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Flexural toppling failure (FTF) is one of the main types of toppling failures and frequently occurs in anti-inclined
rock slopes. A new UDEC Trigon approach for simulating FTF of a model slope was presented in this paper. FTF
of anti-inclined rock slopes characterized by tensile failure of rock columns was successfully captured with the
new method. Subsequently, special eﬀort was made to investigate the eﬀects of joint cohesion and joint friction
angle on ﬂexural toppling movements' mechanisms. Furthermore, a limit equilibrium method, which can reﬂect
the eﬀects of the joint cohesion, was proposed to quantitatively evaluate the stability of anti-inclined rock slopes
against FTF. The results demonstrate that the deformation process of FTF can be divided into three stages: elastic
deformation due to cohesion, development of FTF after interlayer slip, and formation of the total failure surface.
The inter-column normal forces will suddenly decrease when the failure surface begins to initiate inside the
slope, which can be regarded as an instability indicator of anti-inclined rock slopes against FTF. Joint cohesion
and joint friction angle were found to have signiﬁcant eﬀects on the stability of anti-inclined rock slopes, but
make an insigniﬁcant impact on the shape, location, and formation process of the failure surface. The simulated
results indicate that joint cohesion should be considered when using the limit equilibrium method to evaluate
the stability of anti-inclined rock slopes against FTF. Inaccurate result will be predicted if the joint cohesion is
neglected in the limit equilibrium method.

1. Introduction
Toppling failure is a frequent instability in hydropower, highway,
open-pit and other engineering rock slopes with anti-inclined structures
(Muller, 1968; Wyllie, 1980; Alejano et al., 2010; Lu, 2010; Amini et al.,
2012; Liu, 2013; Li et al., 2015; Liu et al., 2016). Understanding the
mechanisms of toppling failures is an essential step for carrying out
stability evaluation and countermeasure design. Goodman and Bray
(1977) suggested that toppling failures can be classiﬁed into three
principal types, namely, ﬂexural, block, and block-ﬂexural. This paper
concentrates on the ﬂexural toppling failure (FTF). As shown in Fig. 1, if
a rock mass is composed of a set of parallel joints dipping steeply
against the face slope, i.e., an anti-inclined rock slope, the rock mass
will act similarly to a set of rock columns that are placed on top of each
other. If the maximum tensile stress in each rock column exceeds its
tensile strength, then the rock slope will fail and topple. Such instability
is categorized as ﬂexural toppling failure (Amini et al., 2012).
Stability analysis of anti-inclined rock slopes against FTF is

generally performed using the following three basic types of methods:
1) simple limit equilibrium methods (Aydan and Kawamoto, 1992;
Adhikary et al., 1997; Lu, 2010; Amini et al., 2012; Zheng et al., 2017);
2) physical model tests (Aydan and Kawamoto, 1992; Adhikary et al.,
1997; Zuo et al., 2005; Zhang et al., 2007); and 3) numerical simulations (Adhikary and Dyskin, 2007; Li et al., 2015; 2017; Liu et al., 2016;
Lian et al., 2017). If only the ultimate failure of the slope is a major
concern, the limit equilibrium models can be used for preliminary
evaluation of the stability provided that the assumption of limit equilibrium made in the model formulation is satisﬁed (Adhikary and
Dyskin, 2007). Under the assumption that the total failure surface is
perpendicular to the discontinuities, Aydan and Kawamoto (1992)
proposed a stability analysis method for anti-inclined rock slopes under
various loading conditions against FTF. In this method, the toe residual
unbalance force calculated by a “step by step method” is used as the
criteria for slope stability. Adhikary et al. (1997) modiﬁed the Aydan
and Kawamoto method (Aydan and Kawamoto, 1992) and elaborated
how the modiﬁed method can be applied to predict FTF of anti-inclined
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the rupture surface. As mentioned in the published literature (Gao and
Stead, 2014), however, the UDEC polygonal model has apparent deﬁciencies in modeling brittle fracturing of intact rock. For example, the
UDEC polygonal samples seem to be signiﬁcantly mesh-sensitive. As
another example, this model could not capture the various failure
rupture patterns of samples that are observed in laboratory tests with
increased conﬁnement.
Gao and Stead (2014) proposed a new UDEC Trigon approach,
which overcomes several limitations of the UDEC polygonal model by
cutting all polygonal blocks into several triangular blocks. The Voronoi
algorithm begins by distributing points randomly within the tessellation
region. The interior points are then allowed to move. An iteration
procedure moves the points; the higher the number of iterations, the
more uniform the spacing between points will be. Next, triangles are
created between all points. Finally, the Voronoi polygons are created by
constructing perpendicular bisectors of all triangles that share a
common side. The polygons are truncated at the boundaries of the
tessellation region. Triangular blocks are created based on the Delaunay
triangles normally used to generate the Voronoi blocks (Itasca, 2014).
Using this approach shear failure in coal mine roadways and progressive caving of strata above a longwall coal mining panel were
correctly simulated (Gao et al., 2014a,b). In this study, the UDEC
Trigon model (UDEC-TM) was used to investigate the mechanisms of
ﬂexural toppling failure in anti-inclined rock slopes. Results of a centrifuge experiment conducted by Adhikary et al. (1997) and Adhikary
and Dyskin (2007) were used to verify the correctness of the UDEC-TM.
Based on the numerical results, the failure phenomena and explanations
related to mechanisms behind the phenomena that cannot be observed
and obtained through centrifuge tests were then described and discussed. Special eﬀort was made to investigate the eﬀects of joint cohesion and joint friction angle on ﬂexural toppling mechanisms of antiinclined rock slopes. Moreover, based on the theoretical model proposed by Aydan and Kawamoto (1992), an extended model reﬂecting
the eﬀects of joint cohesion was proposed for the stability analysis of
anti-inclined rock slopes against ﬂexural topping failure.

Fig. 1. Flexural toppling failure in anti-inclined rock slopes.

rock slopes with a reasonable accuracy.
Physical model tests have been widely used to investigate the ﬂexural toppling movements' mechanisms of anti-inclined rock slopes.
Adhikary et al. (1997) and Adhikary and Dyskin (2007) conducted a
series of centrifuge tests on models manufactured from two types of
materials (brittle: a sand-gypsum mixture; and ductile: ﬁbre-cement
sheeting). The total failure surface observed in the centrifuge models
has been found to emanate from the toe of the slope and orient at an
angle of 12 to 20° upward from the normal to the joints. Zuo et al.
(2005) conducted three groups of physical model tests and found that
FTF of anti-inclined rock slopes is controlled by shear strength of the
joints and thickness of the rock columns. Moreover, a superimposed
cantilever beam model for the stability analysis of anti-inclined rock
slopes against FTF was proposed by Zuo et al. (2005).
The mechanisms of ﬂexural toppling failure can also be investigated
using numerical models. On the basis of the Cosserat theory, Adhikary
and Dyskin (2007) used a ﬁnite element model to investigate the mechanisms of FTF. Two mechanisms of slope failure, i.e. instantaneous
failure and progressive failure have been observed, which are found to
be controlled by the magnitude of the joint friction angle. Another
commonly used numerical model is the Universal Distinct Element
Code (UDEC), which is ideally suited to study potential modes of failure
directly related to the presence of discontinuous features. The UDEC
code has been widely used in previous rock slope stability studies of
ﬂexural toppling (Barla et al., 1995; Cai et al., 2005; Alzo'ubi, 2009;
Alejano et al., 2010; Liu et al., 2016; Zheng et al., 2017).
It should be noted that the conventional UDEC model cannot simulate the generation, propagation, and coalescence of ruptures observed in the fragmentation of brittle material. Thus, some essential
aspects of ﬂexural toppling failure could not be captured using the
conventional UDEC model. The UDEC incorporating Voronoi tessellation (Itasca, 2011) allows the 2D simulation of intact rupture of blocky
media, with displacement along joints and intact deformation of jointbonded. In UDEC, polygonal blocks are generated using Voronoi tessellation providing randomly sized polygonal blocks. This type of model
is called the UDEC polygonal model in this paper. The potential use of
the UDEC polygonal model in simulating brittle fracturing has been
recognized for a considerable time (Gao and Stead, 2014). Christianson
et al. (2006) used the UDEC polygonal model to simulate triaxial testing
of lithophysal tuﬀ and a good agreement was achieved between the
numerical simulation and laboratory testing results. Alzo'ubi (2009)
employed this model to examine the eﬀect of tensile strength on the
stability of rock slopes and found that the tensile strength of the intact
blocks that separate ruptures is a key parameter in the development of

2. Method of numerical simulation
In order to investigate the mechanisms of ﬂexural topping failure,
Adhikary et al. (1997) and Adhikary and Dyskin (2007) conducted a
series of centrifuge experiments on models manufactured from two
types of materials (brittle: an ilmenite-gypsum mixture; and ductile:
ﬁbre-cement sheeting). In this study, the results of a brittle model
(Model IGM-01) were used to verify the application of the UDEC-TM in
simulating ﬂexural topping failure because it behaves more like a rock.
Table 1 presents the details of the model dimensions and material
properties of model IGM-01.

Table 1
Parameters of model IGM-01 modiﬁed from Adhikary et al. (1997) and
Adhikary and Dyskin (2007).
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Model parameters

Model IGM-01

Slope height (mm)
Slope angle (°)
Joint dip angle (°)
Joint spacing (mm)
Modulus of elasticity (GPa)
Poisson's ratio
Unit weight (kN/m3)
Tensile strength (MPa)
uniaxial compression (MPa)
Joint friction angle (°)
Joint cohesion (kPa)

330
61
80
10
2.4
0.16
23.8
1.4
5.6
23
15
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200

et al., 2017), was used to describe the joints dipping into the slope.
The strain-softening model used to describe the deformation triangular blocks requires nine parameters, namely, the unit weight γ, the
modulus of elasticity E, the Poisson's ratio υ, the tensile strength σt, the
cohesion c, the friction angle φ, the residual tensile strength σtres, the
residual cohesion cres and the residual friction angle φres. In this study,
the values of γ, E, υ, and σt remained the same as those in Adhikary and
Dyskin (2007). The values of c and φ were estimated using the following equations derived by Attewell and Farmer (1976).

190

A

390

B

σc =

σt =

2c
tan2 φ + 1 − tan φ

(1)

2c
tan2 φ + 1 + tan φ

(2)

60

where σc and σt are uniaxial compression and tensile strength of the
intact rock (material), respectively. Substituting σc = 5.6 MPa and
σt = 1.4 MPa into the equations, the values of c = 1.4 MPa and φ = 37°
were obtained. When failure of the intact rock occurs, it is generally
assumed that the rock loses its tensile strength and cohesion while the
friction angle remains the same (Wu and Wong, 2012; Yang and Zheng,
2016; Zheng et al., 2017). In this study, the same assumption was used
in the numerical simulation.
The Coulomb slip model, used to describe the joints dipping into the
slope, requires ﬁve parameters, namely, the joint cohesion cj and the
joint friction angle φj, the joint tensile strength σtj, the joint normal and
shear stiﬀness kn and ks. The values of σtj, cj and φj remained the same as
those in Adhikary and Dyskin (2007). The value of kn was estimated
using the following equation derived by Diederichs and Kaiser (1999).

400
Fig. 2. Model geometry and boundary conditions of the anti-inclined rock slope model
built using UDEC Trigon (Length unit: mm).

2.1. Model conﬁguration and boundary conditions
A model was created using UDEC to back analyze the results of test
IGM-01(ilmenite-gypsum) conducted by Adhikary and Dyskin (2007).
Fig. 2 shows the UDEC numerical model used in this study. The geometries of the numerical model and the experimental model were exactly the same. The height of the model slope was 330 mm with a slope
angle of 61°. The joints dip into the model at an angle of 80° with a joint
spacing of 10 mm. In the numerical simulation, the model bottom and
the lateral boundaries were subjected to roller conditions, which are
widely used boundary conditions in 2D plane analyses (Alejano et al.,
2010; Hou et al., 2014; Li et al., 2015). The model was discretized into
4641 triangular blocks with an average edge length of 10 mm using the
Trigon logic. To investigate the deformation and failure process of the
slope with increased gravity level (g-level) and match the results of the
numerical model with those of the centrifuge experiment, two horizontal displacement monitoring points were installed at the crest and
lower part of the model, i.e., points A and B (Fig. 2).

1
1
1
=
+
Erm
E
kn s

(3)

where Erm and E are elasticity modulus of the rock mass and intact rock,
respectively; s is the joint spacing.
According to the parameters given in Table 1 and geomechanics
classiﬁcation of jointed rock masses (Bieniawski, 1989), the rock mass
(ilmenite-gypsum mixture) used in the centrifuge experiment belongs to
poor rock. For this type of rock mass, Bieniawski (1989) recommended
that the value of the Rock Mass Rating (RMR) varies from 21 to 40. In
this study, a low value of RMR = 21 was used in the analysis because
the strength of the rock mass was very low. Then, the equivalent
Young's modulus of the rock mass was estimated using the classical
formulae proposed by Seraﬁm and Pereira (1983).

Erm = 10((RMR − 10)/40)

(4)

Substituting RMR = 21 into Eq. (4), the value of Erm = 1.88 GPa can
be obtained. Then, substituting Erm = 1.88 GPa, E = 2.6 GPa and
s = 0.01 m into Eq. (3), the value of kn ≈ 700 GPa/m was obtained.
Smaller value of the shear stiﬀness ks than that of kn were generally
used in the discrete element analysis (Alejano et al., 2010; Gao and
Stead, 2014, Gao et al., 2014a,b; Havaej et al., 2014; Li et al., 2017).
The shear stiﬀness of the joints was assumed to be equal and set to
600 GPa/m in the model.
The Coulomb slip with residual strength joint model, used to describe the internal ﬂaws, requires eight parameters, namely, the cohesion cij, the friction angle φij, the tensile strength σit and their residual
values cijres, φijres, and σitres, the contact normal and shear stiﬀness kin
and kis. The values of the ﬁrst six parameters were the same as those
used for the triangular blocks because they all represent the strength of
the intact rock. The contact normal stiﬀness kin was determined using
the following equation suggested by Cho et al. (2007).

2.2. Constitutive model and model parameters
In the UDEC-TM, a rock is represent as an assembly of triangular
blocks bonded together through contacts between them. The small
joints used to generating triangular blocks were called the internal
ﬂaws in this study. Failure was assumed to occur both in the triangular
blocks and along the internal ﬂaws. In order to better simulate the
softening behavior of rock when it fails, strain-softening model and
coulomb slip with residual strength model were used to describe the
triangular blocks and the internal ﬂaws, respectively. Furthermore, the
strain-softening model is known to be mesh-dependent. This is because
the strain concentrated in a band depends on the width of the band (in
length units), which depends on zone size. Specially, smaller zones lead
to more softening, since they move out more rapidly on the strain axis
of the given softening curve. Hence, models must be calibrated for each
grid used (Itasca, 2014). In this study, calibration of the model was
conducted based on a relatively dense grid with a maximum edge
length of 5 mm. The Mohr-Coulomb slip model, which is a widely used
joint constitutive model in discrete element analyses (Alejano et al.,
2010; Gao et al., 2014a,b; Havaej et al., 2014; Li et al., 2017; Zheng

kin = n ⎡
⎢
⎣

K + (4/3)G ⎤
1 ≤ n ≤ 10
ΔZmin ⎥
⎦

(5)

where K and G are bulk and shear modulus of the block, respectively,
and ΔZmin is the smallest width of the zone adjoining the contact in the
118
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Measured-A
Measured-B
kin=700, kis=600-A

8

kin=700, kis=600-B
kin=1400, kis=1200-A

6

agreement with that observed in the centrifuge test. Therefore, many
aspects of the centrifuge results can be captured by the UDEC-TM,
which demonstrates the feasibility of using the UDEC-TM to study the
mechanisms of ﬂexural toppling failure. Table 2 summarizes all the
parameters used in the numerical model.

A
190 mm

Horizontal Displacement (mm)

10

B
3.2. Analysis of deformation and failure process

kin=1400, kis=1200-B
kin=2100, kis=1050-A

4

As shown Fig. 5, the deformation process can be divided into three
stages: elastic deformation due to joint shear strength (E-stage, 0 to
25 g), development of ﬂexural toppling deformation after interlayer slip
(D-stage, 25 to 70 g), and formation of the total failure surface (F-stage,
70 to 75 g). The g-level with respect to the boundary between the Estage and D-stage is called the plastic load in this paper. Before reaching
the plastic load, the displacements increase relatively slowly with the
increased g-level, but increase at a greater rate after reaching the plastic
load. In the case of toppling failure, Goodman (1980) suggested that
interlayer slip must occur before large ﬂexural deformation can develop. Fig. 6 shows the interlayer slip zone (in blue) before and after
reaching the plastic load. The area of interlayer slip increases with increase in g-level, especially along the interlayer near the slope surface.
Further inspection of the failure process suggests that, before reaching
the plastic load, the interlayer slip primarily occurs inside the slope and
near the toe (Fig. 6a). After which, however, the interlayer slip begins
to develop upward and migrates to the slope surface (Fig. 6b). More
importantly, the previously distributed interlayer slip zones coalesce
from the toe to the crest with the increased g-level.
The occurrence of the plastic load is an expected result of the slip
development along the joints, especially near the slope surface. In other
words, this plastic load implies that ﬂexural toppling deformation begins to develop inside the slope. The evolution of displacement ﬁeld
conﬁrms this explanation. As shown in Fig. 7, the initial displacement
occurs primarily in the vertical direction and is relatively small in
magnitude (Fig. 7a), denoting the overall settlement of the model.
However, the horizontal displacement increases at a greater rate and
becomes its main component after exceeding the plastic load (Fig. 7b).
This indicates that the ﬂexural toppling deformation rather than the
overall settlement plays a major role.
Previous studies (Aydan and Kawamoto, 1992; Adhikary et al.,
1997; Adhikary and Dyskin, 2007; Amini et al., 2012) have found that
the inter-column (inter-layer) forces play an important role in ﬂexural
toppling failure and the point where the total inter-column force acts is
one of the key parameters in the theoretical analysis. Without suﬃcient
and reliable physical data, the study of variation and distribution of the
inter-column forces remains diﬃcult and not well understood. Flexural
toppling failure occurs when tensile stresses inside the rock columns
exceed its tensile strength. The magnitudes of the tensile stresses are
controlled by the bending moments acting on the rock columns. Furthermore, magnitudes of the bending moments are controlled by the
point where the total inter-column normal forces provided the values of
the inter-column normal and shear forces are given. This is because the
force arm of the shear forces is a constant, which is equal to half
thickness of the rock columns. Therefore, the distribution of the intercolumn forces can be investigated through analyzing that of the intercolumn normal forces.
In the case with deformable rock columns not all the inter-column
normal forces are transmitted in one point but they are distributed all
along the contacts where slip occurs. Aydan and Kawamoto (1992)
suggested that, for an elastic distribution, the distribution of the intercolumn normal forces will range from a triangular to a point distribution as illustrated in Fig. 8. The point where the total inter-column
normal force acts due to gravitational and seismic sources can be given
in the following general form:

kin=2100, kis=1050-A

2
0
0

10

20

30 40 50 60
Gravity level (g)

70

80

90

Fig. 3. Eﬀect of contact normal and shear stiﬀness on the deformation pattern, ×1 GPa/
m. Measured-A and Measured-B refer to the horizontal displacement at points A and B
recorded in the experiments.

normal direction. According to the parameters given in Table 1 and Eq.
(5), the range of kin from 600 to 6000 GPa/m was determined. The
normal and shear stiﬀness of the internal ﬂaws were initially set to
700 GPa/m and 600 GPa/m, respectively. Then, the values of kin and kis
were varied to match the centrifuge test.
2.3. Numerical modeling procedure
The numerical simulation was performed using the following two
steps: 1) the boundary conditions were applied and the model was initially run to equilibrium under the gravity load (g-level = 1 g); 2) after
that, the gravity load was increased gradually (in equal increment of
5 g) in a manner similar to loading in a centrifuge. At each g-level,
suﬃcient numerical time steps were allowed to ensure a stable model
response.
3. Simulation of ﬂexural toppling failure
3.1. Veriﬁcation with centrifuge test
Fig. 3 presents the comparison between the horizontal displacements computed using the UDEC-TM and those measured during the
centrifuge test (Adhikary et al., 1997; Adhikary and Dyskin, 2007). The
computed results are found to be consistent with the experimental data
for the values of kin = 1400 GPa/m and kis = 1200 GPa, especially in
the development trend of the displacement. In this case, the collapse
load of 75 g predicted by the UDEC Trigon model is within 10% error of
the experimental failure load (82–83 g). The diﬀerence in point A
maybe due to: 1) triangular blocks in UDEC are generated randomly
within the rock layers and the micro-cracks can only develop along the
boundaries between these small triangular blocks, which is diﬀerent
from a uniform similar material (intact rock); 2) disturbance eﬀect of
the centrifuge model during the loading process is not considered in the
numerical simulation.
The failure surface observed in the centrifuge tests has been found
to emanate from the toe of the slope and orient at an angle of 12° to 20°
upward from the normal to the joints (Adhikary et al., 1997). The development of the failure surface simulated by the UDEC-TM is plotted
from the opened internal ﬂaws (in red) and shown in Fig. 4. It is found
from Fig. 4 that the simulated failure surface also initiates from the toe
and then gradually propagates back into the slope as the g-level increases. Moreover, the inclination of the simulated total failure surface
is around 13° above the normal to the joints, which is in good

x i = χhi

(6)

where hi is the height of the rock column under consideration, i is the
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Total failure surface

(a)

(b)

Total failure surface

Total failure surface

13°

13°

Plane normal to the joints

Plane normal to the joints

(c)

(d)

Fig. 4. Progressive development of the failure surface of the model slope obtained by numerical simulation: (a) gravity level = 65 g; (b) gravity level = 70 g; (c) gravity level = 75 g; (d)
gravity level = 80 g. (For interpretation of the references to color in this ﬁgure, the reader is referred to the web version of this article.)

10

3

Unit weight (kN/m )
Modulus of elasticity (GPa)
Poisson's ratio
Tensile strength (MPa)
Cohesion (MPa)
Friction angle (°)
Residual tensile strength (MPa)
Residual cohesion (MPa)
Residual friction angle (°)
Normal stiﬀness (GPa/m)
Shear stiﬀness(GPa/m)

Triangular blocks

Internal ﬂaws

Joints

23.8
2.6
0.16
1.4
1.4
37
0
0
37
–
–

–
–
–
1.4
1.4
37
0
0
37
1400
1200

–
–
–
0
0.015
23
–
–
–
700
600

number of the rock column, χ is a dimensionless parameter used to
deﬁne the distribution of the inter-column normal forces. In this study,
a user-deﬁned FISH function was developed to obtain magnitudes and
locations of the contact normal forces (the inter-column normal forces)
along the joints (Fig. 9). Then, the point where the total inter-column
normal force acts can be obtained through the following formula:

j=1
mi

∑ Pij

E-stage
6

D-stage

F-stage

A

4
B

2
0
10

20

30 40 50 60
Gravity level (g)

70

80

90

Fig. 5. Gravity level - horizontal displacement curves obtained by numerical simulation.
Computed-A and Computed-B refer to the horizontal displacement at points A and B
obtained by the UDEC Trigon model, respectively. E-stage, D-stage and F-stage refer to
the stage of elastic deformation, development of ﬂexural toppling deformation and formation of the failure surface, respectively.

mi

j=1

8

0

∑ Pij x ij
xi =

Computed-A
Computed-B

190 mm

Model parameters

Horizontal Displacement (mm)

Table 2
Parameters of the numerical model.

mi

∑ Pij x ij

(7)

χ=

j=1
mi

hi ∑ Pij

Substituting Eq. (7) into Eq. (6), the value of χ can be determined as
follows:

j=1

(8)

where Pij is the normal force of contact j on the interface between blocks
i and i + 1, xij is the distance from contact j to the total failure surface,
120
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(b)

(a)

Fig. 6. Distribution of the interlayer slip zone (in blue) before and after reaching the plastic load: (a) gravity level = 15 g; (b) gravity level = 25 g. (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the web version of this article.)

the actual slopes generally have variable column width and not totally
planar contacts. In order to understand the complex fundamental
ﬂexural toppling mechanisms eventually, however, it is imperative to
understand the simplest ﬂexural toppling cases ﬁrst by using ideal slope
models. In actual cases, the movement behaviors of slopes can also be
accurately predicted through monitoring the changes in forces inside
rock mass (He, 2009; He et al., 2010). For anti-inclined rock slopes, it is
convenient to install bolts or cables perpendicular to the joints dip into
slopes. In this case, the changes in inter-column normal forces can be
indirectly investigated by monitoring axial forces of the pre-installed
bolts or cables.
Fig. 11 shows the point where the total inter-column normal force
acts during the deformation and failure process of ﬂexural toppling. It
can be seen that little change in the action point occurs as the g-level
increases from 60 g to 65 g and the average value of χ is around 0.5.
However, the action point moves toward the top of the rock columns
when the failure surface has initiated inside the slope (Fig. 4b, glevel = 70 g). After the total failure surface is formed (Fig. 4c, glevel = 75 g), signiﬁcant diﬀerence in the value of χ for diﬀerent rock
columns is found. For rock columns located near the toe of the slope,
the action point acts on the column top and the value of χ is close to 1
(joints 1, 5 and 10). For rock columns located above, the action point
moves toward the base of the rock columns and the value of χ is smaller

mi is the total number of the contacts on the interface above the total
failure surface.
Fig. 10 shows the relationship between non-dimensional total
normal force and g-level. The non- dimensional force is determined as
follows:

λ=

P
γG Ht

(9)

where P is the sum of contact normal forces, above the total failure
surface, on the interface under consideration, γG is the unit weight of
intact rock (similar material) at the corresponding g-level, H is the slope
height, and t is the thickness of the rock columns. It is found from
Fig. 10 that the total normal force ﬁrst increases slowly and then decreases sharply after initiation of the failure surface (Fig. 4b, glevel = 70 g). This is because the occurrence of the failure surface leads
to energy release inside the slope and thus stress concentration is reduced. With the development of the failure surface (Fig. 5c and (d)), the
normal force decreases gradually, or even decreases to 0. Therefore, the
inter-column normal force can be used as an indicator of ﬂexural toppling failure. A rapid decrease in the inter-column normal force implies
that the ﬂexural toppling failure has initiated inside the slope.
The changes in inter-column normal forces within actual slopes
where ﬂexural toppling occurs may be diﬀerent from the model because

Fig. 7. Distribution of displacement vector corresponding to the gravity level before reaching and after exceeding the plastic load: (a) gravity level = 15 g; (b) gravity level = 40 g.
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Fig. 8. Illustration of the point where the total inter-column normal force acts on a column for various distributions of normal stress modiﬁed from Aydan and Kawamoto (1992): (a)
χ = 1 3 ; (b) χ = 1 2 ; (c) χ = 2 3 ; (d) χ = 1.
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Fig. 9. Illustration of the point where the total inter-column normal force acts between two adjacent blocks in UDEC: (a) contacts on two adjacent blocks; (b) inter-column normal forces
acting on a block.

Fig. 11. Acting points of total inter-column normal forces at diﬀerent zones during the
process of ﬂexural toppling failure.

Fig. 10. Inter-column normal forces at diﬀerent zones during the process of ﬂexural
toppling failure.

4. Eﬀects of joint shear strength on ﬂexural toppling mechanism

than 0.25 (joints 15, 20, 25, 30 and 35). This is because failure pattern
of the rock columns located near the slope toe develops from ﬂexural
toppling into block toppling. For block toppling, the action point of the
inter-column normal force is found to act on the top of the rock columns
(Goodman and Bray, 1977). For rock columns located above, however,
many tensile cracks are developed along the upper part of the joints
while the bases of these rock columns are subjected to greater constraints (Liu et al., 2009). Thus, the inter-column normal force is primarily concentrated in the lower part of the joints, which is similar to
the situation shown in Fig. 8a.

Previous studies (Goodman, 1980; Zuo et al., 2005; Adhikary and
Dyskin, 2007) have revealed that the joint shear strength plays an
important role in ﬂexural toppling failure of anti-inclined rock slopes.
Adhikary and Dyskin (2007) found that the failure mechanisms of
ﬂexural toppling are controlled by the magnitude of the joint friction
angle. The joint friction angles of about 20° and above are most likely to
cause instantaneous failure while the lesser friction angles result in a
progressive failure. Goodman (1980) and Zuo et al. (2005) suggested
that interlayer slip must occur before large ﬂexural deformations can
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Fig. 12. Computed horizontal displacements at diﬀerent joint cohesions: (a) at point A; (b) at point B.

develop in anti-inclined rock slopes. In other words, interlayer slip is a
prerequisite for ﬂexural toppling failure to occur in such rock slopes.
Therefore, the eﬀects of the joint cohesion and joint friction angle on
the mechanisms of ﬂexural toppling failure are investigated with the
UDEC Trigon model in the following.

4.1. Eﬀects of joint cohesion
Fig. 12 shows the computed horizontal displacements at diﬀerent
joint cohesions of 5 kPa, 10 kPa, 15 kPa, 20 kPa, and 25 kPa. The deformation patterns are generally identical although the displacements
are quite diﬀerent in magnitude. In all cases, the deformation process
can be divided into three stages, namely, elastic deformation due to
cohesion, development of ﬂexural toppling failure after interlayer slip,
and formation of the total failure surface. The results indicate that joint
cohesion does not have a signiﬁcant eﬀect on the deformation patterns
and failure process of ﬂexural toppling, but it controls the values of
initial loads of each stage. As shown in Fig. 13, the plastic load increases
almost linearly with increased joint cohesion. This implies that joint
cohesion has a signiﬁcant eﬀect on the early deformation stages of
ﬂexural toppling. For example, the plastic load at 25 kPa, high cohesion, is around 50 g, which is much higher than the plastic load of 10 g
at 5 kPa. Fig. 14 shows the relationship between the failure load and the
joint cohesion, indicating that the failure load also increases linearly
with increase in joint cohesion. This implies that the joint cohesion
makes a signiﬁcant impact on the stability of anti-inclined rock slopes
against ﬂexural toppling failure. For example, the failure load at 25 kPa,

Fig. 14. Relationship between the failure load and the joint cohesion.

high cohesion, is around 90 g, which is much higher than the failure
load of 65 g at 5 kPa of the joint cohesion. A possible explanation of
these results is that the resistance against interlayer slip increases with
increase in the joint cohesion. On the other hand, when the deformation
of ﬂexural toppling occurs, the increased resistance would produce a
larger anti-bending moment resulting in reduction of the tensile stress
inside the rock columns.
Fig. 15 shows the failure surfaces at diﬀerent joint cohesions. It can
be seen that the failure surfaces are almost identical and no signiﬁcant
eﬀect is found when the joint cohesion changes. Furthermore, in all
cases, the failure surface has been found to emanate from the toe of the
slope and gradually propagate back into the slope, eventually forming
the total failure surface. The simulation results show that the shape,
location and forming process of the failure surface are basically irrelevant to the joint cohesion.

4.2. Eﬀects of joint friction angle
Fig. 16 shows the computed horizontal displacements at diﬀerent
joint friction angles, at points A and B, respectively. The joint friction
angle is varied from 13° to 33° in the numerical simulation. Similar to
that of the joint cohesion, the joint friction angle does not have a signiﬁcant inﬂuence on the deformation patterns either, but it makes a
signiﬁcant impact on the value of initial loads of each stage. Fig. 17
shows the relationship between the plastic load and the joint friction
angle. It is clear that the plastic load also increases linearly with increase in joint friction angle. The results imply that the joint friction

Fig. 13. Relationship between the plastic load and the joint cohesion.
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c=15 kPa
c=10 kPa

c=5 kPa

c=20 kPa
c=25 kPa
Fig. 17. Relationship between the plastic load and the joint friction angle.

Fig. 15. Comparisons of the total failure surfaces at diﬀerent joint cohesions.

plays an important role in the initiation of ﬂexural toppling deformation in anti-inclined rock slopes. As shown in Fig. 18, the failure load
increases linearly with increase in joint friction angle. This is because
interlayer slip becomes more diﬃcult as the joint friction angle increases and needs a larger external force for ﬂexural toppling failure to
be initiated. For example, the failure load at 33°, high joint friction
angle, is around 95 g, which is about 1.5 times of the failure load of 65 g
at 13° of joint friction angle.
Fig. 19 shows the failure surfaces at diﬀerent joint friction angles. It
can be seen that, similar to that of the joint cohesion, no signiﬁcant
eﬀect is found when the joint friction angle changes. In all cases, the
failure surface is found to emanate from the slope toe and then propagate back into the slope following a similar path.
Thus, it can be inferred that the joint shear strength does not have
signiﬁcant eﬀects on the shape, location, and forming process of the
failure surface, but it plays an important role in determining the stability of anti-inclined rock slopes against ﬂexural toppling failure. This
is due to: (a) the higher the joint shear strength, the more diﬃcult for
interlayer slip to occur, which is a prerequisite for the deformation and
failure of ﬂexural toppling to occur; (b) higher joint shear strength will
produces a larger anti-bending moment and this will cause change of
tensile stress distribution and reduction of tensile stress inside the rock
columns.

Fig. 18. Relationship between the failure load and the joint friction angle.

5. Limit equilibrium method
5.1. Extension of the Aydan's method
During ﬂexural toppling, rock layers (columns) bend into the excavation inducing tensile stresses which may initiate tensile ruptures in

Fig. 16. Computed horizontal displacements at diﬀerent joint friction angles: (a) at point A; (b) at point.
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columns, γG is the unit weight of rock columns, and Mi is the bending
moment at the base of column i and can be determined by Eq. (11):

Mi = Pi χhi + Ti hi − Pi − 1 χhi − 1 −

 j  23o
Pi − 1 =

 j  33o

1

)

1

2I
t

(σ + )
Ni
t

t

1

χhi − 1 + 2 ut

(12)

If P0 > 0, then the slope is unstable.
If P0 = 0, then the slope is in the limit equilibrium condition.
If P0 < 0, then the slope is stable.

Fig. 19. Comparisons of the total failure surfaces at diﬀerent joint friction angles.

the rock layers at the zones where the maximum bending moments act
(Adhikary and Dyskin, 2007). This is a justiﬁcation for the applicability
of the limit equilibrium method proposed by Aydan and Kawamoto
(1992), which is called the Aydan's method in this study. This method is
based on the following assumptions (Aydan and Kawamoto, 1992):

As discussed in Section 4.1, the numerical results indicate that the
joint cohesion has a signiﬁcant eﬀect on the failure load, which increases linearly with increase in joint cohesion. In order to focus on the
role of joint cohesion from a theoretical point of view, an extension of
the Aydan's method including cohesion was proposed in this study. The
new method is called the extended Aydan method.
The simulated results show tensile failure of the joints has initiated
and developed in a wide range inside the slope before it reaches the
limit equilibrium state. In other words, the eﬀect of the joint cohesion
has lost along these opened joints. If the total contact length is used in
the limit equilibrium method, the failure load may be overestimated.
Thus, a new parameter, namely eﬀective contact ratio κ is introduced
with the form of κ = li/hi, where li and hi are the eﬀective contact length
and height of the corresponding side of the joint under consideration, i
is the number of the joint.
Based on the above-mentioned assumptions, the following recurrent
expression can be derived:

(1) Each column or layer could be treated as a cantilever beam subjected to gravity forces and side forces as shown in Fig. 20. The total
side force is assumed to be acting at a point χhi.
(2) The limit friction equilibrium condition is satisﬁed along the layer,
i.e., Qi = Pi tan φj, where Pi and Qi are the total side normal and
shear forces, respectively, acting at the layer under the consideration, φj is the joint friction angle.
(3) The rupture will follow a plane inclined upward at an angle θr to
the normal to the joint dip angle, as shown in Fig. 20a.
On the basis of these assumptions, each layer can be treated as a
cantilever beam, as shown in Fig. 20b. When column i is at the limit
equilibrium state for ﬂexural toppling, the maximum tensile stress at
the base of column i reaches the tensile strength, which can be computed as follows:

Mi t
N
− i
2I
t

(

max(Pi , 0) χhi − 2 ut + 2 Ti hi −

Adhikary et al. (1997) suggested that Eq. (12) can be used in a stepwise manner, commencing at the uppermost column that may be unstable under its own weight, and progressing down to the toe of the
slope, until the resultant side force at the toe of the slope, P0 is found.
Since there can be no force (support) sustained at this point, the sign of
P0 is an indicator of stability:

o

 j  13o

σtmax = σt =

(11)

where Ti = wi sin β, and u = tan φj.
Substituting Eq. (11) into Eq. (10) yields

 j  18o

 j  28

1
(Pi + Pi − 1 ) ut
2

Pi − 1 =

(

1

)

1

(

2I
σt
t
1
χhi − 1 + 2 ut

max(Pi , 0) χhi − 2 ut + 2 Ti hi −

+

Ni
t

)−

1
tcκ (hi − 1
2

+ hi )

(13)
For the extended Aydan method, the same criterion as the Aydan's
method is used to evaluate the stability of anti-inclined rock slopes
against ﬂexural toppling failure. As mentioned before, knowing the sign
of P0 (the calculated force required for keeping the stability of block 1),

(10)

where I = t3/12, wi = γG thi , Ni ≅ wi cos β, hi = 0.5(hi + hi − 1) , σt is the
uniaxial tensile strength of rock columns, t is the thickness of rock

Fig. 20. Schematic diagrams showing (a) slope geometry and (b) forces acting on a single column.
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Table 4
Predicted failure gravity levels when χ = 1.0, κ = 1.0.
Method

Extended
Aydan's
method
(χ = 1.0,
κ = 1.0)

the stability of anti-inclined rock slopes against ﬂexural toppling failure
can be evaluated.
It should be noted that it is not easy to estimate the value of the joint
cohesion and the point where the total inter-column normal force acts
in practical cases because the values will be rather variable in the different joint planes aﬀecting the stability of a particular slope. In an
attempt to calibrate the extended Aydan method, a great deal of calculations were performed for each numerical model to determine
combinations of the parameters χ and κ, which will yield the same
failure load as that recorded in the numerical simulations. In the limit
equilibrium model, the failure surface was assumed to be the same,
orienting at an angle of 13° upward from the normal to the joints. The
point where the total inter-column normal force acts (χ) and the effective contact ratio (κ) were varied together to match the simulated
failure loads. For each value of χ, the corresponding value of κ to match
the simulated failure load can be computed by trial and error.
5.2. Results analysis
The results of the above calculations are shown in Fig. 21 as a plot of
κ versus χ. Each curve shown in the ﬁgure corresponds to a single
numerical model. It can be seen that the curves intersect within a small
area, at χ = 0.80 to 0.90 and κ = 0.25 to 0.35. A relatively accurate
limit equilibrium solution of ﬂexural toppling failure of anti-inclined
rock slopes is expected to be obtained using this combination of parameters. The value of χ compares well with observations on model tests
conducted by Aydan and Kawamoto (1992), which indicated that the
value of χ should be between 0.75 and 1. The value of κ ≈ 0.3 implies
that, before the slope reaches the limit equilibrium state, most of the
joint cohesion has lost which seems to be reasonable for bad maintained
inter-column contacts.
Table 3 shows comparisons between the predicted failure loads
using the extended Aydan method and the simulated data. The average

Extended
Aydan's
method
Numerical
simulation

5

10

15

20

25

13

18

23

28

33

75

91

107

123

138

97

101

107

114

125

Table 5
Parameters of models IGM-02, IGM-03 and SGM-01 modiﬁed from Adhikary et al. (1997)
and Adhikary and Dyskin (2007).

Table 3
Comparison of failure gravity levels at diﬀerent joint cohesions and friction angles.
Joint cohesion (kPa)

Joint friction angle (°)

values of the parameters χ = 0.85 and κ = 0.30 in the small intersecting area (Fig. 21) were used for the extended Aydan method. The
results illustrated in Table 3 conﬁrm that, in all the cases, the theoretical results using the extended Aydan method are in good agreement
with the numerical results. If the total contact length is used in the
extended Aydan method, i.e. κ = 1.0, the predicted failure load will be
extensively overestimated even a conservative value of χ = 1.0 is used,
as shown in Table 4. This overestimation of failure loads is not surprising as tensile failure of joints has initiated and developed in a wide
range inside the slope before it reaches the limit equilibrium state.
Thus, it can be concluded that the eﬀect of joint cohesion should be
considered in a discount manner otherwise overestimated results will
be obtained.
To further verify the results of the extended Aydan method, other
three centrifuge tests were selected and analyzed with the new proposed method in the following (Table 5). The models in the ﬁrst two
tests (tests 6 and 7, Adhikary et al., 1997) were manufactured from
ilmenite-gypsum, which have the same mechanical properties as that of
model IGM-01. These two models are called IGM-02 and IGM-03 respectively in this paper. The third model was manufactured from silica
glass sheets with relatively low joint shear strength and large tensile
strength (model SGM-01, Adhikary and Dyskin, 2007).
Table 6 shows comparisons of the predicted (using the average
values of the parameters χ = 0.85 and κ = 0.30) and the experimental
values of the failure loads. It can be seen that, for models IGM-02 and
IGM-03, the predicted failure loads of 65 g and 52 g using the extended
Aydan method are within 10% and 15% the experimental data, whereas
that of 63 g for model SGM-01 extensively over-estimates the experimental failure load of 27 g. The experimental results indicate that the
ﬂexural toppling failure of a rock slope may occur either instantaneously or in a progressive manner, depending upon the rock
mass properties. The simple limiting equilibrium model which assumes
simultaneous mobilization of peak strength across the entire failure
surface may over-estimate the factor of safety of slopes susceptible to
progressive failure (Adhikary and Dyskin, 2007). Therefore, for model
SGM-01, the over-estimation of the failure load using the extended
Aydan method is not surprising as in this case progressive failure occurred, which violates the assumed existence of a limiting state in the
slope model.

Fig. 21. Plots showing the relations between χ and κ.

Method

Joint cohesion (kPa)

Model parameters

IGM-02

IGM-03

SGM-01

Slope height (mm)
Slope angle (°)
Joint dip angle (°)
Joint spacing (mm)
Unit weight (kN/m3)
Tensile strength (MPa)
Joint friction angle (°)
Joint cohesion (MPa)

396
61
80
12
23.8
1.4
23
0.015

360
70
69
12
23.8
1.4
23
0.015

392
90
70.5
3
24.5
31
8.25
0.008

Joint friction angle (°)

5

10

15

20

25

13

18

23

28

33

68

73

78

82

87

67

71

78

87

102

65

70

75

85

90

65

70

75

85

95
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force distribution coeﬃcient χ and eﬀective contact ratio κ needs further investigation for the use of the extend Aydan's method in practical
cases.

Table 6
Comparison of failure gravity levels for models IGM-02, IGM-03 and SGM-01.
Method

IGM-02

IGM-03

SGM-01

Extended Aydan method
Centrifuge tests

66
72

52
60

65
27

7. Summary and conclusions
In this study, the mechanisms of ﬂexural toppling failure of antiinclined rock slopes is investigated through the new UDEC Trigon
model and limit equilibrium analysis. Based on the numerical results
and theoretical analysis results, the following conclusions may be
drawn:

6. Discussion
Our results conﬁrm that the UDEC Trigon model (UDEC-TM) can
successfully capture many aspects of the ﬂexural toppling failure given
in the centrifuge tests. As a matter of fact, a lot more run times using the
UDEC-TM are required compared to the traditional UDEC model, particularly as the size of the model grows. Therefore, the UDEC-TM is
generally used to the study of laboratory-scale problems, such as simulation of the unconﬁned, conﬁned compression and Brazilian tests
(Gao and Stead, 2014). However, the UDEC-TM can also be used to the
study of ﬁeld-scale problems through using smaller blocks in the area of
interest while bigger blocks in the other areas (Gao et al., 2014a,b).
Parameter study using the UDEC-TM suggests that the joint cohesion controls the deformation and stability of anti-inclined rock slopes
against ﬂexural toppling failure. However, it has negligible inﬂuence on
the location, shape, and propagation of the fracture surface. Using
centrifuge test and numerical simulation, Adhikary and Dyskin (2007)
and Lian et al. (2017) demonstrated that the deformation of ﬂexural
toppling decreases when the joint cohesion increases. The mechanisms
of ﬂexural toppling failure involve interlayer shearing, bending of rock
columns, fracturing and forming of a rupture surface (Wyllie et al.,
2004). Joint cohesion mainly acts as an anti-slip factor in the stage of
interlayer shearing. As the cohesion increases, the sliding becomes
more diﬃcult and the initiation of failure needs a higher gravity level
compared to what occurs at the lower joint cohesion. Thus, both of the
plastic load and the failure load increases with increasing the joint
cohesion.
In order to reﬂect the inﬂuence of joint cohesion, an extension of the
Aydan's method (Aydan and Kawamoto, 1992) including cohesion on
the joints was proposed in this study. The extended method has been
calibrated here to yield consistent predictions of stability that compare
well with the results of a series of numerical simulations and centrifuge
tests on slope models. The combination of side force distribution coefﬁcient χ = 0.80 to 0.90 and eﬀective contact ratio κ = 0.25 to 0.35 was
obtained from this calibration. The value of χ is signiﬁcant diﬀerent
from that derived by Adhikary et al. (1997), χ = 0.50 to 0.60) on the
basis of calibration between the Aydan's method and centrifuge tests.
The reason for this discrepancy is that the Aydan's method assumes
frictional behavior of the joints whereas the extended method includes
cohesion on the joints. The eﬀective contact ratio κ proposed in this
study is used to describe the cohesion loss under the eﬀects of disturbance due to loading and/or stress relief. The lower and upper
bound of κ (0 ≤ κ ≤ 1) represents a fully disturbed condition (κ = 0)
and an undisturbed condition (κ = 1), respectively. In the case of κ = 0,
it means that cohesion on the joints is fully lost during the loading
process of centrifuge tests while κ = 1 means that the cohesion remains
unchanged until the occurrence of ﬂexural toppling failure. The value
of 0.25 ≤ κ ≤ 0.35 obtained from the calibration in this study demonstrates that cohesion on the joints is partially lost during the loading
process.
It is important to note that the theoretical model calibrated here
against the results of numerical simulations and centrifuge tests should
be used with some care for practical problems, as there has been no
consideration given to cohesion spatial variability. In this study, joint
cohesion was assumed the same through the entire slope and reducing
in a same rate during the loading process. In practical cases, however, it
is not easy to estimate the value of joint cohesion and when available, it
will be rather variable in diﬀerent joint planes. The combination of side

1. The new UDEC Trigon model is very suitable for simulating ﬂexural
toppling failure of anti-inclined rock slopes. Using this model the
failure surface and failure load of anti-inclined rock slopes against
ﬂexural toppling failure can be correctly captured.
2. The deformation process of ﬂexural toppling failure can be divided
into three stages: elastic deformation due to cohesion, development
of ﬂexural toppling failure after interlayer slip, and formation of the
total failure surface. The inter-column forces will reduce drastically
when the rapture surface begins to initiate inside the slope. Thus,
this can be used as an indicator of instability of anti-inclined rock
slopes against ﬂexural toppling failure.
3. The failure load increases linearly with increases in joint cohesion
and friction angle as the other parameters remain unchanged.
However, joint cohesion and joint friction angle make an insignificant impact on the shape, location, and formation process of the
failure surface.
4. When the limit equilibrium method is used to evaluate the stability
of anti-inclined rock slopes against ﬂexural toppling failure, the
eﬀects of joint cohesion should be considered. Inaccurate result will
be predicted if the joint cohesion is neglected for the limit equilibrium method.
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