = χ tan β

(34)

∂2σθ
≥0
∂ 2θ

I cos α − J sin α ≥ 0

(37)

(41)

δ0 =

where

1
tan θ
χ

⎧ 2 arctan ⎛ KI ±
⎝
⎨
0
⎩

KI2 + 8KII2
⎞
4KII

⎠

(KII ≠ 0)
(KII = 0)

(43)

δ

(38)

δ
δ
3 ⎡ ⎛ 3δ
KI cos − 4sin2 cos ⎞
2
2
2⎠
4 2πr ⎢
⎝
⎣
δ
δ
δ
+ KII ⎛7 sin cos2 − 2sin3 ⎞ ⎤
2
2
2 ⎠⎥
⎝
⎦

In fact, we want to obtain the cracking angle γ in the z plane.
Similarly, from Eq. (32),

tan γ =

(42)

The symbol “ ± ” means that two values of δ0 are derived when σδ,
= 0. However, only the value of δ0 that satisﬁes σδ, δδ ≤ 0 is the
supposed direction of fracture initiation. The second derivatives of the
circumferential tensile stress can be derived from Eq. (42):

⎧ α = 2(θ − η)
⎪ I = −2m (m2 − 1) p + (1 − m2)(cos 2η − m) σxT
f
⎨ J = sin 2η (1 + m2) σxT
⎪
T
⎩ K = −2m⋅sin 2η⋅σx

3
δ
δ
cos ⎡KI sin δ + 2KII ⎛cos δ − sin2 ⎞ ⎤
2⎢
2 ⎠⎥
4 2πr
⎝
⎦
⎣

where σδ is the tensile stress near the fracture tip as shown in Fig. 3. r is
the distance from the fracture tip.
When σδ, δ = 0 and σδ, δδ < 0, σδ reaches the maximum value.
Then, we can derive the propagation direction as follows:

Substituting Eq. (30) into Eqs. (34) and (35), the determination
equation of the cracking angle in the ξ plane can be written as
(36)

KII = τβT πa

σδ, δ = −

(35)

I sin α + J cos α + K = 0

(40)

Therefore, the frost propagation of a freezing elliptical fracture initiates from the fracture tip under a combined opening and sliding
mode. Rankine criterion is adopted here by assuming that frost propagation occurs in the direction vertical to the maximum circumferential tensile stress, we can obtain the following (Kang et al., 2014)

(33)

Obviously, the maximum tensile stress should satisfy the following
equations:

∂σθ
=0
∂θ

KI = (pf − σβT ) πa

σδ, δδ = −

(39)

(44)

The initiation criterion of mixed-mode fracture may be expressed as
(Erdogan and Sih, 1963):

where γ is positive and indicates counter-clockwise rotation from the
major axis, as shown in Fig. 1.
Therefore, according to the maximum tensile stress criterion, the
cracking position can be determined by the cracking angle γ, and the
cracking direction is perpendicular to the cavity (fracture) surface in
the z plane. However, b < < a is a special case for stress concentration in the fracture tip and the maximum tensile creiterion may
be useless. Fortunately, the stress intensity factor can be adopted to
analyse this planar fracture, which is elaborated in Section 3.2.

KIcos3

δ
3
δ
− KII sin δ cos = KIC
2
2
2

(45)

where KIC is the fracture toughness, which reﬂects the rock's ability to
resist propagation.
Moreover, in previous studies, fracture mechanics has often been
adopted to estimate the frost propagation of freezing planar cavities
potentially considered as fractures (Walder and Hallet, 1985; Tharp,
1987; Vlahou and Worster, 2015; Jia et al., 2017). However, the frost
cracking position may not be the endpoint of the cavity (called the
crack tip in fracture mechanics, e.g., point A, as shown in Fig. 1) if the
aspect ratio is not large enough. Therefore, it should be noted that there
must be a critical value χc; when χ < χc the maximum tensile stress
criterion should be adopted to describe the frost cracking of an elliptical
cavity; otherwise, the stress intensity factor may be more reasonable.
The possible values of χc will be given in Section 4.2.

3.2. Stress intensity factor
It is well known that there is stress concentration in the tip of a
planar elliptical fracture if b < < a. Fracture mechanics is often used
to model fracture propagation combined with advanced computational
methods (Ghorashi et al., 2015). Here, it assumed that a fracture begins
to propagate from the fracture tip if the stress intensity factor exceeds a
critical value (Fig. 3). The mode I and II stress intensity factors under
the combined action of frost heaving pressure and thermal stress by

4. Solution of the problem
4.1. Validation of the proposed model
The frost heaving and stress generation in a semi-open slot of tight
limestone were simulated in the laboratory by Bost and Pouya (2017).
This tight limestone is of 15-cm side cube. A 7-cm-deep and 2-mm-thick
saturated slot was formed in the middle of a face with a depth equal to a
fraction of its height. This slot can be regarded as a planar elliptical
fracture. According to the original size of the experimental sample, the
aspect ratio should be χ = 75 for a = 75 mm and b = 1 mm. The other
basic thermomechanical parameters of water/ice and limestone are
shown in Table 2.
Considering that water gradually freezes in fractures, the eﬀective
volumetric expansion coeﬃcient is a function of time t. Moreover,
ki = 1 at t = 0, and ki should increase with t. Bost and Pouya (2017)

Fig. 3. The calculation model of the stress ﬁeld for the elliptical planar fracture.
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Table 2
The basic thermomechanical parameters of water/ice and limestone (Bost and Pouya,
2017).
Material

Density
(kg m− 3)

Elasticity
modulus
(GPa)

Poisson's ratio

Thermal
expansion
coeﬃcient
(°C− 1)

Permeability
(10− 17 m2)

Limestone
Ice
Water

2460
917
1000

64.9
9
–

0.34
0.35
–

5 × 10− 6
–
–

1.5
0
0

proposed the evolution process of frost heaving pressure with time satisﬁed exponential form. Therefore, the eﬀective volumetric expansion
coeﬃcient may be expressed as

ki = 1 + s (1 − e−qt )

(46)

where s and q are parameters determined by the frost heaving process
of water in a cavity (fracture). ki = 1 + s when t → ∞. s is the increment volume of residual freezing water and s = 0.09 if there is no
water ﬂow.
σβT = 0 for no thermal stress arising under a free boundary condition. Substituting Eq. (46) and the values in Table 2 into Eq. (30), we
can derive the frost heaving pressure of a planar elliptical fracture in
tight limestone as:

pf =

1000⋅s(1 − e−qt )
2.1312 + 0.1⋅s(1 − e−qt )

Fig. 5. The frost heaving pressure in an elliptical cavity (fracture) of tight limestone.

ζ=1−

(47)

13.32(1 − e−1.0824t )
2.1312 + 0.0133(1 − e−1.0824t )

(49)

Substituting s = 0.0133 into Eq. (49), we can derive ζ = 7.08%.
Therefore, approximately 7.08% of the fracture water has been extruded from the elliptical fracture after freezing.
Substituting the values in Table 2 into Eq. (30), the frost heaving
pressure rapidly decreases with the increase of aspect ratio χ and ﬂow
ratio of water ζ in Fig. 5. The frost heaving pressure remains very large
(approximately 12.2 MPa when χ = 5); even 8% of the water is expelled. Generally, the tensile strength of rock is < 10 MPa. Therefore,
this frost heaving pressure is probably suﬃciente to drive any elliptical
cavity cracking in low-permeability rock.

The results calculated by Eq. (47) agree well with the experimental
values from Bost and Pouya (2017) as is shown in Fig. 4. The growth
rate of frost heaving pressure is fast in the developmental stage and
maintains a pressure of approximately 6 MPa after 2 h. It should be
noted that the freezing process before frost heaving pressure arises is
not included in our model.
By ﬁtting the experimental data, the frost heaving pressure of a
planar fracture in this tight limestone is given by:

pf =

ρi
(1 + s )
ρw

4.2. Parametric sensitivity analysis
It can be seen from Eq. (30) that the frost heaving pressure and frost
cracking conditions are not only aﬀected by the aspect ratio χ and the
ﬂow ratio of water ζ but are also inﬂuenced by the elasticity modulus
Es, Poisson's ratio νs and the thermal expansion coeﬃcient αs of the
rock. Therefore, a parametric sensitivity analysis was conducted to reveal the freezing cracking mechanism of common low-permeability
rocks. The value ranges of the main parameters of common low-permeability rocks are given in Table 3.

(48)

We can see that s = 0.0133 ≤ 0.09, which means that much water
is expelled from this planar fracture by frost heaving pressure.
Obviously, all the residual water will be frozen when t → ∞. According
to Eq. (46), the water ﬂow ratio can be expressed as follows:
8

4.2.1. Frost heaving pressure
The deformation of a cavity induced by inner ice pressure in hard
rock is undeniably smaller than that in soft rock. Therefore, a greater
frost heaving pressure will emerge in rock with higher elastic modulus
as is shown in Fig. 6. However, Poisson's ratio has a much weaker eﬀect
on frost heaving pressure than the elastic modulus and it is related to
the dip angle β. The inﬂuence of Poisson's ratio can be ignored when
β ≤ 30° (Fig. 7). It is well known that thermal stress increases with the

Experimental values
Calculated result

7
6

pf (MPa)

5
4
3

Table 3
The value ranges of thermomechanical parameters of common rocks.

2
1
0
0

1

2

3

4

5

t (h)
Fig. 4. Comparison between the result calculated by our proposed model and the experimental values from Bost and Pouya (2017).

6

Parameters

Default

Range

Reference

Elasticity modulus Es (GPa)

35

1–70

Poisson's ratio νs
Coeﬃcient of thermal expansion
αs × 10− 6 (°C− 1)
Water ﬂow ratio ζ (%)
Aspect ratio χ
Dip angle of crack β (°)

0.25
5

0.1–0.4
0–10

Ocak and Seker
(2012)
Gercek (2007)
Park et al. (2004)

8
5
45

5–8
1–20
0–90

–
–

Engineering Geology 234 (2018) 1–10

S. Huang et al.

Fig. 9. Changes in the cracking angle γ with shape ratio m.
Fig. 6. The increase in frost heaving pressure with the increase of the elasticity modulus
of rock.

increasing thermal expansion coeﬃcient, which will increasingly pull
apart the elliptical cavity (fracture) and reduce the frost heaving pressure. The linear decrease in frost heaving pressure with the thermal
expansion coeﬃcient when β > 0 is shown in Fig. 8.
4.2.2. Frost-cracking condition
The frost-cracking position (cracking angle γ) is an important
parameter used to study freezing fractures, especially when simulating
the frost-cracking process of fractures. We can derive the cracking angle
θ in the ξ plane by substituting values of related parameters in Table 3
into Eq. (36) and Eq. (37). Then, by combining these results with Eq.
(39), the cracking angles of an elliptical cavity γ in the z plane reducing
with m are obtained, as shown in Fig. 9. m is called the shape factor and
it is positively correlated with the aspect ratio χ. The shape factor m is
used in some ﬁgures instead of the aspect ratio χ for normalization
(e.g., Figs. 9 and 10). It can be seen that the cracking position is close to
the tip of the elliptical cavity (fracture) with the increase of the shape
factor in Fig. 9. Moreover, the concentration phenomenon of maximum
tensile stress is also intensiﬁed when the shape factor increases, as is
shown in Fig. 10. Therefore, the shape factor m (aspect ratio χ) has a
great inﬂuence on the frost cracking of a cavity.
Moreover, based on the maximum tensile stress criterion, we can
also derive the inﬂuence of the thermal expansion coeﬃcient αs on the
frost-cracking angle γ and the maximum tensile stress σt max. The
cracking position is the cavity (fracture) tip as αs = 0 °C− 1 and

Fig. 7. The slight change in frost heaving pressure with Poisson's ratio of rock.

Fig. 8. The linear decrease in frost heaving pressure with the thermal expansion coeﬃcient of rock.
Fig. 10. The maximum tensile stress σt

7

max

on the cavity (fracture) surface.
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Fig. 11. The frost-cracking position in thermal contraction rock is closer to the tip.

Fig. 13. The frost cracking position γ-β versus dip angle β for freezing intact rock
(αs = 10 × 10− 6/°C).

Fig. 12. The inﬂuence of thermal expansion on the maximum tensile stress.

Fig. 14. The maximum tensile stress on an elliptical cavity of freezing intact rock
(αs = 10 × 10− 6/°C).

gradually recedes with the increase in αs. However, the maximum included angle is close to 2°when αs = 10 × 10− 6 °C− 1, as is shown in
Fig. 11. Because of the depression eﬀect of thermal stress when β ≤ 2°,
the σt max dominated by frost heaving pressure slightly increases.
However, σt max rapidly decreases with αs growth when β ≥ 2°, as is
shown in Fig. 12. Above all, the thermal expansion of rock and the dip
angle of a cavity (fracture) also have a great inﬂuence on the frostcracking angle and the maximum tensile stress by changing the thermal
stress.

4.2.3. Stress intensity factor
As illustrated in Section 3.2, when the aspect ratio exceeds a critical
value the maximum tensile stress criterion can be adopted to describe
the frost propagation of this fracture. To obtain the critical aspect ratio
χc, the change curves of (γ-β) versus β under diﬀerent χ are drawn in
Fig. 13. It should be noted that αs = 10 × 10− 6/°C is chosen because
(γ-β) increases with αs, as is shown in Fig. 12. If the acceptable error is
1°, χc ≥ 15 is derived. Moreover, the obvious stress concentration very
near the fracture tip in Fig. 14 (> 140 MPa when β ≥ 1°) further
proves that the criterion of stress intensity factor should be adopted to
predict the frost growth of fractures with a certain thickness when
χc ≥ 15. Otherwise, a large errors may arise if χc < 15.
Assuming a = 0.015 m and b = 0.001 m, χ ≥ 15 is satisﬁed.
Substituting a = 0.015 m and the related values of parameters in

Fig. 15. The stress intensity factor KI of a planar fracture under freezing heaving pressure
and thermal stress.

Table 3 into Eqs. (40) and (41), the changes in stress intensity factors KI
and KII with β are shown in Figs. 15 and 16, respectively. When
αs = 0 °C− 1, the thermal stress is always 0, KI = 0.7 MPa·m0.5 and
8
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cracking, frost heaving pressure is codetermined by coupled thermohydro-mechanical behaviour. Due to the development of simulation
method of fracture propagation, it's increasingly possible to simulate
the frost cracking process of the elliptical cavities by those advanced
computational methods under the coupled thermo-hydro-mechanical
condition at low temperature in the future (Zhuang et al., 2013). This
preliminary study is to investigate the main destructive pressure and
the frost cracking mechanism, which may be used to simulate the frost
cracking and fracture propagaion of arbitrary complex crack patterns
under freeze-thaw by adopting those advanced numerical techniques,
such as the cracking-particle method and the dual-horizon peridynamics (DH-PD) method developed by Rabczuk and Ren (2017).
In this paper, because of the ﬁlled water/ice medium, the inﬂuence
of thermal transfer processes around a cavity (fracture) may be ignored
(Li and Lee, 2015). Therefore, considering the eﬀect of thermal stress on
the deformation of a cavtiy and water ﬂow on freezing water expansion,
a theoretical model of frost heaving pressure inside an elliptical cavity
under unifrom freezing was developed for low-permeability intact rock.
It also should be pointed that if the water inside an elliptical cavity is
not uniform freezing, this frost heaving pressure may changes along the
freezing direction. It was proven that the frost heaving pressure and the
frost-cracking conditions are aﬀected by many factors, including water
ﬂow, cavity geometry and position, the thermal stress caused by temperature dropping and the properties of rock. Therefore, the inﬂuences
of these main parameters were analyzed in detail to reveal the frostcracking mechanism and to provide a theoretical basis for simulating
the frost-cracking process. Since the width of ice-ﬁlled fractures cannot
be neglected, this model can distinguish the frost cracking of elliptical
cavities and the frost propagation of planar fractures by specifying a
critical geometric condition. Therefore, the problems of frost heaving in
planar fractures and elliptical cavities are uniﬁed in our proposed
model.
Note that the determination of many physical parameters, such as
the aspect ratio χ and water ﬂow ratio ζ, is quite diﬃcult but very
important (Montemagno and Pyrak-Nolte, 1999). Davidson and Nye
(1985) observed that the extruded ice from a slot was approximately
3%. However, it is hard to measure the extruded water/ice in an embedded cavity (fracture), and further development is needed. Moreover,
our proposed model is suitable for macroscopic elliptical cavities
(fractures) inside low-permeability rock in which the water migration
process inside the rock matrix is ignored. Generally, the minor axes of
this cavities or the width of fractures should be > 1 mm, and the permeability of rock is < 10− 16 m2. Sometimes, the water ﬂow process
inside permeable porous rock and the ﬂow of unfrozen water that forms
between the ice and rock during freezing may be taken into account
(Vlahou and Worster, 2015). The frost heaving pressure and freezing
fractures of permeable rock will be investigated in future research.
Above all, the following conclusions can be drawn from this study:

Fig. 16. The stress intensity factor KII of a planar fracture under freezing heaving pressure
and thermal stress.

KII = 0 MPa·m0.5. Therefore, the fracture growth is of the mode I type.
When αs > 0 °C− 1, KI increases with β and αs for the increase of
thermal stress at the crack tip σβT caused by the temperature drop.
Moreover, KII reaches its maximum values when β = 45° and increases
with αs by increasing τβT.
The cracking direction δ0 is another important variable for predicting the frost propagation of fractures. Using Eq. (43) we can obtain
the value of δ0, as is shown in Fig. 17. The growth direction of a fracture
is along the fracture length at type I mode when αs = 0 °C− 1. For
αs > 0 °C− 1, the growth direction δ0 of this mixed-mode fracture is
indirectly inﬂuenced by αs and β through changing thermal stress.
Above all, the proposed criterion of the stress intensity factor can be
accurately used to analyse the propagation of a freezing planar fracture
if χ ≥ 15.
5. Discussion and conclusions
The freeze-thaw deterioration of rock is a major threat to the stability of rock engineering in cold regions (Wang et al., 2016; Huang
et al., 2018b) and is the result of the frost cracking of cavities (fractures) in rock caused by frost heaving pressure and thermal stress under
multiple physical ﬁelds. In fact, as the main rupture load inducing frost

(1) A 9% expansion of freezing water in an elliptical cavity (fracture) of
low-permeability rock can induce a huge frost heaving pressure.
This pressure is greatly inﬂuenced by many factors, including the
aspect ratio and dip angle of the cavity (fracture), the water ﬂow
ratio from the cavity (fracture), the elastic modulus and the thermal
expansion coeﬃcient of rock.
(2) The frost cracking of a cavity (fracture) is mainly caused by the
combined action of frost heaving pressure and thermal stress, which
are suﬃciently to crack the rock even when > 7% water/ice is
extruded. For the tight limestone studied here, the maximum frost
heaving pressure is approximately 6 MPa althought 7.08% water is
extruded.
(3) The cracking position is mainly determined by the aspect ratio χ of
elliptical cavity (fracture) and gets closer to the fracture tip as χ
increases. With increasing χ, the maximum tensile stress quickly
increases because of thermal stress, whereas the frost heaving
pressure decreases in the thermally contracting rock.

Fig. 17. The cracking direction δ0 of a planar fracture under freezing heaving pressure
and thermal stress.
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(4) χ ≥ 15 is suggested to be the critical condition for simplifying an
elliptical cavity as a planar fracture in which the angle diﬀerence
between the cracking position and the fracture tip γ-β ≤ 1°. A
propagation criterion based on the stress intensity factor (KI, KII)
was established to analyse the frost propagation of freezing planar
fractures.
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